POLYNOMIAL CONFIGURATIONS IN DENSE SUBSETS
OF THE PRIME LATTICE

ANDREW LOTT, AKOS MAGYAR, GIORGIS PETRIDIS AND JANOS PINTZ

ABSTRACT. Let A be a subset of the prime lattice lattice P? of positive relative upper density. We
show that A contains all polynomial configurations of the form z+ Po(y)v, . ..,z + P(y)v, satisfying
some non-degeneracy condition, for some z € Z¢ and y € N. Moreover, if A C P% of density § > 0
then one may have that 0 < y < log" N as long as N is sufficiently large, where L is a constant
depending on the configuration and but is independent of N and 4.

1. INTRODUCTION

A celebrated result in analytic number theory, due to Green and Tao [8], states that the primes
contain arbitrary long arithmetic progressions. In fact they have proved the following. Let Py
denote the set of primes up to N.

Theorem A. Let 6 >0, V ={vy,...,uy} CZ. If N> N(6,V) and A C Py with |A| > 6|Px| then
A contains an affine image of V i.e. a set V' = {x + yvo,...,x + yu}.

It is easy to see that this implies that any subset of the primes of positive relative upper density
contains an affine image of any finite set of integers. In [15] Tao has obtained an analogue of
Theorem A for the Gaussian primes and asked if similar results hold for subsets of the prime lattice
P9, The first result in this direction was provided by B. Cook and the second author [3] for finite
sets V' C Z% which are in general position in the sense that |m;(V)| = |V| for every 1 < j < d, where
T 7% — 7, denotes the orthogonal projection to the j*-axis.

Theorem B. Let d > 1, § > 0 and let V = {vy,...,v;} € Z% be a set in general position. If
N > N(5,V) and A C P4 with |A] > 6|Py|? then A contains an affine image of V i.e. a set
Vi={z+yvp,...,z+yu}.

The full multidimensional extension of Theorem A were obtained independently in [18, 4] and [6]
where it was shown that the conclusion of Theorem B holds for any finite set V' C Z¢.

In [16] Tao and Ziegler has extended Theorem A in another direction, from arithmetic to polynomial
progressions which are sets of the form = + Py(y),...,x + P/(y), where P = (P, ..., P) is a family
of integral polynomials. In [17, 19] they have provided quantitative bounds on the size of the
parameter y measuring the “size” of the polynomial progression.

Theorem C. Let 6 > 0,1 € N and let P = (Py,...,P,), P, € Z[z], P;(0) = 0. If N > N(4,1,P) and
A C Py with |A| > §|Py|, then A contains a polynomial progression {x + Py(y),...,x + Fi(y)} for
some z,y € N.

Moreover, one may have 0 < y < logh N, where L = L(l,P) is a constant depends only the family
of polynomials P = (Fo, ..., P).

Note that the first statement in Theorem C was proved in [16] while the bound 0 < y < logh N
with L = L(I, P,0) depending also on the density  was given in [17]. The dependence on § was
removed in [19] by estimating polynomial averages of local Gowers norms by global ones via so-called
concatenation theorems.
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Corresponding lower bounds were also discussed in [17], extending a construction in [5], showing
that y > log! N is necessary, even for linear case, when Pi(y) =iy for 0 <i <.

Our aim in this note is twofold. On the one hand we show that Theorem C can be extended to
the multi-dimensional setting for polynomial configurations that satisfy a similar non-degeneracy
condition as given in Theorem B for affine linear configurations. On the other hand we’d like to
present this result in an essentially self contained manner, relying only on a sieve theoretic estimate
(see (2.6) below) and a quantitative version of a theorem of Bergelson-Leibman [1] on polynomial
configurations in dense subsets of the integer lattice.

Definition 1.1. Let d > 1, V = {vy,...,v;} C Z¢ be a finite set and let P = (Py,...,P;) be a
family of integral polynomials. We say that the polynomial configuration Py = (Po(y)vg, - - -, Pi(y)y;)
is in general position, if for all0 < j < j <l and1<1i<d,

(1.1) deg (mi(Pj(y) v; — Py (y) vyr)) = deg (Pi(y) v; — P (y) v;0),
as a polynomial in vy, m; being the natural projection to the it" coordinate axis.
Our main result is the following.

Theorem 1. Let 6 >0, d,l € N and let Py = (Po(y)vy, - - -, Pi(y)v;) with P; € Z[y], P;(0) =0 be a
polynomial configuration in general position. If N > N (8, P, V) and A C P% with |A| > 5|P4|, then
there exist x,y € N with 0 < y < logL N, such that

(1.2) {z+ Po(y)vg, ...z + Pily)u} C 4,

where L = L(P,V) is a constant depending only on initial data P,V .

Remarks.

e In dimension d = 1, taking vg = ... = v; = 1, Theorem 1 reduces to Theorem C.

o If the set V = {wy,...,u;} is in general position then for any polynomial P € Z[y], P(0) =0
the polynomial configuration Py := (P(y)vy, ..., P(y)y;) is also in general position, hence
Theorem 1 extends Theorem B.

e If the polynomials Py, ..., P, have distinct degrees then the pattern Py is in general position,
as long as m;(v;) # O forall 1 <j <land 1 <i<d.

e If A=P4 Theorem 1 one follows from the 1-dimensional result of Tao-Ziegler [17] as the
polynomial pattern Py (y) = {Po(y)vy,-- ., P(y)v;} is contained in the d-fold direct product
of the polynomial progression P(y) := {mi(Pj(y)v;): 1 <j <[, 1 <i<d}.

e In general condition (1.1) is equivalent the following. If the leading term of P;(y)v;— Py (y) v,/
is of the form ¢; y%i’ then mi(cj) ZO0forall 1 <i<dand 1 <j<j' <1

Our approach follows that of [16, 17] and roughly consists of two parts. The starting point is to
control polynomial averages of the form:

(1.3) Apv(fo,-- -, fi) = EeexByeppn folz + Po(y)vy) - - - filz + P(y)y),

where X = (Z/NZ)?, M :=log" N, and we used the averaging notation E,c 4 f(a) := ‘7%' Y oaca fla).
The first part is to bound these averages in terms of polynomial averages of certain Gowers type
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local box norms. Recall that given an s-tuple of vectors u,...,u, € 7%, we define the corresponding

local box norm at scale 1 < M < N, as

L4 B ) = BeexBo oo oy 11 fl@+y ™y + .+ yuy)
we{0,1}¢

For bounded functions, when say | f;| < 1, the so-called PET induction scheme of Bergelson-Leibman
[1] estimates the averages in (1.3) via an polynomial averages of box norms, namely one has

1
(1.5) APy (fo,--, OIS min (Enefm HfJHDM(Q )@ m)* +oll),

where @ ,...,Q: : 7t — 7% is a family of integral non-constant polynomial maps, and by o(1) we
will denote a quantlty that goes to 0 as N — oo, that may depend on the initial configuration P,V
and parameters d,l. In one dimension it was shown in [16] that such estimates remain true when
the functions f; are not bounded uniformly in N, but bounded by a function vy, referred to a
pseudo-random measure [8, 16], that behaves very nicely with respect to polynomial type averages
satisfying the so-called polynomial forms condition [16, Definition 3.6], described later. In our
multidimensional setting it will be crucial to assume that the initial polynomial configuration Py is
in general position in order to verify estimate (1.5) for a family of polynomials Q = (Q:---» QS)
which also remain in general position.

