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Abstract

Let d, K, N € Nwith K > 3and d > 4K +4. Let A C Z% be the vertex set of a nondegenerate
(K — 1)-simplex, and let A C [N]¢ contain no nontrivial similar copy of A. We prove that

|A| <Ad N exp(—cA,d\/ log N)

improving upon a polylogarithmic bound due to Magyar. We perform a density increment
argument using the circle method, and we introduce a “cut operator” method to decouple the
weighted exponential sum over the system of quadratic forms describing the simplex. Our proof
combines ideas from graph theory, functional analysis, and the geometry of numbers. In the
process, we apply Finner’s fractional form of Hélder’s inequality, the analytic large sieve, and
Kim’s mean value formula for primitive lattice flags.
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1 Introduction

A basic problem in additive combinatorics is to determine which finite patterns must occur in
dense subsets of integer lattices. At the qualitative level, the multidimensional Szemerédi theorem



of Furstenberg and Katznelson [6] gives a general answer: for every finite set F' C Z¢, every subset
of Z¢ of positive upper Banach density contains a homothetic copy = + ¢F, with « € Z% and ¢ € N.
The quantitative bounds obtainable from this general theorem are, however, extremely weak; see
[8, 22].

Here we study the corresponding quantitative problem for similarity classes of simplices. Let

A= {vy,...,vx1} C2Z°

be the vertex set of a fixed nondegenerate (K — 1)-simplex. We say that A’ = {xq,...,rx_1} C Z¢
is a similar copy of A if

|xi—mj\2:t]vi—vj\2 (0§i<j§K—1) (1.1)

for some t > 0, or equivalently if A’ is a translated and rotated image of a dilate of A. Every
homothetic copy is similar, so the qualitative existence of such configurations follows from the
preceding theorem; our concern is the quantitative dependence on the density.

Our main result is the following.

Theorem 1.1. Let K > 3, and let A C Z¢ be the vertex set of a fixred nondegenerate integral
(K —1)-simplex. If d > 4K + 4, then there are constants C,c > 0, depending only on A and d, such
that every set A C [N]? containing no nontrivial similar copy of A satisfies

|A| < CN* eXp(—c\/log N) .

In the common range d > 4K + 4, this improves an earlier result of the second author [17], which
states that, when d > 2K + 3, every set A C [N }d containing no nontrivial similar copy of A satisfies

|A| < CaaN*(log )2/ (1),

To the best of our knowledge, this is the only previous quantitative result formulated for similar
copies of an arbitrary nondegenerate integral simplex.

By Chebyshev’s bound, theorem 1.1 immediately gives the following quantitative relative result
in the prime lattice; compare this to [3, 5, 23]. Let P denote the set of primes.

Corollary 1.2. Let K > 3, and let A C Z% be the vertex set of a fired nondegenerate integral
(K —1)-simplex. If d > 4K + 4, then there are constants C,c > 0, depending only on A and d, such
that every set A C (PN [N])? containing no nontrivial similar copy of A satisfies

Al < CIPN [NHdexp(—c\/logN) .

An equivalent form of our main result is that a set A C [N]?¢ of density o must contain a similar
copy once

N > exp(CAyd (1+ 10g(1/a))2) : (1.2)

Theorem 1.1 also directly implies the following quantitative result in the Euclidean setting.

Corollary 1.3. Let K > 3, d > 4K + 4, and let A C Z% be as above. For every measurable
E C [0,1]% with |E| > a > 0, there are x € RY, U € O(d), and

A> eXp(_CA,d(l + 10g(1/04))2)

such that x + N\ UA C E.



A short proof, based on averaging Theorem 1.1 over translates of a sufficiently fine lattice, is
given in Appendix A. For comparison, a polylogarithmic bound follows from the proof of Bourgain’s
simplex theorem in dimensions d > K [1, 16]. The cut-operator method also has a direct and
simpler implementation in the Fuclidean setting, which should permit a lower dimension threshold;
we do not pursue this direction here.

Beyond [17], quantitative results in the literature concern special configurations or indirect
parametrizations by nonsingular matrix progressions. A notable example is the corners configuration,
consisting of axis-parallel isosceles right triangles. Building on ideas originating in the work of Kelley
and Meka [11], Jaber, Liu, Lovett, Ostuni and Sawhney [10] recently proved that every corner-free
set A C [N]? satisfies

|A] < N2 exp(—c(log N)1/690).

For an integral planar triangle, complex multiplication gives a parametrization of its similar copies in
the form z, x 4+ Tvy, x4 Tby, where 11,75, and T1 — T5 are nonsingular rational matrices. Thus the
problem becomes a matrix-valued version of Roth’s theorem. Quaternionic constructions, and more
generally integral orthogonal pairwise anticommuting Hurwitz—Radon matrices [7], similarly give four-
term parametrizations of tetrahedral shapes after passage to a suitable auxiliary lattice. Prendiville’s
theorem [19] then yields a density bound of the form (loglog N)~¢ for these parametrizations.
This Hurwitz—Radon construction extends to arbitrary nondegenerate simplices, and more
generally to configurations of fixed affine rank, but it has an unavoidable dimensional cost. The
sharp Hurwitz—Radon theorem forces a (K — 1)-simplex represented in this way to use matrices of
order exp(€2(K)); Geramita and Pullman [7] show that the optimal families may be chosen integral.
Prendiville’s work also suggests that longer nonsingular matrix progressions should be accessible
through higher-order Fourier analysis. Together with the recent quasipolynomial inverse theorem of
Leng, Sah and Sawhney [15, 14], this suggests that one might hope for a density bound of the form

exp(—(log log N)°K)

for each fixed nonsingular matrix progression. Such a result is not presently available: a multidi-
mensional localized density-increment argument would still have to be developed. Even if carried
out, this route would give a substantially weaker dependence on N than Theorem 1.1 and, through
the Hurwitz—Radon parametrization, would require an exponentially large dimension.

2  Outline of the proof

2.1 Setup

Let Fy,...,Fg_1 : [N]* — [~1,1], extended by zero to Z¢, and L := (12(), and let w = 1 o).
Fix R = |oN| for some sufficiently small constant 0 < o < 1 depending only on A, assume N
is sufficiently large depending on A and d, and write wgr(n) = R~2w(n/R?). We count weighted
solutions to equation (1.1) for t = n € N, n < R?, via the multilinear expression

K-1
AN(Fo, ..., Fx—1) =Y _wg(n) > 11 Fiz). (2.1)
n Zo,...,ZKfle[N]d 1=0

23—z [P =nlvi—v;? (i<))
Kitaoka’s estimate [13] supplies

ANy, - - L) 2 NORED2L (2.2)



Here (K — 1)d is the number of relative variables, while 2L = 2(%) is the contribution of the (%)
quadratic equations.

Suppose that A C [N]¢ has density a > 0 and contains no nontrivial similar copy of A. Then
An(14,...,14) = 0. Thus, writing 14 = alyje + g, the pigeonhole principle yields, for some
Fo,..., Frx_1,

IAN(Fo, ..., Fx_1)| 2 o* NIRUE-1)d=2L (2.3)

with exactly s > 0 of the F; equal to g and the remaining F; equal to 1yja. The rest of the proof is
to turn this lower bound into a density increment.
As is customary in the circle method, one expresses the quadratic relations via the integrals

Loz Pmnfvi—v2 = /Te(ﬁmzi — zj[)e(=nBijlvi — vj|?) dBij,  e(t) := exp(2mit).

This gives
AN(Fo,... Fx1) = /1rL Dr( Y |vi —vi[*Bij) Sa(Fo,-- ., Fx—1) dB, [Orlle ST,  (24)
i<y

where Wg(t) := Y, wr(n)e(—nt) and

K—1
Sg(Fo,...,FKfl) == Z G(Zﬁij‘zi —Zj|2) H Fl(zl) (25)
14 \i<j '
2.2 The cut-operator reduction

Write £ for the edge set of the complete graph on K vertices, and note that L = |£] = (12{ ). We
use the convention 3;; = 3;; for i < j.

Fix a balanced cut S | T, that is, a partition of the vertex set into two classes whose sizes differ
by at most one. The phase Qg(2) in (2.5) decomposes as

Qp(z) = Q3(2s) + Qh(ar) —2 > Bijzi- %),

€S, jeT

where zg = (2;)ies and zp = (zj)jer. The first two terms depend on only one side of the cut. For
fixed © € TISIITI, the crossing term naturally leads to the operator

Kga(©): (R = C([R1)?)
defined by
(’C%’E(@)h) (Zs) = Z 6( Z @ZJZZ . Zj) h(ZT).
2re([R]4)T i€S,jeT

We call IC]S%”E(@) a cut operator. Because the dot product separates coordinatewise, lC%f;(@) is the

d-fold tensor product of the operator ICIS%’T(@) = IC}S%’{(@). For ease of notation, we work with the
normalized operator norm

m3T(0) i= R IKET(O)asa,  (0<m5T(©) < 1). (2.6)

Let Bsr = (Bij)ics,jer denote the family of crossing frequencies of the cut S | T'. A key observation
is to write

Ss(Fo,..., Fx—1) = (UsKyy(—2Bs7)Ur Hr, Hs),

4



where

= H Fi(zi), Hp(zr) := H Fj(z),

= jeT

and Ug, Ur are the unitary multiplication operators
(Ush)(zs) := e(Q3(2s))h(zs),  (Urh)(zr) := e(Qf (21))h(21).

Since ||Hsll2 = [Lics |Fill2 and [|[Hrll2 = [1;er [[Fjll2, the Cauchy—Schwarz inequality, unitarity,
and the multiplicativity of the > — ¢% operator norm with respect to tensor products imply that

S5(Fo, ..., Fx_1)| < NE¥2m3T (=284 1)? HHFHQ (2.7)

Let %k be the set of balanced cuts; we introduce the notation

L d|S||T]
WE = , T = .
EIGIET 2L
By symmetry it is easy to see that
wr#H{S|T € Pk :ecrosses S |T} =1 (e€é). (2.8)

Since 2Twg = d/|PK|, taking the geometric mean of (2.7) over S | T' € B yields
ST e
[Sp(Fo, - Fre—1)] < NF2 T mig" (=28s2)°™ I I Eill2- (2.9)
S|Te% i=
The problem of estimating the exponential sum Sg has thus been reduced to understanding the

normalized one-dimensional cut-operator norms.