The second part of the argument, is a transference argument of [17] adjusted to the multi-dimensional
setting to obtain a decomposition of a function f > 0 bounded by a pseudo-random measure

p(@) = VJ(\?) with respect to a given small quantity € > 0. More precisely, to show that given a
function f : Z"™ — R satisfying 0 < f < v(9), one has the decomposition
(1.6) f=g9+h 0<g<2 and [hllg, @, .@)<¢

where we have used the notation,
Bl
9

(1.7) 1Plloy @, @) = (Ehe[H]tHfJHDM(Q )0 (1)
Note that both || [|g,,(u,,....u,) and || HDH,M(Q17---7Q ) are indeed norms.

The idea to use estimates like (1.5)-(1.6) to prove the existence of arithmetic progressions in the
primes originated and was crucial in [8], and later also in [16, 17] for polynomial progressions. In
our case starting from a set A C [N]? of size |A| > § |Py|? one construct a function f4 : [N]? — R>q
so that E,cqyjefa(z) > coé (for some absolute constant ¢o > 0) and 0 < fa(z) < log(®¥ () with
log @ (z) = Hle log x;, simply by writing fa(z) = 14(z)log¥(z). Then one may truncate the
support of f4 to [V/N, N —+/N]? which changes its average only by a negligible amount, and then
one may identifies [N]¢ with X = (Z/NZ)? in estimating the averages Ap v (fa,...,fa) as the
total size of the polynomial configuration is O(logCL N) which is much less that v/ N thus there
no“wraparound” issues.

If one can find a pseudo-random measure 1/](\‘[1) (z) > log'? () for which (1.5)-(1.6) holds, then by
multi-linearity one has

(1.8) Ap’v(fA,...,fA) :Apyv(g,...,g)-f-O(E).

Invoking the multi-dimensional polynomial extension of Szemerédi’s theorem by Bergelson-Liebman
[1], more precisely its more quantitative version given in [16] one has that

(19) A'P,V(ga"'ag) 20(5)7
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for some constant ¢(é) > 0 for sufficiently large N, that may also depend on the initial data P, V.
Choosing £ > 0 much smaller than ¢(d) it follows that

(1.10) A'pvv(fA,...,fA) >0
which implies the existence of configurations z + Py(y), ...,z + P/(y) in A with 0 < y < logl' N.

This cannot be done due to the irregularity of distribution of primes in small residue classes, however
is possible after restricting A, and hence the support of f4, onto a residue class z =b (mod W),
where W =[], is the product of small primes p < w, with w = w(N) is a function that is a
sufficiently slowly growing to infinity with N, i.e. after applying the so-called W-trick 8].

If the polynomials Fj, ..., P, are linearly independent it is expected that there are good explicit lower
bounds for the constants ¢(d) in estimate (1.9), in light of the recent quantitative breakthrough results
by Peluse [12], Peluse-Prendiville-Shao [13], Kuca [9] and Kravitz-Kuca-Leng [10, 11]. Estimating
the various o(1) error terms obtained via purely on number theoretic considerations, it seems
plausible to obtain similar explicit bounds on the threshold N(P,V,d) in terms of the density 0,
under the assumption that the polynomials Py, ..., P, are linearly independent.

2. THE PSEUDO-RANDOM MAJORANT AND THE POLYNOMIAL FORMS CONDITION.

We follow [17] to define the the weighted indicator function of the set A C Py truncated and re-
stricted to an appropriate reduced residue class z = b (mod W). Let w = w(N') = 1—10 log log log N’
and let W =[] ., (p prime) and note that W < (loglog N")1/10 by the prime number theorem.
We will set N := [N/W].

If A C Pys such that |A| > §|Pn/| then by pigeonhole principle, we can choose b = (b1, ...,bg) so
that (b;, W) =1 for all 1 <i <d and

(2.1) ee WE.N VR Watbeaysd (YW
’ - ’ T 2\ ¢(W)log N
for sufficiently large N’, using again the prime number theorem. Define the function f4 : [N]¢ — R>o,
W)log N\*
(2:2) ate) = (@ “CER Y 1w ),
if z € [V/N, N — v/N]? and is equal to zero otherwise. Then by (2.1) we have that
5
(2.3) E,cinyefa(z) Y falz
ze[N]d
where we used the averaging notation Eycpf(b) := 151 BI > sep f(b). Here cg > 0 is an absolute

constant needed to be able to majorize the function f4(z) by the function (@ (z) = ngl vi(x;),
where is the v pseudo-random measure used originally in [16, 17], namely

o(W)log R log d
2.4 (z) = D08 d ,
(2.4) vi(z) W > uld)x log R
dWatb;
for z € [N], where R = N°°, 1 is the Mobius function and y € C*°(—1,1) is a smooth even function

satlsfylng fo Ix'(t)|?dt = 1 and x(0) > 1/2. Tt is easy to see that if we choose cq small enough, say
co = 1—0, then we have

(2.5) 0< fa(z) <v¥(z) forall ze€X.
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the pseudo-randomness property of the product measure v(@ we need is a multi-dimensional analogue
of the so-called polynomial forms condition of Tao-Ziegler [17, Proposition 3], based on the following
correlation estimate proved for the measure v = v, (uniformly for b satisfying (b, W) = 1). Let
hi,...,hy be integers (not necessarily distinct) of size h; = O(V'N), then

(2.6) Exe[N]ﬁu(w—i—hi)—l—i-o(l)—i-O(E:cp(O( > > ;)))

i=1 1<i<i’<I w<p<Rlog B
p|hi7hi/

where Exp(x) = e® — 1, as long as gq is sufficiently small with respect to J.

Definition 2.1. Let Q = (Ql, e ,QJ) : 78 — 7% be a polynomial map. We say that the map Q is
non-degenerate if

(2.7) deg (mi(Q; = Q) > 1,
foralll <j<j' <I,1<i<d, where m; is the natural projection the i'" coordinate axis.

Note in the special case Q = Py the notion of being non-degenerate is weaker then the notion of
being in general position given in Definition 1.1. However this weaker notion is enough to derive the
following key property of polynomial maps.

Proposition 2.1. Let t,d, D, be fixed natural numbers, let e sufficiently small and L sufficiently

large depending ont,d, D,I. Let Q = (Ql, e ,QJ) : Zt — 79 be a non-degenerate integral polynomial

map of degree at most D, with coefficients of size O(WC). Then

J
(2.8) Enefuy Ezex [[ (2 +@Q, (1) = 1 +0(1),
j=1

where H =logl' N and X = (Z/NZ)% ~ [N]¢.
The following simple estimates involving the Fxp function will be useful in proving Proposition 2.1.

Lemma 2.1. Let C; > 1 and o; > 0 for 1 < i < d. Then one has for sufficiently large N,

d d
(2.9) (1+0(1) + CiBap(a;) < 1+0(1) + [[ Ci Exp (a1 + ... + aa)
j=1 j=1
(2.10) Exp(ay + ...+ ag) < Exp (2%a) + ... + Exp (2%y).
d d
(2.11) [T +0()+CExp(ai)) <1+0(1)+C*Y Exp(2%a;) (C>1).
j=1 J=1

Proof. For d = 2, one has
(1+0(1) + CrEzp (1)) (1 +0(1) + CoExp (a2))
=14+0(1)+Ci(14+0(1)) Exzp(a1) + Co(1 4+ 0(1)) Exp (az) + C1C Exp (1) Exp (a2)
=14o0(1)+ C1Cy Exp (a1 + ag) + C1(1 + o(1) — C3) Exp (a1) + Co(1 4+ 0o(1) — C1) Exp (a2)
<1+o0(1)+ C1Cz Exp (a1 + az),
using Fxp (aq)Exp (ae) = Exp (o + ae) — Exp (o) — Exp (a2). Then (2.9) follows by induction.
Writing Exp («;) = u; for i = 1,2, so e* =1+ u;, one has
Exp (o + az) = ug + ug + ugug < 2ug + 2us + u% + u% = Fxp (2aq) + Ezp (2a3).
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Then (2.10) follows by induction on d and (2.11) follows immediately from (2.9) and (2.10). O
Proof of Proposition 2.1. We have by (2.6) and (2.11)

J d
EQGX H V(d)(£+gj = H ( i H Vz i + 7Tz (h‘))>>

=1
d
<JJ (1 +0(1) + CEap(Cai(h)) <1+ 0(1) +C* > Eap(C2% ai(h)),
i=1 i=1d
where

. 1

az(ﬁ) = Z Qi iy with Oéj,j’,i(h) = Z —.