2.3 The mean-value estimate

The first principal estimate is a high-moment bound for the cut operator norm.

Lemma 2.1. Let S| T be a balanced cut. For every positive integer R,
/mm m T (0)2K+ 40 <« i RS, (2.10)

The power R8Tl is the natural saving associated with the |S||T| crossing frequencies. To
prove the lemma, we observe first that

IK5T(©)13554 = (K" (©)KET (0)) KT 2ss

and that the latter norm is bounded by the trace of (IC%T(@)IC%T(@)*)K”. Expanding the trace
and integrating in © reduces the problem, up to at most R¥ choices of base points, to counting
bounded integer matrices

Ue Z|S|><(K+1)’ Ve Z\TIX(KH)’ UvT =o. (2.11)

We follow a geometric route exploiting the special structure of this matrix equation. In particular,
after treating U = 0 and V' = 0 separately, the saturated row lattices I'y and I'y given by U and V



determine the primitive 2-step lattice flag I'yy C F‘l/Z C ZK+1 where FXL/Z is the integral orthogonal
complement of I'yy. Thus we reduce the count of solutions to the matrix equation to counting
primitive 2-step lattice flags subject to certain constraints. Indeed, organizing the count by its ranks
and covolumes, and combining geometry of numbers with Kim’s mean-value formula for primitive
lattice flags [12], gives the upper bound

H{(U,V):UVT =0, |Ullso, [Vloo < R} <gc REEFD=2ISITL,

Combining this with the R¥ choices of base points gives precisely the bound required in Lemma 2.1
after normalization by R~ (K+2),
Finner’s fractional form of Holder’s inequality [4] turns the one-cut estimates into the global

estimate used in both the major and minor arc estimates.

Corollary 2.2. If 7 > K + 2, then

/ﬂ‘L H m%T(—QGgT)%wK db <k R, (2.12)
S|ITeBk

T

Indeed, the covering condition in Finner’s inequality is exactly (2.8). Since m% < 1 and

27 > 2K 4+ 4, Lemma 2.1 gives
/ [T m&"(—20s7)* <o < ] ( / my’ ()% d@)wK
TL ’ B TISIT]
< H R72|S||T‘w]( — R*ZL.

S|T€33K SlTE:@K
S| TeXBKk

For K = 4, the mechanism is especially transparent. There are six edge frequencies and three
balanced 2 | 2 cuts,
01 | 23, 02 | 13, 03 | 12.

Each cut sees four edges, every edge crosses exactly two cuts, and wy = 1/2. Lemma 2.1 is a
twelfth-moment estimate, and Finner’s inequality gives the bound

(R—S)I/Z(R—S)I/Q(R—B)I/Q _Rp12 _ R—Q(g)'

It is natural to ask whether the lattice-flag count can be replaced by a general circle-method or
modular-form estimate. Because (2.11) is a singular system with low-rank pencils, direct application
of the general circle-method estimates in [20, 9] would require taking a trace moment of order
proportional to K2 and would ultimately lead to a dimension hypothesis d > K?. Kitaoka’s theory
of Siegel modular forms treats related positive-definite representation problems [13], but we are
unaware of a modular-form estimate that directly supplies the required upper bound for this singular,
indefinite matrix equation. The lattice-flag argument exploits its bilinear structure and is what
allows the dimension threshold to remain linear in K.

2.4 The major and minor arc estimates

The major arcs.
Fix a suitable parameter 2 < Q < R. On a major arc, after passing to a common denominator,
write 8 = a/q + 0, where ¢ < 2QF, (a,q) = 1, and [|0]|s < Q/R?. We may approximate Sa/q+0> at



the cost of a negligible error, by a major arc form, consisting of a complete-sum component and an
archimedean component:

K—1
Mgao(Go, .-, Grk—1) =Ermodq >, €q(Qa(r))e(Qo(w)) [ Gilui,ri),
e (Z4)K i=0

where each G; is obtained from the convolution of F; with the normalized counting measure (i, on
a g-spaced box, defined below. More precisely, G;(u,r) = (uq * F;)(y), where y = r (mod ¢) and
u—1yeci0,...,q— 1}

Define an operator

Kowa : C((Z/a2))") — C((2/a2))°)

with normalized counting measure on both spaces, given by

(/CqS”LZ:dH) (rs) == Erp mod q€q (2 Z aij T - rj) H(rp).

€S, jET

By a similar cut reduction, for each cut S | T', M, 44 is controlled by Ki’gd ® IC%S(—%S,T), where
P is a suitably chosen parameter proportional to V. In this way, M, ,¢ itself does not factor, but
the cut operator is a tensor product and thus its operator norm does factor:

S,T ST ST
||IC ® ICP’d (—2933)“2%2 = H’Cq,a,d

ST
g,a,d |22 ||Kp,d (—20s1) |22

Hence, the major arc analysis reduces to understanding the operator norms of ’C(ig:d and IC}SD”E(—QHS,T).
An elementary orthogonality argument gives

ST ) N
1Ky allo—2 = [im(2ag)| /2, (2.13)

where the matrix 2ag 7 = (2aij)icsjer is regarded as a homomorphism (Z/qZ)" — (Z/qZ)".
Corollary 2.2 treats K%g, and we treat ICf’aT 4 Via row and column operations and an elementary
counting argument.

The minor arcs.
The minor arcs require an additional pointwise estimate. For £ € T, set

Kr(§) = (e(€rs)), ey~ mr(&) = R7YKR(E)|22-

After isolating the variables attached to a crossing edge e = (i, j), a simple application of Cauchy—
Schwarz in the remaining variables gives

m%T(0) <mgr(©) (i€S, jeT). (2.14)

Lemma 2.3. Let 2 < Q < R. Suppose that { € T admits no coprime rational approzimation a/q
satisfying
Q
1<¢<Q, HS—G/CJHTSﬁ.

Then
mr(€)? < Q™. (2.15)



Lemma 2.3 is a Weyl-type estimate; we prove it using the large sieve inequality. Let mg be the
set of B € T for which at least one edge frequency —20, satisfies the hypothesis of the lemma, at
scale R. Since R < N, it also satisfies that hypothesis at scale N. Hence, if e is such an edge, every

cut crossing e satisfies m%T(—2557T) < Q~Y2. Under the dimension hypothesis,
yi=17—(K+2)>0.

We use the mean value estimate on the first 2K 4 4 powers and the pointwise estimate on the
remaining 2y powers. Finner’s inequality and (2.8) give

/ [T w3 (~28s2)°™ dB <xa Q'N 2" (2.16)
MQ S|Te By

2.5 Extracting the density increment

It remains to explain why the major arcs retain useful combinatorial information. Let 4 be
normalized counting measure on a long g-spaced box,

R
_ n—d o
Hq = Nq lq{O,..‘,Nq—l}da Nq T \J]QL(L'FQH'?’J .

Denote by Aﬁaj the contribution to (2.4) from the major arcs. The major-arc estimate gives, for
some n =n(K,d) > 1,
_ K-1
ANV (Fo, .. Freo1)| <ag REDI2E 5™ 07070 T g * Fill e zay
g<2QL i=0
K-1
+ Q—ZRKd/2—2L H HFiHEQ(Zd)'
i=0

(2.17)

The first term is the important one, as p4 * g gives information about the density of A on a g-spaced
box.

Returning to (2.3), choose @ to be a sufficiently large fixed power of a~!, multiplied by a
sufficiently large constant. Unless N <a 4 a~%, the scale conditions above hold. The minor-arc
contribution bounded using (2.16) and the error term in (2.17) are then negligible. Since

kg * Lpnjallex zay < NUK

and > >q ¢ 17" < 0o, the main term in (2.17) implies that, for some ¢ <Ad a ¢,

> g * g(@)|F >4 0N
r€Z4

A standard positive-negative part argument, using g * g > —a and Y pq * g(z) = 0, gives a point
y € [14 q(N, — 1), N]¢ for which

(g * 1a)(y) > (1 + K)a,

where £ > 0 depends only on A and d. Thus either N <p 4 a~%, or A has density at least
(1+ k) on a d-dimensional progression of common difference ¢ < a~¢ and side length N’ > o“N.
Translating and rescaling this progression produces another A-free set of increased density. The
standard iteration has O(1 + log(1/a)) steps, each costing O(1 + log(1/«)) in the logarithm of the
scale. Hence

logN <aq (14 10g(1/oz))2,

which is the content of Theorem 1.1.



2.6 Further directions

The cut operator method may offer a route to quantitative results for more complex configura-
tions. A natural test case is a simplex together with its barycenter, or more general barycentric
configurations consisting of the vertices of a simplex together with the barycenters of all of its
{-dimensional faces. We leave these configurations as a possible direction for future work.

2.7 Organization of the proof

Section 4 introduces the weighted counting form. Section 5 develops the cut reduction and
proves the mean value estimate. Sections 6 and 7 establish the minor- and major-arc estimates.
Section 8 proves and iterates the density increment. The lattice-flag count underlying Lemma 2.1 is
proved in Appendix B.

3 Notation and standard definitions

We use the following notation throughout the paper.

e« N={1,2,...},[N] ={1,..., N} for a positive integer N, and T = R/Z. We write e(z) := >
and eq(x) := e(z/q).

o Forz € R, let ||z|r := minpez|z —n|. If 2 = (z1,...,2y) lies in R™, then ||z| o := max;j|z;],
while for z € T™ we put |||/ := max;||z;||r. The notation diam.(E) refers to diameter
with respect to the maximum norm.

e For a set F, 1g denotes its indicator function. If X is finite, E,.cx denotes normalized
averaging over X.

e For functions y, F': G — C, define their convolution by

(w* F)(y) ==Y wx)F(y —x).

zeG

e If T: H — Hs is a bounded linear operator between Hilbert spaces, its adjoint T : Ho — H;
is determined by (T'f,9)m, = (f, T*g) 1,. We define

1T |22 := fSllP 1T £l &,

€Hy
£l =1
If (e;); is any orthonormal basis of Hy, then

1/2
1T|us = ZHT%HHQ

This value is independent of the choice of orthonormal basis.

o If a € (Z/qZ)™, then (a,q) = 1 means that the coordinates of a together with ¢ have no
common divisor greater than 1.

e Weuse X <Y and X = O(Y) interchangeably to mean that | X| < CY for some constant
C >0 Wewrite X >Y Y < X,and X <Y if both X <Y and Y <« X. Subscripts
indicate the permitted dependence of the implied constants.



4 The counting form

Recall the definition of A from the introduction, and suppose that A C [N]? contains no copy
similar to A. In this section we define a weighted count for copies of A, extract a large term
involving the balanced function, and then express the count by Fourier inversion.

4.1 The simplex equations

Put L := (12() Let

E={{i,j} :0<i<j<K-1}, |€| = L.
We count configurations z = (2o, ..., 2x_1) € (Z4)X satisfying
o= 5P =nloi — P (Wi,5) € €) (4.1)
for some integer n > 0. These equations say that the points zy, ..., zx_1 form a similar copy of

A with dilation factor y/n. It is enough to consider integer values of the squared dilation factor:
a set containing no similar copy of A contains, in particular, no such copy with integer squared
dilation factor. Moreover, Kitaoka’s simplex count, which we apply shortly, counts precisely the
copies occurring at these scales.

For an integer R > 1, define

wr(n) = Ri?l{R2§n<2R2}a n € Z.
Thus wg restricts the squared dilation factor to n < R? and 3", wg(n) = 1. Put

Dp = i — Vil, Dy:=1 2DA|.
A {g};}ié(g\v on 0 +{\[ AJ

Whenever (4.1) holds and wg(n) # 0, we have
|z — zj| = Vn|vi —v;] < V2RDA < D)R~ (0<i<j< K —1). (4.2)

Fix a constant 0 < o < 1/(4Dy), depending only on A. Choose a fixed threshold Ny = No(A, d) >
2/o, large enough for the representation estimate (Lemma 4.1) used below. After enlarging the
theorem’s implicit constant, we may assume N > Nj; otherwise the conclusion is immediate. Put

_ 14

4.2 The weighted count and the balanced function
For finitely supported functions Fy, ..., Fx_; : Z% — C, define the simplex counting form
K-1
An(Fo,.., Fg1) = ) D wr(n) 1o ponpo—o 2 (igree) 1] Filzi).  (44)
Zo,...,ZK_lezd nez 1=0
Lemma 4.1 (Kitaoka’s simplex count). If d > 4K + 4 and N > Ny, then
AN, - L) >a,q NIREDI72L (4.5)

10



Proof. Put mg =0, and let
In:={z€[N]*: 1+ DyR<2; <N — DoR for 1 < j < d}.

Since DoR < N/4, we have |Zy| >4 N<.
Fix z € Iy, and write z; = x +m;. Since z; — z; = m; — m;, the configuration equations are

imi —m* = nlv; —vi> ({i,5} € €).
Because my = 0, simple rearranging shows that these equations are equivalent to
mi-mj=n(v; —vo) - (v; —vo) (1<4,j<K-1).

Kitaoka’s estimate [13, Theorems A—C], in the form recorded in [17, (2.16) and (3.10)], therefore
gives, whenever R? < n < 2R?,

4 {(ml,.. . ,mK_l) IS (Zd)K_l :

K-1)(d-K)/2,
|mi —m;|* = njv; —vj|* for every {i,j} € €

} >Ad n(

By (4.2), every such m; satisfies |m;| < DoR, so x + m; € [N]¢ for every 2 € Zy. There are R?
integers n in this range, and wr(n) = R~2 for each of them. Hence

AN(Lyjas - L) Sa Nd. R2. p—2. RE-1)(d-K) _ ndp(K—1)d—2L _ pd p(K—1)d—2L

Since A contains no similar copy of A, we immediately have
An(Llyg,...,14)=0. (4.6)

We now extract an important consequence of (4.6). There is nothing to prove if A = &, so
assume that a > 0 and write g := 14 — aljyje. Then

S a@=0. <1 loldge = N'a(l-a) < aN® @)
x€Z4

For each C C {0,..., K — 1}, let F¢ = gifi € C and FS = 1[ya otherwise. Multilinearity and (4.6)
give the exact expansion

0= > oFCANES,. .. Ff_y). (4.8)
cc{o,...,.K—1}

The term with C = @ is OKKAN(].[N]d, .-+, 11y1e). Moving this term to the other side, taking absolute
values, and using (4.5), we obtain
ST oFTENANES, . FR )| > A o NIRETDEE
cc{o,...,.K—1}
CAD

There are only 2% — 1 terms in this sum. Hence some nonempty B C {0, ..., K — 1}, with s := |B|
satisfying 1 < s < K, has the property that, writing F; = FZ-B ,

IAN(F, ..., Fi_1)| >aq a* NIRE D21 (4.9)

where F; = g for i € B and F; = 1 otherwise.

11



4.3 Applying the orthogonality relation

For 8 = (Bij){ijyee € TZ, we use the convention B;; = ;. For a tuple u = (ug, ..., ux_1), set
Qa(u) = > Bijlui —uyl*.
{ijye€

We apply the orthogonality relation to detect solutions to the L equations in the definition of Ay,
writing each equation as |z; — 2z;|? — n|v; — v;|> = 0. If 2 = (20,...,2K-1) and v = (vo, ..., VK1),
the resulting phase is

> B Iz = % = nlvi = v?) = Qs(2) — nQs(v).
{i,j}€&
Thus
Lz —z P=nfvi—vy 2 (W{ij}e€) = /TL e(Qp(2) —nQp(v)) dp.

Substituting this identity into the counting form gives

K—1
An(Fo,...,Fx_1) = /TL > wr(n)e(—nQp(v)) > e(Qs(2)) [[ Fi(zi)dB- (4.10)
nez 20,y 2K —1 EZ4 1=0

Observe that the the sum over n in (4.10) is Wr(Qp(v)). For B € TL, write

K-1
Sg(Fo,.. . Fr-1):= > e(Qs(2) [] Filz)- (4.11)
=0

202K —1€LE

We write Sz when the inputs are clear. Since every F; is supported on [N]%, the sum in (4.11) is
finite and may equivalently be taken over z, ..., zx_1 € [N]%. For a measurable set B C T, define

AB(Fo, ..., Fi1) i= /%@R(Qﬁ(v))sﬁ dg. (4.12)
Taking B = T gives Ay = A}rVL.
Since wg is nonnegative and >, wr(n) =1,

DRl Loy < 1. (4.13)

5 Cut operators

By (4.12), both the major arc and minor arc estimates reduce to bounds for the exponential sum

K-—1
Sp(Fo, ..., Fr-1) = > e(Qs(2)) [ Fi(=),
1=0

20,..,2K —1 €[N

where the phase is
Qs(z) = Y Bijlzi — 2
{ijre€
We estimate this sum by partitioning the variables into two blocks and treating the part of the
phase coupling those blocks as an operator kernel.
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5.1 The cut operator reduction

A cut S| T is a partition of {0,..., K — 1} into two nonempty sets. Fix such a cut, and for
z=(20,...,2K-1), Write
zs 1= (zi)ies, 21 = (%j)jer-

An edge contained entirely in S or entirely in 7" contributes to Qg(z) a term depending on only one
of these two blocks. For a crossing edge, with ¢ € S and j € T, we have

Bijlzi — 2j|* = Bislail® — 283z - 25 + Byjlzl*.
Collecting the terms according to the variables on which they depend, define

Qi(zs) == Y Buwlz—z*+ D, Bilal,

{i,i'}e& i€S, j€T
i’ €S
Q5T (zs o) == -2 Y. Bizi- 7,
iES,jET

Qh(zr) = Y Biplzi—zrP+ D Bilzl
{4.5'ye€ i€S, jeT
7,3’ €T

Then
Qp(2) = Q5 (2s) + Q5" (2, 21) + QF (21). (5.1)

The first and third terms in (5.1) depend on variables from only one side of the cut, while the
middle term is the only one involving variables from both sides.
We view e(Qg’T(zS, zr)) as the kernel of an operator taking functions of zp to functions of zg.

The cut-reduction lemma below shows that the two one-sided phases e(Qg(zS)) and e(Qig(zT)) in
(5.1) act by unitary multiplication and therefore do not affect the relevant 2 — 2 operator norm.

The cut operator reduction will be applied in two different measure-space settings. On the minor
arcs, (X;, i) = ([N]%, #), where # denotes counting measure. On the major arcs, X; = B; x (Z/qZ)?,
where B; C Z% is finite, and we equip X; with the measure y; determined by

/ fd,U/z = ]Eri mod ¢ Z f(uurz)
Xi u; €B;

Therefore, we formulate the reduction for arbitrary finite measure spaces out of convenience.
For 0 <i < K —1, let (Xj, i;) be a finite measure space and put

Xe:=11% Xe=1[%X5, ns=Qui, pr:=Qu

i€S jeT i€S jeT
Given a measurable function 957 : X s X X7 — T, define
ICS’T : LQ(XTv MT) — LQ(XSMUS)?
(ICS’Th) (.%S) = /X e(QS’T(xs, .CCT)) h(iCT) d,uT(xT).

T

We call every operator of this form a cut operator.
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Lemma 5.1 (Cut-operator reduction). Let S | T, (X;, i), @57, and K57 be as above. Let

0%: Xg T, o . Xr > T
be measurable. Then, for fi € L*(X;, pi),

K-1

‘/Xs /XT e(QS(:cs) + 05T (zg, 1) + QT(xT)) E) fi(@i) dpr(xr) dus(xs)|
K-1

< NS ame TT 1l 2200 p00)-
i=0
Proof. Define multiplication operators by

(Ush)(ws) := e(Q5(xs)) h(zs),  (Urh)(ar) = e(Q" (a1)) h(wr).

Both operators are unitary.
For every h € L*(Xr, ur),

(UsKSTUrh) (ws) = (@ (ws)) |

Xr

e(QS’T(xS, a;T)) e(QT(a:T)> h(zT) dur(zr)

= [ e(Q(ws) + QT (ws,2r) + Q" () ) hwr) dun (zr).