1<j<g'<I w<p< R8s 1, P

plmi(Q, (M) =Q, (h))

Thus to prove (2.7) it is enough to show that for fixed 1 < j < j/ < I and 1 <i < d, one has

=o(1).

1
(2.12) Ene(m > »

w<p<Rlos
Pl (Q, (1) —-Q, (b))

Note that by our assumptions the polynomial AQ(h) := Wi(gj (h) — Qj, (h)) has degree at least 1
and at most D.

To estimate the above sum first consider set B of the primes p > w so that the polynomial AQ
vanishes (mod p). Since all such primes p must divide the coefficients of AQ which are of size
O(W®) we have
wBl < Hp <WY « efv,
peEB
by the prime number theorem, thus

21§@<< ! = o(1).

2p P w log w

Next, we partition the sum in p ¢ B into dyadic intervals 2¥ < p < 2F*1 and estimate the
contribution of each part depending the size of the parameter k.

Assume first that 25/2 < log H = L loglog N. Since the polynomial AQ has degree at least 1
(mod p), and p is much smaller than H, the number of h € [H]' satisfying p|AQ(h) is at most
H'/p+ o(1), thus

(2.13) Epeimt >

2k <p<2k+1 p|AQ(R)

Summing this for 2¥ > w is at most O(1/w'/?) = o(1) again.
Assume now 2¥/2 > log H. Then left side of (2.13) is estimated by,

Dlog H 1
ok +OH) K o(1).

1
2k Epe(m) 2% < p < 2" plAQ(L)} < Tok/2 +
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Here we used the well-known fact that |[{h € [H]', AQ(h) = 0}| = O(H* ') and if 1 < |AQ(R)| < HP
then [, aomP < HP thus the number of primes p > 2¥, p|AQ(h) is O(D log H/k).
This proves (2.12) and Proposition 2.1 follows. O

3. PET INDUCTION AND THE GENERALIZED VON NEUMANN INEQUALITY.

We describe the PET induction scheme originally devised by Bergelson and Leibman [1] for bounded
function and later extended by Tao and Ziegler to functions bounded by a pseudo-random measure
v. We'll follow the notation of [16] except that in our multi-dimensional setting we will have [ shift
operators in the directions of the vector vy,...,v;, namely T} f(z) := f(z +v;) for 1 <j <1. We
will estimate averages of the form

d
(3.1) Ap(F) = BaexEyepu H

for a family of functions ? = (f1,..., f1) satisfying |f;| < v(9), using repeated applications of
van der Courput’s lemma [16] which in our context is the following simple observation. Let
be a sequence of real numbers satisfying x,, = O(log® N) uniformly in n. Let M = log? N and

H= logﬁN with L sufficiently large with respect C. Then,

(3.2) Eneiv] Tn = ErerEnepp) Tnn + o(1),

as shifting the average by a small amount h will change it only slightly. Then by the Cauchy-Schwarz
inequality,

(33) Eneig) Tnl” < EnepnnBravet) Tnsh Tnsn + o(1),

After each application we will arrive at a new system of polynomials some of which will have reduced
degrees in the y-variable or applied to the measure v(9) in place of a function fj- Eventually, one
arrives at a system where each polynomial corresponding to a shift applied to one of the functions
fj is linear in y but may depend on the number of additional small parameters h1, ..., h;. Averages
over such systems are then majorized by polynomial averages of local box norms, described in the
introduction.

Example. Let us first illustrate the procedure with an example. Let d = 2, T; f(z) := f(xz + v;) for
i=1,2.

AT) =B By fo TV TV fo,

where z € X, y € [M], and |f;] < v := v®). We assume that v; has no zero coordinates so the
system P(y) = (0,yv;,y%vy) is in general position. Then,

2
AP < Byv By T f1 - T8 o,
hence by van der Courput’s lemma
AP < Ba v Ep By TP fi - T 1o T - T £y 4 0(1)

Now we shift the variables z to z — yv; which does not change the average but which amounts to
multiplying each factor with 7 Y, thus we get

/ _ _ 2 _ 2
AT < By Epp Tiv - T v By TV - TVTE T £ o v 1) 4 0(1).
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By the polynomial forms condition E,Ej, jy Tfv - T "y =1 + o(1) hence after one more application
of van der Courput’s lemma,
At < EgEpp B T - Ty B, T7V F0 - 7V 0
—y—kr(y+h+k)? —y—krp(y+h' +k)? —y—k' p(y+h+k')? —y—k' p(y+h/+k')?
.le T2(y )fQ'le T2(y )fQ‘le TQ(ZL/ )f2'T1y TZ(y )f2
Note that there are four quadratic polynomials in y however each have the same main term y? thus

2
after shifting the variables z to x — 3?v,, which amounts to multiplying each factor with 7,7, all
exponents of the shift operators 17,75 applied to the function fo will be linear.

Doing this procedure in general leads to polynomial averages of the form

(3.4) Ar(T) = Eny,...nBe Eyepy [ 7RO £ (2),
acA
where
l
(35) Ea(ya hl7 ) hta W) = Z Rj,a(% h’lv o 7h’t; W) y])
=1
and
l
(36) Tﬂa(y7h17m7ht;w)fa(£) = H TjRjﬂ (y7h17m7ht;W)fa(£)
J=1

= fa(g—i_ﬁa(yahlv L 7h’t; W))7
using notation similar to [1, 16]. For simplicity of notation we will wite R, (h,y) suppressing the

dependence on W. To describe the PET procedure in our settings we will need several definitions.

Let R := {R,(y,h) : o € A} be a polynomial system with R, € Z%[y, hi, ..., h] being an integral
polynomial map for all & € A. We will consider y as the primary variable of the polynomial maps
R, (y,h) and h = (hy,...,ht) as parameters. We say that the y-degree of a polynomial map R(y, h)
is equal to d and write degy R(y,h) = d, if

R(y,h) = c(h)y* + Q(y, h),

where c(h) # 0 and deg, (Q(y,h)) < d, and Q(y,h) = 0 if d = 0. We extend the notion of general
position to polynomial systems R := {R,(y,h) : o € A} depending on parameters h = (hy, ..., ht)
as follows.

Definition 3.1. We say that a polynomial system R :={R,(y,h) : o € A} is in general position
if for any two distinct nodes «, 3, we have

(3.7) degy (m(ﬁa — Eﬁ)) = degy (R, — Eﬁ) for all 1<i<d.
Moreover, if degy (R, — Rg) = 0 then m(R,) # mi(Rg).