Thus UsKC%TUr is exactly the operator with the full phase. Since Ug and Ur are unitary,
UK Urlla—2 = K522
The integral in the statement can now be written as

/X (H fi(%‘)) (US/CS’TUT

€S

I1 fj]) (zs) dps(ws).

JET

Applying Cauchy—Schwarz gives

1K T30

17

i€S

IT 5

JET

LQ(X57/’LS) L2(XT7:MT)

The product measures give

17

€S

I1 7

JET

= TTIfille2(x; 0

L2(Xppr)  JET

= [Tl 22 p0)

LQ(XSHUJS) €S

which proves the claim.
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5.2 Tensorization

We now consider a cut operator which naturally appears in the present problem. Take X; = [R]d

with counting measure, and let © = (0;;)ies. jer € TSI For 2 = (20, ..., 2x-1) € ([R])X, set
QST (25, 21) Z Oijzi - zj.
€S, jeT

The resulting cut operator is
Kpa(©): C([R1)T) — £(([R1)%),
(lCi:E(@)h) (z5) :== Z e( Z Oz - Zj) h(zr).
zre([R]M)T \i€S,j€T

We identify this d-dimensional cut operator with an R4S x RUTI matrix:

ST
ICRd Z 0% - 2 .
i€S, jeT zs€([R]%)*

zpe([R]H)T

For the one-dimensional case, we write IC%T(@) = ICIS%’I(@) and define the normalized cut norm
by
my" (0) := R |KET (©) 2. (5.3)

By Cauchy—Schwarz, the operator norm of a finite matrix is at most its Hilbert—Schmidt norm.
Since the R¥ entries of K%T(@) all have modulus one,

15T (©)]l252 < KT (©)us = RN/,

and therefore 0 < mST(@) <1.

The following lemma gives a relationship between the operator norm of IC%T and ICIS%’E. This
reduction plays a key role throughout the proof.

Lemma 5.2. For every cut S | T,

ST ST _ pKkd/2, ST d
HICRd H2—>2 - HIC H2_>2 =R / mpg (6) .
Proof. Write z; = (2i1,...,2i4) and put
z50:= (zi0)ies € [R°,  zne:=(z0)jer € [R]T (1<€<d).
Thus the row index zg is the same data as (zg1,...,254), and the column index z7 is the same
data as (27,1,...,21.4). Under this identification, the (zg, z7)-entry of IC%E(@) is

d
6( Z @ijzi . Zj) =e (Z Z @ijzi,ﬁzj,f)

i€S, jET (=1i€S, jeT

d
= H 6( Z @,-jzi,gzj’g) .
(=1

€S, jeT
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For each ¢, the corresponding factor is the (zgy, 27 ¢)-entry of IC%T(G)). This is precisely the
definition of a d-fold tensor product:

ST T ®d
ICR,d(@) = (ICR (9)) :
The standard multiplicativity of the 2 — 2 operator norm under tensor products now gives
ST ST d
KR a(O)5z = KR (O)ll;_,
Finally, by the definition of m%T(@),
S, T d S, T
1" Oy = REV2mi" ()7,
O

The cut operators IC%T appear in both the major and minor arc estimates. On the minor
arcs, Lemma 5.1 and Lemma 5.2 reduce the analysis to understanding m%T(—QB&T). On the
major arcs, the same reductions lead us to mi,’T(—QHgT) paired with the complete-sum factor
lim(2as7)|"%?. Here we used the following useful notation: for the coefficient vector b = (be)eee,

put by = bj; == b{i,j} and write bs 7 := (bij)ies, jer for its matrix of crossing coefficients.

5.3 Reduction to one crossing edge

We next reduce the normalized cut norm to the single-edge norm associated with any one
crossing edge. For 8 € T, define the single-edge matrix and its normalized norm by

Kr(0) = (e(0r5), i mr(0) := BT KR(O)]22.

This is the cut operator associated with a cut having one vertex on each side. Thus K () isan Rx R
matrix acting on ¢?([R]), and its rth output coordinate is > se[r) €(0rs)h(s). Its Hilbert—Schmidt
norm is R, so 0 < mp(f) < 1, and complex conjugation gives mpr(—60) = mg(0).

We shall use the standard block form of Schur’s test: if M = (Myp) is a p X ¢ matrix of operators,
then

[M[2—2 < \/qu%%XHMab”Q—Q- (5.4)
Lemma 5.3 (Single-edge bound). Let © € TSIl and let i € S, j € T. Then m%T(Q) < mpg(0yj).

Proof. Abbreviate K := IC]%T(G) and separate the two coordinates belonging to the selected edge:

Zs = (2k)kes\{i}» zr = (20)eer\ (5

For fixed Zg and Zp, define
Klzs, 2] = (e( Q% (25, 21)) )

Zi,ZjE[R] ’

where the coordinates contained in Zg and Zp are held fixed. This is the R x R block of I in which
z; indexes the rows and z; indexes the columns.

Every row is specified by (Zs, 2;) and every column by (27, z;). Grouping them by the hatted
tuples therefore gives the block matrix

K = (K[Zs, Zr]) 2 emsv -
QTG[R}T\{J'}
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Thus there are RIS/~ block rows and RIT1=! block columns, and every block is R x R.
The definition of Q57 gives

Q57 (25, 21) = ©jjzi2j + 2; > Ouztz; Y, Ozt Y. Oz (5.5)
teT\{5} keS\{i} kes\{i}
LeT\{j}
For t € T, set
e(t) 0
Dg(t) :== .
0 e(Rt)

Consequently the block has the factorization

KlZs,Zrl=e| > Opezpz DR( > @zezz) Kr(©ij) ( > G)kak) :
keS\{i} 2T\ {5} kes\{i}
LeT\{5}

The scalar factor supplies the last term in 5.5. The left and right diagonal factors supply the terms
linear in z; and zj, respectively, while r(©;;) supplies the term ©;;z;z;. The scalar has modulus
one and the two diagonal matrices are unitary, so every block satisfies

IK[Zs, Zrlll22 = IKR(Oi)l|2-2-
Applying (5.4) to the RISI=1 x RITI=1 block matrix yields
IK]l22 < RISIEDZRITIEDR|KCR(05) 22 = REDP2(KCR(04) | 22-
Using the two normalizations now gives

m3T(©) = R52||K|lasa < R™HKR(O4) |22 = ma(©s)).

5.4 A high-moment bound

We now prove the one-cut mean-value estimate stated in Lemma 2.1. Its arithmetic input is
the matrix count from Appendix B, which is derived from Kim’s mean-value formula for primitive
lattice flags.

Proof of Lemma 2.1. Abbreviate K := IC%T(@). The matrix K* is Hermitian and positive semidef-
inite. If its eigenvalues are A1,..., Agis) > 0, then

II3SE* = (maxAa) < 3TN = (kKT H2). (5.6)

In this way we reduce the proof to analyzing tr((IK*)K+2).
For zg,Zs € [R]®, ordinary matrix multiplication gives the (zg, Zg)-entry of KK* as

(’CIC*),ZS,ZS: Z 6( Z @ijzi«zj)e( Z @g%:@)

2re[RT  \d€S,jeT i€8,j€T

- Z (Z 0ij(z —zzz>, (5.7)

2r€[R]T \i€S,jeT
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and expanding the trace gives

w((KE)) = > (KK e (KK, e

zZg ,zg)‘
z(Sl),...,zé,K+2)€[R]S
Combining (5.7) with (5.8) yields
tr((ICK*)"+?)

K+1
h h+1 h K+2 1 K+2
- Y ¥ e(ze@-j[z<z§>—zg+>>z§>+<zg+>_Zg>>zg+>]).

20 ) \GeS, jeT h=1
€[R]® e[R]”

Now integrate each ©;; over T and apply the orthogonality relation. The equations imposed by
orthogonality are precisely the entries of the matrix equation

K+1

h h+1 A\ T K+2 1 K+2)\T
S 2N E) T+ Y D) )T =0, (5.9)
h=1

Consequently, the integral of the trace is the number of choices zéh) € [R]® and zgph) c [R]T,
1 < h < K + 2, satisfying this matrix equation.
We next put this constraint into the form required by Lemma B.1. The differences on the S-side
telescope:
(27 = 2) oo (25577 = 2) =0,

We may therefore subtract Z;K+2) from every T-variable in (5.9): the change in its left-hand side is
the outer product of the zero vector above with (z}KH))T. The final term then vanishes, and the

matrix equation becomes

R4 (h) (h+1) (h) (K4+2)\T
Z(zs —zg )(zp’ — 2 ) =0.
h=1
For1<h<K+1, set
Uy = zgh) — zéhH) € ZS, Vi = zéﬂh) — z(TK+2) ez’

and place these vectors in the columns of
U= (U, --- Ugy1) € ZISIX(KH)7 V=WV, - Vigg1) € 7ITIx(K+1)

Since UVT = Zthll UnV,!, equation (5.9) is precisely UVT = 0.
Once U and V are fixed, the variables

zg), ce zng+2) and zg,}), e z(TK+2)
. . (1) S (K+2) T
are determined by the two base points zg’ € [R]° and 2z, € [R]". Indeed,
A =2~ A =4V (A<hsK41).

Thus each pair U,V arises from at most RISIRITI = REK choices of these variables. Some choices
of the two base points may reconstruct variables outside [R]® or [R]?, which only decreases this
number.
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All entries of U and V lie in [—R, R|. Moreover, balancedness gives 2max(|S|,|T]) < K + 1,
while |S|+ |T| = K < K + 1. Thus Lemma B.1 applies with n = K + 1 and shows that the number
of possible pairs U,V is

< ¢ READUSIHTD=2ISIT] = pE(K+1)=2|S||T]
Combining this with the R choices of base points gives
/ o (UK E42) d0 g RECH2-2ISITI (5.10)
T

Finally, (5.6) yields

m%T(@)QK—M _ R—K(K+2)HKH%§J£4 < RK(K+2) tr((IC’C*)K—i-Z)‘

Integrating this inequality and applying (5.10) gives
/ m%T(@)QKJrﬁl dO < i R72|S||T|’
TISITI
which is (2.10). O

5.5 Balanced cuts and fractional Holder

Recall that a cut S| T' is balanced if
SuT=H0,...,K —1}, |S]—|T|| < 1.