For given nodes «, 8 € A let dyg := degy (R, (y,h) — Rg(y, h)) and write

(3.8) Ro(y,h) = Ry(y,h) = cap(h) y*? +Q, 4(y. h),

that is c,5(h) # 0 is the coefficient of leading term of the polynomial R, (y,h) — Rg(y,h) in the
y-variable. If dog = 0, then we set @ 5= 0. Then (3.7) is equivalent to

(3.9) mi(Cap(h)) #0 forall 1<i<d, a,f€A, a#p.
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An important note is that starting from an initial polynomial configuration P(y) = (P1(y)vy,- .., Pi(y)y;),
all polynomial systems {R,(h,y) : « € A} will remain in general position during the PET procedure,
i.e. they will satisfy (3.7) or equivalently (3.9). To formalize this observation, write A = Ay U A;
where Ay = {a: degy R, (y,h) = 0}, and define the doubling of the system R as the polynomial
system:

(3.10) R ={Rg(h): B € A}U{Rs(y+h",h): BEA}U{Rg(y+h*h): BE A}

We index this system with the set of nodes A’ := Ay U A} U A2, so that for nodes 8! € Al and
% € A? there correspond the polynomials

(311) Eﬁl (y7h7 hl) - Eﬁ(y + h17ﬁ)7 EﬁZ (y7ﬁ7 h2) - E/j(y + h27h)-
Lemma 3.1. Let R = {R,(h,y)) : a € A} be a polynomial system in general position. Then the

its doubling, that is the system R’ defined in (3.10)-(3.11) is also in general position.

Proof. We may assume without loss of generality that R, = 0 for some fixed node ap, as equation
(3.7) is invariant under the translation R, - R, — R, (a € A). We write

a0

R, (y,h) = co(B) y™ + Q_(y,h),

where do = degy R, (y,h) and Q_(y,h) =0if do = 0, that is when a € Ao. By (3.9), we have
(3.12) mi(co(h)) #0, forall 1<i<d.

Let a, 8 € A\{0} be two distinct nodes. If both nodes are in Ao, then Ry, = R,, and Rj = Ry so
(3.9) clearly holds for R/, and E’ﬁ. If say a € A with 0 = 1,2, but 8 € Ay then d, > 0 and dg = 0.
Thus,

Elaa (yvﬁa ho) - B,ﬁ(yah) — Ea(y + hgah) - Eﬁ(ﬁ) = Qa(h)yda + Qlaﬁ(yahv hd)v

with deg, (Q;B(y,h, h?)) < d, and (3.9) holds.

Assume now that « and 3 are both in A;, and consider the difference
(3.13) Rio(y,h, %) — Rigr (y, b, h7) = R, (y + b7, h) — Rg(y + b7, h),
for 0,7 = 1,2. First we show that
Rio(y, 1, h7) = Rig- (y. b, 1) = () y™ + Q! 5. (y, h),
with degy (Q' , .. )(y,h) < dup in all cases, except when d, = dg, c,(h) = gﬁ(h) and o # T.

7060'57'

Indeed, if dy # dg, say do > dg then the main term in the y-variable of the expression in (3.13) is
co(h) yte = cop(h) y?es, thus (3.9) holds.

If d, = dg and o = 7 then the expression in (3.13) takes the form

Byly+ 1%, 1) — Ry + 1, 1) = cop(B) (5 + BO)0o2 + @y + . 1)
= Qaﬁ(b) ydaﬁ + Qlaﬁ (yvha ho)v

where deg, (Q;B(y,h, h?)) < dap and (3.9) holds again.
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If do = dpe, 0 # 7 and ¢, (h) # cz(h) then its is easy to see from (3.8) that c,z5(h) = c,(h) — c5(h)
and dog = do = dg. In this case
Ro(y+h7,h) = Ry(y + 7, h) = co(h) (y + h)™ = cg(h) (y + BT)" + Q. ,(y. h. h', h?)
= (ca(h) — ¢5(1) ™ + @/, (3, b KL 1),

where deg, (Qgﬁ(y,h, ht,h?)) < d, and (3.9) holds.

Finally, if do = dg, ¢,(h) = cg(h) but o # 7, then we use the expansion

R, (y,h) = co(Wy™ + e, (W)y™ ' +Q_(y, h),
where degy (Q_(y,h)) < do —1o0r Q (y,h)=0if dy =1. We have
Ea(y + hovh) - Eﬂ(?/ + thh) =
= ca(B) ((y + W)™ = (y + B + 0 () (y + 7)1 = eg(h)(y + A7)+ Q! J(y, b h', h?)

= da (ca(R)(h” = hT) + eo(h) = ep(R)) y™ =" + Q1 ,(y, b, b, 1),

where deg, (Qgﬂ(y,h)) <dy—1 or Qgﬁ(y,h) = 0if dy = 1. Applying the projection m; to the
main term in the above expression, we have for all 1 <7 <d,

(3.14) domi(co () (B7 = hT) 4+ 7i(eq(h) — eg(h)) # 0.

Indeed, by our assumption m;(c,(h)) # 0, hence the first term in (3.14) depends on the new
parameters h' and h? while the second term does not. Thus (3.9) holds again for the polynomials
E:)zo (y7 h7 ho) and E/ T (yv h? hT)

O

We will fix a distinguished node o and we say that a node « is non-linear if deg, (R, — R,,) > 1
and linear if deg, (R, — R,,) = 1. We say that system R is in general position w.r.t. ap, if it is in
general position and if for any two distinct linear nodes «, 3,

(3.15) degy (R, — Rg) = 1.

Lemma 3.2. Let R = be a polynomial system with distinguished node oy and a nonlinear node o*.
Then the its doubling, that is the system R’ defined in (3.10)-(3.11) is also in general position with
respect to the distinguished node of.

Proof. By Lemma 3.1 it is enough to show that main terms of the linear nodes with respect to the
node o remain distinct in the new system R’. Note that o is in A} and is a non-linear node. Let
B, be linear nodes w.r.t. ag. Write

Rs(y,h) = R, (Y, h) + cg(h)y +eg(h) and similarly R, (y,h) = R, (y,h) +c,(h)y + e, (h).

Clearly, 8,7 both in Ay. If B # v then ¢y # ¢, thus clearly Rg(y + h?, h) — R, (y + h°, ) is not
constant in y for ¢ = 1,2. Now consider

Eﬁ(y =+ hlaﬁ) - E’y(y + h27h) = an(y + hlah) - Bao(y + hzﬁﬁ) + (Qﬁ(ﬁ) - Q’y(ﬁ)>y + gﬁ'\/<ﬁ)'
Taking a derivative w.r.t the y-variable, we have

ay(ﬁﬁ(y + h17ﬁ) - E'y(y + h27ﬁ)) = ay(an(y + hlah) _an(y + h27ﬁ)) + (Q,B _Qy)(ﬁ) 7& Qa
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as the above expression must depend on both k' and h? as «g is a non-linear node. If 5 = ~ then
we have again,

8}/(—,61(3/ + h17h) - 7232@ + h27h>) = 8y(Ea0(y + h17h) - Eag(@/ + hQaQ)) 7é Q
]

Following [1] we will assign a weight matriz Wr = (mj,k) to a polynomial system R = {R,(h,y) :
a € A} as follows. Let R; := (Rja; @ € A) and define R; to be the set of those polynomials
R o(h,y) which satisfy

(3.16) degy (Raj) > 1, but degy (Rji o) =0, forall j<j <L

Let D denote the maximum degree in y of the polynomials R;.(y,h). For given 1 < j <[ and
1 < k < D define the entry tv; ;. as the number of equivalence classes of the polynomials R; , € ﬁj of
y-degree k, where two polynomials R;, and R; . are equivalent if they have identical leading terms
in the y-variable. The weight matriz Qg (a*) = (tv;x(a*)) of the system (R, : a € A) with respect
to a specific node a* is defined as the weight matrix of the shifted system {R, — R, : o € A}.
Note that in the scalar case [ = 1 (and v; = 1) this agrees with definition of the weight vector

(wk<0é*))1§kgp given in [16].