Let K denote the set of all balanced cuts, with S | T"and T | S regarded as the same cut. Give
every cut in Zx the common weight wy := L/(| K?2/4||BKk|).

For a cut S | T, regard the edges crossing S | T as a subset of £. A fractional cover of £ by
such sets assigns a nonnegative weight to each cut so that the total weight of the cuts crossed by
any fixed edge is at least one. The following lemma shows that, for the weights above, this total is
exactly one for every edge.

Lemma 5.4. For every edge e € £,
wrgH#H{S | T € Bk : e crosses S| T} = 1. (5.11)

Proof. Permuting the vertices preserves Zx and acts transitively on the edges of £. Hence every
edge crosses the same number of balanced cuts.

Count pairs consisting of a balanced cut and one of its crossing edges. Choosing the cut first
gives | B || K?/4] pairs, since every balanced cut has | K?/4] crossing edges. Choosing the edge
first gives

L#{S|T € Pk : e crosses S | T}

pairs, since there are L edges and the number of balanced cuts crossed by an edge is independent of
the edge. Therefore

L#{S|T € Bx : e crosses S | T} = | Bx || K*/4].

Multiplying by wg /L proves (5.11). O
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For K = 4, the cover can be read directly from the three diagrams below. The orange and blue
vertices lie on the two sides of each cut. Every edge is internal in exactly one panel and crosses the
cut in the other two. Since wy = 1/2, every edge therefore has total crossing weight one.

{01} 1{2,3} {02} [{1,3} {0,3} 1{1,2}

The fractional cover identity (5.11) is exactly the hypothesis in the following special case of
Finner’s fractional form of Hélder’s inequality [4].

Lemma 5.5 (Fractional Holder inequality). Let £ be a finite set. For each e € &, let (Xe, fte)
be a o-finite measure space, and let p := @ c¢ fte be the product measure. Let J be a positive
integer. For each 1 < j < J, choose a nonempty subset £ C &, a weight ¢; > 0, and a nonnegative
integrable function f; : Heesj Xe — [0,00). Denote the product measure on the domain of f; by
Wy = ®6€8]’ Le. Suppose that for every e € £, we have

Z Cj =1.
1<j<J
e€é;

Then, writing x = (Te)ecs,

/Hf] (e)ee,)™ du(w ﬁ(/fjdﬂj>cj

This is [4, Theorem 2.1], applied with exponents 1/¢; to the functions f;j

6 The minor arcs

We begin the section by decomposing T into major and minor arcs. For 2 < Q < R, define the
one-dimensional major arcs by

~U U {eemile-alr< 5} 6.1)

q<Q a€Z/qZ
(a,9)=1

For r > 1, put
T 1\7 T r T
SDT(Q) = (SUIQ( )) s mQ( ) =T \W(Q)

Since the scalar coeflicients arising from the cut operators are —2/,, define
Mo = {BeT:28emy)},  mg:=TE\ M.

Thus

mg = |J{BeTr: —26. em))}. (6.2)
eef

The goal of the section is to prove the following minor arc estimate.
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Proposition 6.1 (minor arc estimate). Assume 2 < @Q < R and d > 4K + 4. There is v =
v(K,d) > 0 such that, for all functions Fy,..., Fx_1 : Z% — C supported on [N]%,

K1
AN (b, - Fr1)| o0 @ TREYP2E TT || Fill e gaay. (6.3)
1=0

6.1 Applying the cut reduction

Since each F; is supported on [N]?, the sum Sg may be taken over ([N]?)X. For a cut S | T,
take X; = [N]¢ with counting measure and set f; = F;. The crossing part of the phase is

S,
QﬁT(ZSaZT = -2 Z ﬁzyzz Zj,

1€S,jeT

so the cut operator in Lemma 5.1 is exactly IC]%E(—Q,B&T). That lemma therefore gives

K—1
ST
1S5 < IKNg(—28s.1) 22 T[] I1Fillez(za-
i=0

Applying Lemma 5.2 now gives the required cut-operator estimate directly.

Proposition 6.2 (Cut-operator estimate). For every 8 € T%, cut S | T, and functions Fy, ..., Fx_1 :
7% — C supported on [N],

S| < NK 2T (284 1) HHFHMd (6.4)

6.2 The large-sieve estimate

We now prove the scalar Weyl estimate stated in Lemma 2.3 by applying the analytic large
sieve.

Proof of Lemma 2.3. For the proof, write P := R and 0 := £. Dirichlet’s approximation theorem
gives coprime integers a, g such that

p? Q
o le-ajar<

If ¢ < @, this contradicts the hypothesis of the lemma. Therefore Q < ¢ < P?/Q. The upper bound
on q also gives ||0 — a/q|lt < Q/(qP?) < 1/¢%.

If ¢ < 8, then Q < 8, and the conclusion follows immediately from mp(6)? <1 < 8Q~'. We may
therefore suppose that ¢ > 8.

Partition [P] into j < 14 P/q intervals Iy, ..., I}, each of diameter at most ¢/8. Thus, for every
1<r<y,

1<¢g<

lu — | < % (u,u’ € I.).

Fix one such interval I,. Suppose u,u’ € I, are distinct. Since (a,q) = 1 and |u —u'| < ¢/8 < g, the
integer a(u — u’) is not divisible by ¢, so |la(u —u")/q|ly > 1/q. Moreover,

1 1
—d'e — <g.7— .
w6 —a/gllr < - =5
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It follows from the reverse triangle inequality that

10u = 6u'[lx = [|0(u — )|z

!
> [|elu =) (u_u/)(g_a)
q T q/ T
aw=w) e @
q T qllT
1 1 7
T q 8¢ 8¢

Thus the points {6u : u € I} are pairwise separated in T by at least 7/(8¢).
Applying the analytic large sieve [18, Theorem 1, equation (1.4)] to the trigonometric polynomial
> seip h(s)e(sz) at the points {fu : u € I,} and using their separation yields

>

uel,

2 8q
< (P + 7) 151122 py)-

Z e(Bus)h(s)

s€[P]

Summing this inequality over r € [j] and using the fact that the intervals I, partition [P], we obtain

>

u€[P]

2

Z e(Bus)h(s)

SE[P]

P
< (1 + q) (P + )27 p))-
Taking the supremum over h € €2([P]) with [[h][p2(p)) < 1 yields

P
PO < (14 ) (P+a)
Since mp() = P~Y|Kp(0)|2—2, we conclude that
P
mp(0)? < P72 (1 + q) (P+q)<qgt+P4qP < Q.

Here we used
q>Q, Q<P q< —.

6.3 Proof of the minor arc estimate

We now prove the minor arc estimate by combining fractional Holder, the large-sieve estimate,
and the high moment estimate.

Proof of Proposition 6.1. Put 7 := d|K?/4]/(2L). Since 2rwx = d/|PBk|, taking the geometric
mean of Proposition 6.2 over all balanced cuts gives

K-1
2
Sol < N2 TT my" (=2850)"™" [T I Fille o) (6.5)
S|ITeBK =0
The dimension hypothesis gives
4K +4)(K?2 -1 K +1)?
o (4K +4)( ) _EHDT o

= 8L K
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Set v:=7— (K +2)>0. In view of (4.12), (4.13), and (6.5), it remains to prove

/ [T m¥ (=28s7) ™" df <xa QN 72L. (6.6)
MQ S|TeBy

For each e € £, put

L= / Lo (28 [ i (~2852)"" ag.

S|TeABKk

By (6.2) and nonnegativity,

/ [T m¥ (—28s2) % dg <3 IL.

Q S| TeXBk ecf

It therefore suffices to prove
I <ga QN2 (6.7)

for every e € £.

Fix e € £. In applying Lemma 5.5, take J = | #| and label the indices 1, ..., J by the balanced
cuts S | T € HB. Thus, for the index j corresponding to S | T', the set £; in that lemma is the set
of edges crossing S | T', and the weight ¢; is wx. We write fgr for the corresponding function f;.

For each balanced cut S | T', define

5,7 2
1m8)(—25e)mN (—2Bsr1)”", e crosses S| T,

fS,T(ﬁS,T) =
m%T(—QBS,T)%, e does not cross S | T.

When e crosses S | T', the coordinate S, is one of the coordinates in Bg 7, so the first function is
indeed defined on the product of the coordinate spaces indexed by &;.
For every ¢’ € £, Lemma 5.4 gives

S ue-t
S|ITeBK
e’ crosses S|T

which is exactly the hypothesis of Lemma 5.5. Moreover,

I fsr(Bsr)“™ I 1oE280| [ »¥" (—2B5)"7"

S|Tex SITesx  © S|Te#x
e crosses S|T
2TWK
=1m<1> —268.) [ m¥" (~2Bs2)™",
S|ITeBK

where the last equality follows from (5.11). Hence

I, —/ [T Fsr(Bsr)=dp.

S|ITeABx
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Lemma 5.5 therefore gives

WK
S, 2
L< I (/sm 1o (=28)my" (—2Bs1)” dﬁsy)
Sirez; T ¢
e crosses S|T

x 11 (/TISITI my" (=2Bs7)" d/BS,T> " (6.8)

S| TeXBk
e does not cross S|T

We now estimate the integrals on the right. Fix a balanced cut S | T. The coordinatewise map

(Bijies,jer = (—2Bij)ies,jer

preserves normalized Haar measure on TII71.

K+4 _
/]I‘\SHT\ ml%T(—ZBS,T)Q " dBsr < NI, (6.9)

Hence Lemma 2.1 gives

Since 0 < my" (=28s,r) < 1 and 27 > 2K + 4, (6.9) gives

2 _
/]I‘\SHT| m%T(_%S,T) " dBsr <x NI (6.10)

Suppose that e crosses S | T. Whenever —23, € mg ), the definition of m(Ql) and the inequality

N > R show that —20, satisfies the hypothesis of Lemma 2.3 with P = N; indeed, Q/(¢N?) <
Q/(qR?). Therefore Lemma 5.3 gives

my’ (—28s1) < mn(—28.) < QY2
Since 27 = 2K + 4 + 2, we have, on this set,

m%T(_ZBS,T)% <K,d Qﬂm}g\}T(—Q/BS,T)MH.