We will estimate averages of the form (3.4) corresponding to systems (R, ?) ={(Ry, fa): a € A}
where |f,| < v@ for all & € A. We define a node a inactive if f, = 9 and active otherwise. The
weight matrix QUR7 (a*) of the system (R, ?) is defined as the weight matrix of the restricted
polynomial system (R, — R, : a € A;), where A; denotes the set of active nodes.

We define the ordering of [ x D weight matrices by reversed lexicographic ordering; we write 20’ < 20
if there exist 1 < j <1<, 1<k <D so that m}k <t but m;,vk, = m;”,k’ for j <j'orj=1j4
and k < k. We remark that any ordered chain of weight matrices 20; = 205 = ... terminates in
finitely many steps.

The key proposition of the PET procedure, which is a straightforward multidimensional extension
of Proposition 5.14 in [16], is the following.

Proposition 3.1. Let (R, 7) ={(Ry, fa) : a € A} be a polynomial system in general position
with distinguished node ag. Assume the system R is in general position with respect to aq, and
there is an active non-linear node a*.

Then there exists a polynomial system (R, 7/) ={(R,, 1) o € A} in general position with
respect to a distinguished node o, and an active node o' such that,

(3.17) W (O/) < Wr(a™).
and
(3.18) AR(F)2 < 1Ar (F)] + on oo (1),

Moreover fl,, = faq, and for each o/ € A’ one has that f), = fo for some a € A, or fl, = v(d),
Proof. Shifting the system R by R,,., which amounts to changing the polynomials R, = R, — R+,
we may assume that R . = 0, where o* is a fixed non-linear node with respect to ag. Clearly the
shifted system will remain in general position.
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Write A = Ao U Ay, where Ag = {8 € A: deg, (Rz) = 0} and Ay := A\ Ap. Accordingly, write
Gla,h) = [ T%® fs(2)
BEAo
and note that

G(a.h)| < H(zh) == [ 7@ o{(2).
BEAo

Then by the polynomial forms condition we have that,

(3.19) Eneimp Ezex H(z, h) =1+ o(1).

Let

(3.20) F(z,y,h) = [ T%WP f5(a),
Be A1

then

(3.21) | Ap(F) |

IN

IEhe[H]’f Ezex H(z,h) ‘E M]F(5U Yy, h) |

< Epeapr Beex H(z,h)Eyepan | Eneimy F(z,y + hyh) | +o(1).

Here the o(1) term is coming from shifting the variables y — y + h causing an error term
O((log N)°®r H/M) = O((log N)*ﬁ/Q) = o(1) if L is chosen sufficiently large with respect
to R. Applying the Cauchy-Schwarz inequality in the h-variable, using (3.19), we get

(322) | AP(?) |2 < E(ﬁ,hl,hz)E[H]t+2E§€X IEye[M] H(£7 h) F(ga Y+ h17ﬁ) F(ga Y+ hQah) + 0(1)

= Ao () + o(1),
where
(3.23) ={Ry(h) : B A} U{Rg(y+h'h): B A}U{Rs(y+h*h): B €A}
We index this system with the set of nodes A" := Ay U A} U A%, so that for the nodes ' € A} and
3% € A? we have the polynomials
Rgi(y, b, h',h%) = Ry(y + b B), - Bga(y, b, b, h%) = Ry(y + h*, )

and functions

fin (@) = fhe(z) = fs(2).

Note that R’ is the doubling of the system R and hence by Lemma 3.1 and Lemma 3.2 it is in
general position with respect to the distinguished node of. The doubling R« (y,h) = Rja(y+h?, h)
(0 =1,2) does not change the main terms of the polynomials R;.(y, k) in the y-variable, hence
Wr = Wr. In the above doubling procedure we do not activate inactive nodes but we may
deactivate some active nodes, in fact those the active nodes « such that deg, (R,) = 0. Thus

QUR,?, =< QUR7 or QUR',?/ = QIIR?.

Let 1o 1, be the first non-zero entry of the weight matrix 20 R such an entry must exist as «q
is a nonlinear node. This means there is a polynomial Rj, o € Rj, such that deg, (Rjya) = ko but
=0 for j < jo and degy (R;,p) > ko for all R;, 3 € Rj,.
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Also degy (Rja) =0 for j > jo by the definition of the reduced class of polynomials Rj,.

- 1 1 1y
We claim that mR,j,(a ) < ., 7, and hence QHR, 7,(04 ) < W r 7> Where o, = (a ,(al) is the
weight matrix of the shifted system {R,, — R/, : o € A'}. Indeed if j > jj then degy (R. ,)=0

ol ] al
thus we do not change the entries m; - If k> ko then again we do not change the entries 1’jo, k as
they depend only on the main terms of polynomials in R;O of degree k. However we reduce the entry

1’
Jo,ko
as the equivalence class of R;  ,1(y,h) vanishes. We may get new equivalence classes of smaller
degrees than kg but that does not affect the ordering of the matrices. This proves (3.17) with and

(3.18) follows from (3.22). O

by 1 when we subtract the polynomial R; ,1(y,h) from the polynomials R;, . (y,h) € Rio

We have shown, after shifting the system so that an =0,

(3.24) AP < Enyafao(e) [] THEEDD (@) x [T TleWvreal® f (@) + o(1),

a€Ay a€A

where b, (h), cqa(h) are integral polynomial maps dependent on shift parameters h = (h1,..., h).
We use A; to denote the active nodes (I stands for linear), and we let A,; denote the inactive nodes.
Note that polynomial system R = {R,(y,h),a € Ay} U{R,(y,h) =b,(h)y + c,(h)} is in general
position in the sense of (3.7). In particular, m;(b,) # 0 for all ¢ € [d] and a € A.

We will show that the expression in (3.24) is bounded by

(@) 2= 14l
(325) <Eh E:(: y<0 (1) H TZ’YEAZ ysy ! Qw(ﬁ) fao ($)> + 0(1)
we{o,1}14l

||fao||DH M (b, vEA)

i.e. the average of the local Gowers box norms || fa, HD(Q"((E): ved;) To(l).

The main tool in this step is the weighted generalized von Neumann inequality [16, Appendix A].
To this end, we introduce new shift parameters y = (Ya)aca, and define @ (y) := > c 4, ba(h) Yo -
Then, after shifting y by —>_ ¢ A, Yo and shifting the polynomial system by Qo (y), the right-hand
side of (3.24) becomes

Eh ]Evyy’ fao H TQ +Ro¢<hy Z-yeAl y’Y) (d) (&)
aEA,
(326) % H T y+zqu( (R)=b, (R)yy+c, (h)f (&) +0(1)
a€A;

Notice that since we simply shifted the system, it is still in general position as a system in the
variables h,y and hence will satisfy (2.7) and the polynomial forms condition (2.8) applies.
Let

fO X h,y( ) fao H TQ +Ra <h v= Z’YGAZ y'Y) (d) (g) ,
aeAnl
fozaLb,y(g) = Téo‘(ﬁ)y—i_z'YEAl (b () =bq (R))yy+ca(h) fal2),

@

D () = ThaBr T b 0 —bu s ea), @) (1)

—~~
RS
~
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With this in mind, (3.26) becomes

IEh,y:L‘E fOxh Hfa:ch

aEA;

By design, 0 < fozny < I/ég)gh v pointwise and f, . x(y) is independent of y, for every a € A;.