Using (6.9), we obtain
2T _ _
/ 1 (1)(—2ﬁe)m}9\}T(—2557T) dﬁS,T <<K,dQ TN 21817 (6.11)
TISIITI Mg

For the cuts crossed by e, (6.11) contributes both a factor Q7% and a factor N—2wklSIIT] o the
fractional Holder estimate (6.8). For the remaining cuts, (6.10) contributes the factor N—2wxISIITI,

Hence
T <Kd Q—’wa#{S\TE%K:e crosses S|T}N_2”LUK E :S|TG@K‘SHT|
e , .

The fractional-cover identity (5.11) gives
wrg#H{S | T € Bk : e crosses S | T} = 1.
Moreover, every balanced cut has |S||T| = | K?/4], so the definition of wy gives

wr Y |S||T| = wk|Bk||K?/4] = L. (6.12)
S| TeABxk

Putting these facts together proves (6.7), and hence (6.6). Combining that estimate with (4.12),
(4.13), and (6.5) gives

K—1
AN (Fo, .., Fi—1)| <ag Q Y NEY22E T Fill 2 0.
i=0
Finally, N > 2/0 implies R = |cN| > 0N/2, so the second bound in (6.3) follows as well. O
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7 The major arcs

Throughout this section assume

R > 4QMI+3)+3, (7.1)
For 1 < ¢ <2Q%, put
N, = L]QL(IL’%J . (7.2)
Since ¢ < 2Q", condition (7.1) gives N4 > 1. Define the probability measure p, on 7% by
1

tq(T) == qu{o7...,Nq—1}d (2).
q

Thus, for every finitely supported F : Z¢ — C,

1
e+ F)w) =5 2 Fly—dh)
9 he{0,...,Nq—1}4

The goal of the section is to prove the following major arc estimate.

Proposition 7.1 (major arc estimate). Assume 2 < Q < R, d > 4K + 4, and (7.1). There is
n=n(K,d) > 1 such that, for all functions Fy,..., Fx_1 : Z* — C supported on [N],

K-—1
AN (Fy, ..., Fi1)| €agp RED2E > a7 I g * Fillexe )
q<2QF =0
K-1
+ QRN T IIF 224y (7.3)
=0

7.1 Reduction to the major arc form

For ¢ > 1, a € (Z/qZ)", 6 € TL, and finitely supported functions G; : Z% x (Z/qZ)* — C, define
the major arc form

K-1
Mq,a,@(GOa ) GK—I) = E; mod q Z eq(Qa(T))e(Qe(u)) H Gl(ula 7‘2'). (74)
ue(ZA)K i=0
Here r = (ro,...,rx_1) ranges over ((Z/qZ)")¥, and u = (ug, ..., ux_1) ranges over (Z%)X. This is

a form of the general type controlled by the cut-operator estimates, with each vertex variable given
by the pair (u;,r;). Its kernel has a complete-sum factor in the residue variables and a discrete
factor in the lattice variables. The form need not factor, since each GG; may depend on both u; and
Ti.

For every (u,r) € Z% x (Z/qZ)?, there is a unique y € Z? satisfying

y=r (mod q), u—ye{0,...,q—1}%
For an input F; : Z% — C, define G, : Z¢ x (Z/qZ)* — C by
Giq(u,r) := (pq * Fi)(y), (7.5)

where y is the unique lattice point just described. Thus r is the residue class modulo ¢ of the lattice
point at which pg * F; is evaluated.
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Lemma 7.2. Suppose 1 < q < 2Q%, a € (Z/qZ)", and ||0||cc < Q/R?. Then, for all functions

Fo,...,Fx_1:Z% — C supported on [N]?,

K-1
Sajqro(Fo, ..., Fr-1) — Mgao(Gogs - - .,GK_l,q)\ Lrdo @ HEPAZNKIZTT(Fil| 224y (7.6)
=0

Proof. Since every |z; — z;j|? is an integer,

e(Qa/q+0(2)) = €q(Qa(2))e(Qo(2)).

Consequently,
K—1
Safqro(Fo,- s Fim1) = Y ¢q(Qa(2))e(Qa(2)) ] Filz)- (7.7)
2€(24)K i=0
We now rewrite the major arc form in the variables appearing in (7.7). Fix r = (r9,...,7x—1).

For each 0 < i < K — 1, every u; € Z% has a unique representation
u; = y; + Si, yi =r; (mod q), s; €40,...,q— 1}
It follows from (7.5) that

Mq,a,@(GO,w ey GK—l,q)

K-1
= E, mod ¢ Z 6q(Qa(’F)) H (MQ*FZ)(y’L) Z e(Qg(y+s)).
yE(Zd)K =0 siE{O,...,q—l}d

y;i=r; (mod q) (0<i<K-1) 0<i<K-1
Expanding the convolutions gives
Mq,aﬂ(GO,qa v 7GK—1,q)

1 K—1

= yKdlr modg > > eq(Qa(r)) T Filyi — qhi)
q hi€{0,...,Ng—1}4 ye(zhE i—0

0<i<K-1 yi=r; (mod q) (0<i<K-1)

X > e(Qoly+ ).
5:€{0,...,q—1}¢
0<i<K—1
For fixed h = (hg,...,hx—_1), make the change of variables
Zi =Y — qh; (0<i<K-1).

Then z; = r; (mod q), y+ s = 2+ gh + s, and e4(Qqu(r)) = €4(Qa(z)). For each z € (Z%)K | there is
exactly one r mod ¢ satisfying z; = r; (mod ¢) for every i. Since the average over r is normalized,
it contributes a factor ¢~ %?. Therefore

Mq,a,@(GO,qa ceey GK—I,q)

1 K-1
=g 2 @) ILAE 3 e(Q+ah+s).
T se@hyx i=0 hi€{0,...,Ng—1}4
5i€{0,...,q—1}¢
0<i<K—1
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Finally, for each i, the map (h;, s;) — t; := qh; + s; is a bijection from

{0,...,N, =1} % {0,...,¢—1}¢ onto {0,...,qN, —1}<.

Consequently,
K—1 1
M(LQ,G(GO,qa-.. ,GK—Lq) = Z eq(Qa(Z)) H Fz(Z@) X W Z 6(Q9(Z+t))
z€(ZHK i=0 g t;€{0,...,gNg—1}4

0<i<K—1
(7.8)
Comparing (7.7) and (7.8), the rational phase and the values of the F; are identical. The only
difference is that e(Qp(z)) is replaced by the average of e(Qg(z + t)) over the indicated choices of ¢.
For 0<i<K —1,
Ve Qo(x) =2 Y Oij(xi — ).
j{igee
If z; € [N]?and t; € {0,...,gN, — 1}¢ for every i, then every point z on the segment joining z to
z + t satisfies
n%z}x\xz — xj| <Lqg N+ qu <4 N.

Since [|0]|oo < Q/R? and ¢N, < RQ~ L4273 the mean value theorem gives

le(Qo(2)) — e(Qp(z +1))| <k.d % aN, <K.do O LU+2)-2,

Here we used R = |oN| and (7.1), which imply N <, R. Averaging this estimate in ¢ and using
(7.7)—(7.8) gives

K-1
Safq+60(Fos -, Fr 1) = My a6(Gog, - - - 7GK—1,q)‘ ko QTEDZIT N |Fi(=) (1.9)
=0 ze N

Cauchy—Schwarz in each factor proves (7.6). O

7.2 The complete sum

With normalized counting measure, define the complete cut operator

KT L2((2)q2) ) — L2(((Z2/q2)")%),

(K(i’(de) (rs) == Erp mod ¢€q (—2 > agri rj) H(rr).

i€S,j€T
We now compute the 2 — 2 norm of this cut operator.

Lemma 7.3. One has
Iy gll2—2 = lim(2as,r)| =%/, (7.10)

Proof. By the same argument as in the proof of Lemma 5.2,

ST ST \d
1Ky ndllz—2 = 1K1 ll2—2- (7.11)

q,a,1

It therefore remains to compute Hngg 1l252.
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Write K := Ki’g 1 For a function f on (Z/qZ)°, expanding KK* gives

(’CIC*f)(rS) = Er% mod qf(rfs‘)ETT mod ¢€q ((TA/S‘ - 7,5')—'—2(15',T7aT>
=q 1 > F(rs),

7 mod ¢
(2as,7)" (rs—rs)=0

where the second equality follows from the orthogonality relation. Making the substitution h = rg—r'
gives

(KK* f)(rs) = ¢~ !*! > f(rs —h).
heker((2as,1)T)
Hence, by Cauchy—Schwarz,
2
I £115 = 4 Brg mod 4 Y. flrs—h

heker((2as,1)T)

S q72‘S‘ |ker((2aS’T)T)’ Z ]ET‘S mod q|f(r5 - h)’2
heker((2as,7)T)

er a T 2

This bound is attained by f = 1, since KKX*1 = ([ker((2as7)")|/¢"*!)1. Thus

|ker((2as,r)")|
P

KK |22 =

Finally, the orthogonality relation gives

|ker((2aS,T)T)’ = Z ETT mod ¢€q <T1S-2CLS,TTT>

rg mod ¢
= q|5‘_|T|\ker(2a5’T)\
_ ¢S
im(2as7)|’

where the last equality follows from

q|T| = |ker(2ags7)||im(2as,7)|.

Consequently, 5
,T * . —
1K g3 52 = 1K |22 = [im(2as,7) |~ (7.12)
Combining (7.11) and (7.12) proves (7.10). O

We need an unrestricted matrix moment and a stronger moment when one entry is a unit.

Lemma 7.4 (Matrix moments). Let p be prime, and let m,s,t be positive integers. If T > s+t —1,
then, with normalized averaging over M € Matsx(Z/p™Z), one has, for every fired 1 < i < s and
1<j<t,

Em[im(2M)|™7 < p~ ™, (7.13)
B [T ez/pmzy< [m(@M)] 7] g p T HE DL (7.14)

The implicit constants depend only on s,t, and T.