Thus, we may apply the generalized weighted von Neumann theorem in the y-variable [16, Appendix

Al:

(321)  EayaBy founy®) [ farn® <Enye Hfownyllonwa [T 19850, 10 -
aEA; acA;
Thus by Holder’s inequality,
o—14;]
(3.28) EnyzEy forny(y H fazn(y <Ehyx Hfﬂxh,y”éjfy(d))) :
Q€A

as by the polynomial forms condition, we have for all o € A;

14y —1 b h)—b. (A9 e (B
Eh?ﬁ””amh,y, ’ éAll\{a} =FEhrzy Eg(o),g(l) H TR o (B)Y+32 c a, (0 ()=, (R)yy " +ca(h) (@ (z)
we{0,1}A1Me}
=1+o(1).
Note that,
| Ayl (w)
(3.29) Eny.all fo.zhy,| éA;(y(d)) =Epg Eg(()),g(l) H T )f@) w(h, z, Q(O)7ﬂ(1))7
we{0,1}4
where

w )
w(ﬁ,g,g(o),g( ) —E, H H 79 ))+Ra(hy >yea, Yy V) @ ()
a€Ani we{0,1}41
w{®)

(330) % H H Tba(ﬁ)y"’_z'ye/ll(b'y( )—b (h))yv 7 ""Ca(ﬁ)y(d) (g) )
acA; w(Q)E{O,l}Al\{D‘}

Notice that the right-hand side of (3.29) is a weighted parallelogram average, and, ignoring the
weight w, we end up with an average of local Gowers norms:

(wy)
EQQE (0) (1) yE H TQ fao( ) Eb& EQ(O)@“) H TzveAl ysy ! b»y(ﬁ)fao (g)
we{0,1}41 we{0,1}4

4
= Ep [ foollBe, a): vean:

Thus, it suffices to prove

)
(3.31) . %[E) " H T (Y )fao@) (w(h, £7g(0)7y(1)) —1)=o0(1)
Rz, YLy we{O,l}Al
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By the Cauchy-Schwarz inequality and the bound |fq,| < v(@) | the square of the left-hand side of
(3.31) is at most

Qo)) () © (1)) _ 1\2
h,z,y%,y“) H E v (@) (wib, 2,5, y) — 1)
= % wefo,1}4
= Q¥ (@) ©) (12 © . (1)
B E7£7y%%)7g(1) H =0 v (@) (w(b7 &7% 7y ) 2'[1}(&, £7g 7y ) + 1)

we{0,1}4

=(14o0(1)—2(1+0(1)+ (1 4+ o0(1)) =o(1),
where we have repeatedly applied the polynomial forms condition to the coordinate projections of
the polynomials appearing in (3.29)-(3.30), in the h, z, Q(O),g(l) and y variables. To justify this, let
i € [d] be fixed and consider the polynomials

(3.32) vi + mi(Qy (), k) = D milba(h)) Yl

for w € {0,1}*4. The polynomials,

(3.33) zit Y wilba(R) Y + 1 (R (yy — > 45°7)),

acA; YEA;

for o/ € A, and w € {0,1}*, and the polynomials

a)
(3.34) i+ b () y + > mi((by — ba) () S &) 4 ri(calh),
YEA

for v € Aj, w@ € {0, 1}141\{04}.

Since 7;(b,(h)) # 0, the polynomials in (3.32) are distinct and satisfy (2.7). The polynomials

in (3.33) are distinct for the same reason, and they are also distinct from the polynomials in

(3.32) as either degy Ry (h,y) > 1 hence they depend also on the y-variable, or 7;(R,) # 0 hence

contain a term depending only on the variables h. Finally the polynomials in (3.34) are distinct as

7ri((b7 —b,)(h)) # 0 for v # a, and they are distinct from the polynomials in (3.32)-(3.33), as they
0) (1)

are independent of the y, ', ys’ variables but depend on the y-variable.

This shows the validity of (3.25). Since our initial family of functions is fi,..., f; we have that
oo = k and f,, = fr, and after re-indexing and renaming the variables, we may write

(by(R) = v € A) = (Q(EF) : j € [si])

thus we have for all 1 < k <1,
(3.35) 87 (P < B ey et + 01

Note that the norms on right side of (3.35) depend on k, however they can be majorized by a
single local polynomial box norm using a simple concatenation property. Indeed one can define
the concatenation of two polynomial systems Q = (Q,(h),...,Q (k) : h € [H]') and Q' =
(@ (1), Q1) « I € [H]")as Q& Q = (Q)(h),...,Q, (1), Q (K),....Q (1) : (h}) €

[H ]t+t Inductively one deﬁnes the concatenation Q = Ql .o Ql of more that two polynomial

systems Q', ..., Q'. The following “concatenation lemma” follows from simple application of Holder’s
and the Cauchy Schwarz inequality, see [16, Lemma A.3]
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Lemma 3.3. Let Q= Q' @ ... @® Q. Then one has for any f : X - R

(3.36) HfHDH,M(Q) > HfHDH,]\/I(Qk)7
forall1 <k <I.

Note that if Q is in general position and moreover if 7; (Qf) #0forallie[d], kell] and j € [sy]

then Q is also in general position. This holds in our case m;(b,) # 0 for all & € A;. Since |f|, < v(@
and Hy(d)HDH w(ory = 1+ 0(1) by the polynomial forms condition as the system OF is in general
position. We have our key estimate by Lemma 3.3 and inequality (3.35).

Corollary 3.1. (generalized von-Neumann inequality)
Let P = (Pi(y)vy, - ., Pi(y)y;) be a polynomial system in general position. Then there existt,s,S > 1

and a polynomial system Q = (Ql, e ,QS) in general position, satisfying W(Qj) %0, such that

2—5S

(3.37) \Ap,v(7)\ < min, 1l @, @) T 0(1)-

4. DUAL FUNCTIONS AND THE MAIN DECOMPOSITION.

In this section we prove the crucial decomposition (1.6) following [17] which combines Gowers
approach to decompositions theorems based on the Hahn-Banach theorem [7]. The starting point is
the show the orthogonality of (%) —1 to products of so-called dual functions associated to polynomial
averages of local box norms.

Definition 4.1. Let Q = (Q,,..., Q) : [H]t — Z*¢ be a polynomial map where Qj € Zhy, ..., hy].
Let fu,: X = R, we {0,1}*\{0} be a family of functions. We define the dual function of the family

of functions (fu)we{o,1}5\{0}, @S

(1) Dolf)@):=Eperm Byorymepgs [ Jule+ QW)+ +4)Q (0)).

a B £6{071}87£¢Q
If fu = f for all w € {0,1}°\{0} then we write Do(f) and refer to Do(f) as the dual function of
the function f.

This means that for fixed A and fixed y(o) = (yio), e ,ygl)), y(l) = (ygl), e ,ygl)) we take the

product of the functions f, evaluated at the vertices z + yiwl) Q(h)+...+ yﬁws) Q_(h) forming a

parallelepiped as w = (w1, . .., ws) runs through all {0, 1}*\{0}, where the vectors Q,(h),...,uQs(h)
give the directions of the side vectors of the parallelepiped, and then we sum the products for all
such parallelepipeds was g(o), y(l) are running through [M]* and h through [H]'. The terminology

dual function is originated in [8] for global Gowers norms, and is due to the fact that the inner
product,

(42) (. Dol(f)) = Beex f (@) Do(f)(@) = Encirry 11, @, .0 -

The Gowers type local box-norm inner product of a family of functions (fy)ue{o,1}s of scale M and

directions uy, ..., u,, is defined as

(4.3) (o) Onr(uy sy = BrexByo yoepns || fulz+ g+ gy

- we{0,1}
Let us recall a basic inequality referred to as the Gowers-Cauchy-Schwarz inequality for box norms
that is well-known in various forms see e.g.[16, Appendix B].