28



Proof. Put
Weu(p™) == > |im M|™7,
MeMatsx ¢ (Z/p™7Z)
with the conventions Wy +(p™) = Wso(p™) = Ws4(1) = 1.
The matrices divisible by p contribute Wy, (p™~1). Every other matrix has a unit entry. Choose
such an entry and use it as a pivot. After permuting rows and columns, write

u b

where b is a row vector and c is a column vector. Invertible row and column operations reduce M to

(g |\(/)|'> . M =D—culb

These operations preserve image cardinality, and hence |[im M| = p™|im M’|. There are Os7t(pm(s+t_1))
choices for the position of the pivot and for u, b, and c. For each such choice, the map C — M’ =
C — cu~'b is a bijection of Mat(s_1yx(t—1)(Z/p™7Z), so M" may be summed freely. Therefore

Ws,t(pm) < Ws,t(pm_l) + Cs,tp_m(T_S_t—H)stl,tfl(pm)-

We now induct on min(s, ). The base case is min(s,¢) = 0, when W (p™) = 1 by convention.
Suppose that s,¢ > 1, and assume inductively that Ws_1;—1(p") <~ 1 uniformly in p and r. Set
0d:=7—s—1t+1>0. Iterating the preceding recursion from m down to 0 gives

Wit(p™) < Wae (0™ ™1) + copp™ ™ Wim1,0-1(p™)
< Wai(P™2) + coup MWL 1 (™) + cosp ™ W14 1 (p™)

m
S Ws,t(l) + Cs,t Zpiréws—l,t—lggr)
r=1

m
<1+) p <l

r=1

Consequently,
Emlim M|™7 = p~ ™' W, ,(p™) < p~ ™. (7.15)

It remains to pass from M to 2M. If p is odd, multiplication by 2 is invertible modulo p™, so
lim(2M)| = |im M|. The estimate (7.15) therefore yields (7.13).

Suppose now that p = 2 and m > 2, and let M denote the reduction of M modulo 2!, Then
lim(2M mod 2™)| = |im M|. Every matrix modulo 2™~! has exactly 2 lifts modulo 2™. Hence,
under normalized averaging, we have

EM mod 2m [im(2M)|™7 = E g [Im M| ™7 < 27 (M= Dst o g=mst

‘M mod

The constant lost in the final inequality depends only on s,t, and 7. The case m = 1 is immediate.

Finally, (7.14) follows immediately from the proof of (7.13): use the prescribed unit entry M;;
as the pivot, and, when p = 2, note that reduction modulo 2™~ ! preserves whether an entry is a
unit. 0

29



For a € (Z/qZ)*, define
sg(a):= [ |im(2as7)|”%. (7.16)
S| TeABKk
We use the exponent 7 := d|K?2/4|/(2L) introduced in the proof of Proposition 6.1. Under
the hypothesis d > 4K + 4, that proof shows that 7 > K + 2. Then put n := (7 — K)/2. Since
7> K+ 2, we have n > 1.

Lemma 7.5. Ifd > 4K + 4, then n > 1 and, for every q > 1,

> sela) <gaq T (7.17)
a€(Z/qZ)*
(avq)zl

Proof. The case ¢ = 1 is immediate. First let ¢ = p™. For each e € &, put

Ie = EaE(Z/me)L [laee(Z/me)Xspm (a)} .

Fix e € £. In applying Lemma 5.5, take J = |Z| and label the indices 1, ..., J by the balanced
cuts S | T' € By. Thus, for the index j corresponding to S | T', the set £; in that lemma is the set
of edges crossing S | T', and the weight ¢; is wx. We write fg7 for the corresponding function f;.

For each balanced cut S| T', define

14, cz/pmzy= [im(2as7)|”", e crosses S| T,

fsrlasT) =
lim(2as7)| ™", e does not cross S | 7.

When e crosses S | T, the coordinate a. is one of the coordinates in ag 7, so the first function is
indeed defined on the product of the coordinate spaces indexed by &;.
For every ¢’ € £, Lemma 5.4 gives

> -t
S|ITeBK
e’ crosses S|T

which is exactly the hypothesis of Lemma 5.5. Moreover,

I fsrlaszr)s = II  Wzmay | 11 [ m@asy) 7% = 1o, czppmay<spm (a),
S‘TE,@K S‘TE@K SlTe%K
e crosses S|T

where the last equality follows from (5.11). Hence

Ie = Eae(z/me)L H fgyT(a&T)wK.
S| TePBx
Lemma 5.5 therefore gives
< I (Bess [lacc@pmz imas)| 7))

S|ITe#k
e crosses S|T

WK

. _r\WK
< I (Beselim(@aso) 7)™
S| TeABKk
e does not cross S|T
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where each average in agr is normalized over Mat g |7|(Z/p™Z).
We now estimate the averages on the right. Fix a balanced cut S | T. If e crosses S | T, then
(7.14) gives

m[r+(|S|=1)(|T|-1)] —m(|S|ITl+1+2m)

EGS,T |:].ae€(Z/me)>< |im(2a57T)\7T} LKdP =p
where we used |S| + |T| = K and 2n =7 — K. If e does not cross S | T, then (7.13) gives

IEGLS,T ’im(2aS,T) ’77’ <K d pfm‘s\ 1T

Consequently,

I, <K p—mwK ZS\TG@K |S‘|T‘p—m(1+277)wK#{S|T€35’K:e crosses S|T}.

By (6.12) and (5.11), I. <k 4 pfm(L+1+2n)_
If (a,p™) =1, then a. is a unit for at least one e € £. Therefore

l(a,pm):l < Z laee(Z/me)X’
ecf

and hence
Z spm(a) = meEae(Z/me)L {1(a,pm):15pm (a)} < pmb Z I <Kk.q p-m+2)
ae(Z/p™Z)" ey

(a,p™)=1

Now write ¢ = [[“_; p”. Under the Chinese remainder theorem, (Z/qZ)" = [1“_,(Z/p" Z) .
Write (™) for the component of a modulo p*. Then

(a,9) =1 <= ("), pl")=1 forevery1<r<u.

Moreover, for every balanced cut S | T', the map 2ag 1 corresponds under the Chinese remainder

theorem to the product of the maps Qag%« Therefore

lim(2as,7)| = []lim(2a§))],

r=1

and consequently s,(a) = [[;— 5,7 (a("). It follows that

o os@=11 X )| <ga O om0 = ce@g i
aE(Z/qZ)L r=1 a(T)E(Z/p:n""Z)L r=1
(a,9)=1 (a(") pmy=1
for some C' = C(K,d). Since C*() < ¢y ¢", this proves (7.17). O
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7.3 Integrating the major arc form

We equip Z¢ x (Z/qZ)? with counting measure in the first factor and normalized counting
measure in the second. The estimates in this section give the following bound for the major arc
form (7.4).

Proposition 7.6. Assume d > 4K + 4, and let ¢ > 1. Suppose that
G e (2% x (2/qz)Y)  (0<i< K —1).

For each i, suppose that
supp G; C [P]d X (Z/qZ)d.

Then 1
3 / (Myap(Go,. .., Gr 1) df <xq g ~"PEY22L T ||Gy]lo. (7.18)
amodq =0

(a,9)=

Proof. Fix a balanced cut S | T. For each i, take X; = [P]? x (Z/qZ)?. Use the three phase pieces

S
Q% (ug,rs) == QF (ug) + Q“((]TS),

S, T
’ T T
Q5T (ug, rs, ur,rr) == Q5" (ug, ur) + Qa (r5,77) T),

q
QX (rr)
=

O (up,r7) = Qf (ur) +

The cut operator in Lemma 5.1 is therefore
K5 L2(([P) < (Z/q2))") — L(([PY x (Z/q2)")®),
(ICS’TH) (u57TS) = E’I’T mod ¢ Z €q<Q§7T(r87TT)) €<Q§’T(USaUT)) H(uTer)-

up€([P]4)T
Thus
K-1
(Mgao(Go, ..., Gr-1)| < K5 lamz T] IGill2.
=0

We now identify the norm of X%7. The product structure of its kernel gives
S7
ST — K a(=20s7) ® Ian & (7.19)

Hence (7.19), multiplicativity of the operator norm under tensor products, and Lemmas 7.3 and 5.2
give
I

S,T S, T
= H’de(—2957’)H2—>2||’Cq,a,d|!2—>2
= PRIy 3T (205 1) |im(2as,r)| 2.

Since d/| %Ak | = 21wk, taking the geometric mean of these bounds over the balanced cuts gives

K—
2Tw
(Myap(Go, -, Gren)| < PEY2TT [lim(2as )| ?m3" (<2050)| " T 11Gillo.
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By the definition (7.16),

K—-1
Mqyao(Go,...,Gr_1)| < PEV2s0a) T mp" (—2057)*™% T] Gl
S| TeABk i=0

It remains to integrate the product of the m%T—terms. In applying Lemma 5.5, take J = | Ak
and label the indices 1,...,J by the balanced cuts S | T' € Hk. Thus, for the index j corresponding
to S| T, the set &; in that lemma is the set of edges crossing S | T, and the weight ¢; is wx. We
write fs 7 for the corresponding function f; and set

fsr(Osr) :=myT (=2057)% .

For every e € £, Lemma 5.4 gives

> ux-t
SlTE:@K
e crosses S|T

which is exactly the hypothesis of Lemma 5.5. Moreover,

[T fsr@so)s= T[ mp"(—2057)"7%.