Lemma 4.1. One has
(44) ‘<fw>D]yj(Q1,...,ﬂs)

< H ”fﬂHDIM(Hlv'”vﬂs)

we{0,1}¢
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Proof. Let us write.
fozW, - ys) = ful@ +y1ug + ..+ ysuy).
For a fixed z € X, we show

(4.5) By mepn 1] e N < T Maclon.
B - ﬂe{o 1}8 ﬂe{ovl}s
where for a function f: X — R,
IfIIE,, = Ey© 4 epm - I fw Doy,
wG{O 1}s
This is easy to see by repeated application of the Cauchy-Schwarz inequality. Indeed, separating
the last variables and writing y(o) = (Q(O)/, ygo)) g(l) = (g(l),, ygl)), one may write
<fw>DM(gl,...,gS) =

EQ(O)/’E(I)/ (Eygo) H f(g’,()) (yguﬂ)’ LRI ygwsl 1)) ngO))) (]E (1) H f(g’,l) (y§wl)7 ceey ygwsl 1) ) ygl)))

Ys
w'e{0,1}s-1 w'e{0,1}s-1

Then by the Cauchy-Schwarz inequality

2
<fw>DM(217"'7ﬂs) g

(Eyoryor B0 o ] Faroy @ T ) Fw oyl D))
we{0,1}

(Egm)’,y(l)'Eygm’ygl) 11 f@,l)(y%“’”,--.,yiwi 1)7y§0))f( )(y§w1)7-~-7y§w81 D yMy)
we{0,1}

Notice that in each factors the functions f,, depend only on the first s—1 components of w. Repeating
the procedure in the other s — 1 variables give (4.5). Then by Holder’s inequality left side of (4.3)
is estimated by

25

weq{0,1}
<E ] Waelow)” < I V=TT B -

we{0,1}¢ we{0,1}¢ we{0,1}¢

([l
The following orthogonality property is crucial for the decomposition (1.6).

Proposition 4.1. Let K,s > 1 and for 1 <k < K let fi : X — [—1,1] be given for w € {0,1}*\{0}.
Let Q = (QO’QP . ,Qs), Qo =0, Qj € Z[h] be a family of polynomial maps in general position,
satisfying condition (2.7) for all1 <i<d and 1 < j < j' <s. Then one has

K K
(4.6) (@D =1), T] Da(£) = Beex (W(2) —1) - [] Da(ff)(z) = o(1),
k=1 k=1

where the implicit constant may depend on K,s and the polynomial map Q,

Proof. By expanding the product of the dual functions, we have

K
H =En By o) H H A+ Q) + -+ 4 Q (),

<1> <1> k=1we{0,1}*
Y1 o



18 ANDREW LOTT, AKOS MAGYAR, GIORGIS PETRIDIS AND JANOS PINTZ

where we have written [], for the restricted product [, . {0.1}= w0 for simplicity of notations.

Let Bg+(H) be the set of those k-tuples of vectors (hy,...,hx) € [H]* such that WZ(Q (hy)) =

for some i € [d], j € [s] and k € [K]K. Then |Bg(H)| < H*~! by the Schwarz—lepel lemma,
see [16, Lemma D.3], since m; (QJ (h)) is not zero by our assumption. Thus the contribution of the

K-tuples that are in By ;(H) to the right side of (4.4) is O(H ') = o(1).

Let (hy ..., hy) ¢ Br+(H) be a fixed K-tuple. We estimate

(48)  E(vD(z) - E«», © H H @+ Q, () + -+ Q).

W <1) k=1we{0,1}*
yl EN 7
Note that the product is taken over the union of K-distinct parallelepipeds with vertices z +
ylgfl)gl (h) + ...+ y](:SJS)QS (hi). We may embed these K parallelepipeds into a K s-dimensional
parallelepiped with vertices of the form

3T I ) 0, ).
7j=1 k=1
corresponding to Q = (wy,...,wWg), W = (Wk1,...,wks) € {0,1}°. Define fo = 1 unless Q =

0,...,0,w,0,...,0), i.e. when w; =0 for all j # k and w;, = w; in which case let fo = fE. In other
Words to all the remaining Vertlces of K s-dimensional paralleleplped we attach weight 1. Then the
expression in (4.8) may be written as

(4.9) E, (I/(d) (z) — 1) E BONIOORC H fQ T+ ZZ (wm =

- Y1 Yk Y1
Qe{0,1} K> k=1j=1

d
= <l/( ) — 17fQ>DM(QJ-(bk)ﬂds}’ke[K]).

By the Gowers-Cauchy-Schwarz inequality for box norms we have that
d d
(4.10) (9 =1, fada, @ e setspretip] < 19 = Mo @ uo)ssetsweiny

as |fol < 1 and hence | fallo, @ (n,):jeslhex) < 1 for all Q € {0,135, Thus by Hélder’s
Q Q,(h
inequality the left side of (4.7) is estimated by

1

2Ks

d 2Ks
By ooty 11D = Uiy (@, 1y setsl kel < <Eh1, D =103 o <k>:je[s1,ke[f<1>) =o(1),

by the polynomial forms condition (2.8) applied in the variables z;, y,(;;), hy, (i€[d],j€ [s], k € [K])
to the family of polynomials x; + Zk 1251 yk?)kj)m (Q (hy))- O

Using the orthogonality property (4.6) one can obtain the crucial decomposition (1.6) of an un-
bounded function 0 < f < (4 via an abstract decomposition theorem which appears implicitly in
[8] and is stated in various essentially explicit forms in [14, 7, 17]. We recall the statement from [17]
and for the sake of completeness provide a proof, which is a slight modification of an argument of
Gowers [7, Theorem 4.8].
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Theorem D. (Dense model theorem [17])

Let € > 0 and let F be a set of bounded functions F : X — [—1,1]. Then there exists a constant
C > 0 and a constant n > 0 depending only on € such that the following holds; If a function
v: X — R>o obeys the bound

(4.11) Ezex (1/(@) — 1) Fr-...-Fg(x) <n,

for all K < =% and F; € F, then to every function 0 < f < v there exists a function 0 < g < 2
such that

(4.12) [Euex (f(2) — 9(x) F@)| <,

for all F € F.

This means that if the function v — 1 is approximately orthogonal to long products of functions
F; € F then every function 0 < f < v can be approximated by a bounded function g so that f — g
is approximately orthogonal to all function F' € F. If 1 € F (as in most cases of interest) then f
and g has approximately the same average, and g is referred to as a dense model of f for the family
of functions F.

Proof. Let € > 0, and define J : R — R by J(x) = %@l By the Weirerstrass approximation
theorem, there exists a polynomial P(z) = Y 7_;a;2" such that

(4.13) [P(z) — J(z)| < %

: N1
for all z € [-2e71,2e71]. Let C be large enough that e~ > j, and let = % (Zgzo |ai|(25_1)1) :

Let v : X — R>( be a function satisfying (4.11), and suppose for the sake of contradiction there
exists a function 0 < f < v which cannot be written as g + h where 0 < g < 2 and

sup |Egexh(z)F(z)| <e.
FeF

By the Hahn-Banach theorem (specifically [7, Corollary 3.2] ), there exists ¢ : X — R such that
(f,¢) > 1, {g,¢) < 1/2 for every 0 < g < 1, and (h,¢) < e~ ! for every h: X — R such that

sup |[Egexh(z)F(z)| < 1.
FeF

The above condition forces ¢ to be in the subspace spanned by the functions ' € F, and then by
[7, Corollary 3.5], we may write ¢ = > _;_; \;F; where Fi,..., Fy € F and

(4.14) >l <2et
=1

By (4.11) and some manipulation, we have
J s i
(4.15) (v —1, P¢)| <Z|aiH<u—1,<Z)\ka> N
‘ k=1
J s ‘
<0y lai (Z Mk\)
i=0
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Since (g, ¢) < 1/2 for every 0 < g < 1, we have (1, J¢) < 1/2. By (4.14), it is clear that |¢| < 2e7*
pointwise, and so by (4.13), ||P¢ — Jd||o < 1/8. Combining these facts, we have (1, P¢) < 5/8.
Hence, by (??), (v, P¢) < 7/8. Finally, once again using the fact that ||P¢ — J¢||s < 1/8, we have
(v, J¢) < 1. But then

(f,0) <(f,J9) < (v, J9) <1,

contradicting the fact that (f, ¢) > 1.
(]

Applying Proposition 4.1 and Theorem D to the family F := {Dg(fu)wefo,135\{0}> fw : X = [=1,1]}
where Q = (QO, Qs QS) is a family of integral polynomials, we have

Corollary 4.1. Let s,t > 1 and let Q = (Qo’Ql’ . ,Qs), Q,=0, Qj € Zhy, ..., hy be a family
of polynomials in general position. Given e >0, if N > N(Q,t,s,e) are sufficiently large then to
every function 0 < f < v(4)

(4.16) |Ezex (f(z) — g(z))Do(fu)(z)| <,

there exists a function 0 < g < 2 s.t.

for all families of functions (fﬂ)we{o 119\ {0}’ fo: X = [-1,1].

At this point, for the function 0 < f4 < v9 we may obtain a decomposition f4 = g + b with
0 < g < 2 and the function h satisfying

(4.17) [Esexb(z)Do(fu)(@)] <,

for all dual functions Dg(fy) corresponding to bounded functions f, : X — [-1,1]. Note that b

may not be bounded independently of N but |h| < v(¥) + 2. If (4.12) would hold for Do(b) i.e.
when f,, = b for all w € {0,1}\{0}, then we would have

(4.18) ||bHDH,]\/I(Q17~“vQ5) e
Hence by (1.5) and multi-linearity
(4.19) Apy(fa,..-  fa) =Apy(g,...,9) + O() +o(1),

where ¢ > 0 is a constant depending on the initial data P and V. The Bergelson-Liebman theorem
[1] implies (see next section),

(4.20) ApJ/(g, ooy 9) > c(0) +o(1),
where ¢(d) > 0 is a constant depending on the initial data but is independent of N. Thus choosing
e > 0 sufficiently small we have that Apy (fa,..., fa) > 0 which implies our main result.

The idea that the bounded functions f,, can be replaced by the unbounded function h appeared
first in [2]. The proof is essentially the same as that of [17, Theorem 11] and include it here only for
the sake of completeness. Under the same conditions as in Proposition 4.1, we have

Proposition 4.2. Lete >0 and let h: X — R s.t. [p| < G} If

(4.21) [Ezex h(z) Do(fu)(@)] < e+ o(1),
for all bounded families of functions (fy)we{o,135\{0}> fw : X — [=1,1], then
(122) Do, < € +o(1)

for some constant C' > 0 that is independent of €.



POLYNOMIAL CONFIGURATIONS IN DENSE SUBSETS OF THE PRIME LATTICE 21

Proof. By multi-linearity it is enough to show that
(4.23) (f)Omm(@,@,) < e’ +o(1)

whenever |f,| <1 or |f,| < V(@ assuming that at least one of the functions fu =b. We prove
(4.23) on the number n unbounded functions f,,.

If n = 1 we may assume fy = h and (4.23) follows from (4.20). If n > 2 we may assume again
that | fo| < v(@ is unbounded and write ‘<f£>|j(g)‘ < E @ (z)|Dg(f)|- By the Cauchy-Schwarz
inequality, we have

2
|<f£>DH,1\4(Q17"'7QS)‘ < Ezng(fg)(x) +E; (V(d) (z) — 1) ng(fg)(ﬂv) =1+1I.
To estimate the first term note that
Ey D§(fu) (@) < By D D)(2) < 1,

by the polynomial forms condition and the assumption that the family Q = (Ql, .. ,QS) is in
general position. On the other hand

E. |Do(fu)(@)] < &% +o(1),
as it is equivalent to the fact that
E; Do(fu)(@) g(0 < &% + o(1),

uniformly for all functions |g| < 1 which follows from the inductive hypothesis on the number of
unbounded factors. Then I < e 4 o(1) by interpolation.

For the second term we may write again,

*

Dy(fu)(@) =EpwE o o [] x+§jy1 Q. (Wbig) fu x+§jy Q1)

- * / 112s 1
anggl) (w,w')€{0,1} J=

*

~ (o ~ (@)
“EwEo 0 I few@+ Yol m+> 0 Q)
7j=1 7j=1

- 7 ’ 1 2s
ggO)ggn (w,w')€e{0,1}

where f(, ) = 1, unless (w,w’) = (w,0) or (w,w’) = (0,w) (with w # 0), in which case f(, ) = fu-
Writing Q'(h, 1) = (Q, (R), ..., Q (1), Q,(h),...,Q (k) for the extended polynomial system, we
have that by box—norrn Cauchy- Schwarz mequahty

By (V' (z) — 1) DE(fu)(@)| = [V =1, Do/ (fuuw))]

< o, wey TT Maew o) = o).
(w,w")#(0,0)

Indeed the extended system Q' is also in general position (as m;(Q ( ) £ 0 fori e [d], je€ls]),
hence |[p(?) — gy (e = o(1), while

d
| el ar@y < 1Pl @) +1 < 1,

by the polynomial forms condition. This proves the Proposition. O
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Corollary 4.2. Let f: X — R satisfying 0 < f < vD and let e > 0. Then there exists functions
0<g<2andh, such that

f=g+bh, and |bllo, 0 <e

Proof. Let 0 < g < 2 be given as Corollary ?? with &’ = &'/¢. Then by (4.17) and Proposition 4.2
we have that

||(f - g)HDHJM(g) S €+ 0(1)
The Corollary follows by writing h = f — g. O

5. PROOF OF THEOREM 1.

The other main ingredient of obtaining polynomial patterns in relative dense subsets of the primes is
using an appropriate version of the polynomial extension of Szemerédi’s theorem due to Bergelson-
Leibman [1]. The version we use, given [16, 17], is as follows.

Theorem E. Let 6 > 0, P = (P1,...,P), P; € Zly|, P;(0) = 0 be a polynomial map, and let
V=A{vy,...,u} C 7%

If g: X — [0,1] is a function satisfying Eyexg(x) > 0, then one has

(51) AP,V(Q?"'?Q) > 0(5) _0(1)7
where ¢(0) > 0 is a constant, that depends only on 0, V' and polynomial map P.

Now it is easy to prove our main result.

Proof of Theorem 1. Given A C P4, with |A| > §|Px/|¢ we choose W, N = [N/W],b and the
function fa as in (2.1)-2.2, then by (2.3)-(2.5) we have

Eeex fa(z) =6, 0< fa(z) < ¥ (z),

with 6’ = ¢pd/4. Then by Corollary 4.2 with € > 0 sufficiently small with respect to ¢(¢’), we have
fa=g+bwith |[bllo, o) < ¢, thus Corollary 3.1:

Apv(fas....fa) > Apyv(g,...,q9) —°—o(1) > c(d') —e®—o(1) > ¢(8') /2 — o(1) > 0,

as long as L > L(P,V) and N > N(P,V,0) is sufficiently large. O



1]

(16]
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