S|TeBx S|TeBx
Lemma 5.5 therefore gives
ST 2 ST 2 K
7 (—26 TR df < </ 7 (—26 T do ) .
L, TL miTcomsepmean< T ([, mi" (20507 dosr

S|TeBx S|TeBx

Multiplication by —2 preserves normalized Haar measure on T!SII71. Since 0 < m%T <1 and
21 > 2K 4+ 4, Lemma 2.1 gives

/ m%T(—Qﬂs,T)% distT <k p2SITI
TISIT]
Using (6.12), we therefore obtain
/ H m%T(_2957T)27wK df < p2L,
T §1remy
Summing over a using Lemma 7.5 and applying this estimate gives
K-1
> [ Maao(Gor oo, Gren) |8 < a7 PRI2E TT Gl
a mod q T =0
(a,q)=1

This is (7.18). O

7.4 Proof of the major arc estimate

We can now prove the major arc estimate stated at the beginning of the section. It will simplify
the argument to cover Mg by boxes centered at rational points a/g, with a single denominator ¢
shared by all coordinates. For 1 < ¢ < 2Q* and a € (Z/qZ)* with (a,q) = 1, put

Bo(a/a) = [[ {6 € T+ 16 — ac/alr < 5}

ec&

33



Lemma 7.7. Assume 2 < @Q < R. Then

mec U U  Bela/a). (7.20)
1<q<2Q"Y ac(z/q2)*
(a,9)=1

Proof. Fix € Mg. For every e € £, choose 1 < ¢. < Q and b, € Z/q.Z, with (b, q.) = 1, such
that

-2 e_be e Si
=28 = be/aclln <

The two preimages of b./q. under z — —2x are —b./(2¢.) and (ge — be)/(2¢e). Choose the one
nearer to . and denote it by p.. Then —2p, = b./q. € T and

1
Hﬁe - PeHT = §||_2Be - be/QeH’]I‘ < W

Notice that the p, divides 2¢e.
Put p := (pe)ece, and let g be the least common denominator of its coordinates. Then

q | lcme€5(2QE) = 2lemecg e,

and hence

q<2]]q <20"
ec&

Write p = a/q with a € (Z/qZ)". Since q is the least common denominator, (a,q) = 1. Finally, for
every e € &,
@ Q9
2q.R? — R2
Therefore 8 € Bg(a/q), proving (7.20). O

Hﬁe - ae/qn'ﬂ‘ = HB@ - pe”'JI‘ <

Proof of Proposition 7.1. By definition,
m _
ANQ(FO,...,FK,l):/m 0r(Q5(v))Ss(Fo. ..., Fic_1) df.
Q
Lemma 7.7, the triangle inequality, and (4.13) therefore give

|A9]3;Q(F0,...,FK_1)| <A Z Z

1<q<2QL ac(z/qZ)*
(a,9)=1

/[—Q/R2,Q/R2]L [Sa/qro(Fo, -, Fre—1)|df.  (7.21)

For every ¢, a, and 6 occurring in (7.21), put
Eq,a,@ = Sa/q+€(F07 cee )FKfl) - Mq,a,@(GO,q7 sy GKfl,q)-

Lemma 7.2 gives

K-1
|Eqasl <xao Q@ PEPIENEY2 T 1Fl g (7.22)
=0
Put
Py :=N+qNy+q. (7.23)
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Then

supp Gi,q C [P ] X (Z/qz)d-
Indeed, if G; 4(u,7) # 0, then (7.5) and the definition of , give z € [N]%, h € {0,..., N, — 1}%, and
s€{0,...,q — 1}? such that

Fi(z) # 0, u=2z+qh+s.

Proposition 7.6 therefore gives

/[Q/Rz,Q/RﬂLMq’“’9<G°’q"' CGrrgl IS 2 / Maas(Gog,---» Cr-vq)]

ac(Z/qZ)* a mod q
(a,9)=1 (a,9)=
K-1
<gaq PR T Giglle (7.24)
i=0
Observe that
1Giglla < PI2TVENG ol (7.25)

For fixed u € Z%, let y = y(u,) be the point in (7.5). The map r — s := u — y(u,r) is a bijection
from (Z/qZ)% onto {0,...,q — 1}¢. Therefore
|’Gi7qH§ = Z Er mod ¢/ Gig(u, T)|K

uczZ4
1

== 2 2 Mg F)(u—s)"

q s€{0,...,q—1}4 uezd
= ”#q*FiHﬁ(Zd)- (7.26)
Moreover,
qN, < R, g <2Q* <R, N <207 'R.

Here the first inequality follows from (7.2), the second from (7.1), and the third from R = [oN |
and N > 2/0. Thus P; <, R. Equations (7.25) and (7.26) give

K-1 K-1
PIE2ETT N Giglla < PYETD42E T g * Fill g zay-
i=0 i=0

Consequently, summing (7.24) over ¢ < 2Q% gives

S Y o Maea (G G 0
1<q<2QL ae(Z/qZ [ Q/R 7Q/R}
(a,9)=
(K—1)d—2L —1—77K ! ,
Skao R S 0 T g * Filloe oy (7.27)
g<2Q" i=0

For each q,
#{ae@/qm)": (a,q) =1} <",
and the measure of [-Q/R? Q/R?|* is (2Q/R*)". Hence
L
S [ w9y peg

1<q<2QL a€(Z/q z Q/R?*,Q/R?|" q<2Qr
(a,9)=
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It follows from (7.22) that

> X

K-1
—L(L+2)—2A7Kd/2  ~HL(L+2) p—2L A
/[—Q/RQ,Q/R?]L‘E(]’G’G‘ d0 < g5 Q HEFAZNKI2 QLU R 1T 172 zay

1<q<2QL ac(z/qz)t i=0
(avq)zl
K-1
Lkdo QRN | Eille2(z4)- (7.28)

i=0

Since

Sa/q+9(F07 ey FKfl) - Mq,a,@(GO,m ey GKfl,q) + E ,a,0
the bounds (7.21), (7.27), and (7.28) prove (7.3). O

The first term in (7.3) retains the averages i, * F;, which are used in the density-increment
argument of the next section. After decreasing the exponent in Proposition 6.1 if necessary, assume
from now on that 0 < v < 1; then the Q=2 error above is also O(Q 7).

8 The density increment and completion of the proof

The following proposition gives the dichotomy that will be iterated in the proof of Theorem 1.1.

Proposition 8.1 (Density-increment). For the constant o fized in Section 4, there are constants
0 < k <1 and By > 1, depending only on A and d, with the following property. Let A C [N]¢ be
nonempty and contain no nondegenerate similar copy of A, and set o := |A|/N®. Then one of the
following alternatives holds:

(1) N<ag a—Bo,

(2) There are an integer N' > 1 and a set A’ C [N']%, also containing no nondegenerate similar
copy of A, such that N' >a 4 PN and |A'|/(N")? > (1 + k)a.

Proof. Let By > 1, Qo > 2, and 0 < k < 1 be constants to be chosen later depending only on A
and d. Put Q := Qoo Bo/(LILA3)+3) Tf N < Ny, then alternative (1) holds. Otherwise R > oN/2,
and if R < 4QL(L+3)+3 then

N <ad QL(L+3)+3 _ g(L+3)+3a—Bo <A a—Bo’

so alternative (1) again holds. We may therefore assume (7.1). In particular, 2 < @ < R, and the
major- and minor arc estimates apply.
Let B and s = |B| be supplied by (4.9), and take F; = g for i € B and F; = 1}y« otherwise.
Then
Q* NIRE-DA=2L AV (Fy, ..., Fr_1)| + |AS (Fy, ..., Fx_1)|.

The bounds in (4.7) give

K-1
LT I1El 2@y = 9072y L iaalgs
=0

< of/2NEKd/2
Since p, is a probability measure, Young’s inequality gives

l1tq * Lnyallex zay < igller zay | Lnyalle zay = N9
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Consequently,
K-1

TT g * Fillo oy = g # 9l gyl Ll
1=0

s/K
< Nd(Kfs)/K (Z |/~Lq*g($)|K)

xcZ4

x€Z4

s/K
d 1 K
=N 5 2 e+ g(@)] :

where d(K — s)/K 4+ ds/K = d.
Since R =a N and Q=2 < Q~7, Propositions 6.1 and 7.1 imply

s/K
1 1 s
a® Kaq Z q 1=n (Nd Z \,uq*g(x)|K> +Q T /2, (8.1)

q<2Qr xcZ4

Assuming By is sufficiently large depending only on K and d, the exponent of o below is at least s,
and hence
Q 7af? = Q(;Wa”/BO/(L(L+3)+3)+S/2 <Qy e’

The contribution of this term to (8.1) is therefore Op 4 (QE 7oﬁ) . Assuming @) is sufficiently large

depending only on A and d, this contribution is at most «®/2 and may be moved to the left-hand
side. Since } >4 g~ 17" < oo, there is therefore some ¢ < 2Q% such that

Y g x g(@)|* >aq N (8.2)
x€Z4

Recall that N, = {R/(qQL(L”H‘%)J . The function p, * g is supported on [1, N + q(N, — 1)]¢,
and
I[N +q(Ng = D]\ [1+ q(Ng — 1), N]?| <4 qN, N
Cag Q LEF)-3Nd
<A Q(;L(L-&-Q)—3aB0(L(L+2)+3)/(L(L+3)+3) N

Assuming By is sufficiently large depending only on K, the exponent of « in the last line is at least
K, so

LN+ q(Ny = DI\ [T+ g(Ng — 1), N9 a0 QW2 2K N, (8:3)
Since p4 is a probability measure and -, c7q g(x) = 0, we have Y, c74(1q * g)(x) = 0. Consequently,
1
2 (g x9)4(@) = D (g 9)-(@) = 5 3 (g * 9)(@)]. (8.4)
YA z€L? z€Zd

Since g > —a and |g| < 1, we also have
0<(ug*g)- <o,  |ugxg[ <1
Assuming @ is sufficiently large depending only on A and d, (8.3) and (8.2) give

> |(11q * 9) ()| >aa " N (8.5)
2€(1+q(Ny—1),N)¢
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On [1+ g(N; — 1), N]¢ we have jy * g = 1y * 14 — c. Since

(g % 9) (@) = ((11g * 9)+ (@) + (g * 9)— ()",

(8.5) implies that at least one of the following two estimates holds:

S (g 9) @) >aa 0N (8.6)
w€[1+q(Ng—1),N]
> (g * 9)—(2))" a4 0N (8.7)

z€[1+q(Ny—1),N]¢

If (8.6) holds, pigeonholing over at most N points gives some y € [1 + ¢(N, — 1), N]¢ such that
(kg * 9)(y) >a.q . Suppose instead that (8.7) holds. Since (ug * g)— < o,
_ K
> (g % 9)—(2) > a8 > (g * 9)-(2))" >aaaN®
Z‘E[l—‘,—q(Nq—l),N]d $6[1+Q(Nq_1)vN]d

It follows from (8.4) that
> (g x9)+(@) = Y (g * g)—(2) >a4 aN?. (8.8)

zeZd zezd
Since p4 * g is supported on [1, N + q(N, — 1)]¢ and (pq * g)+ < 1, (8.3) gives
~L(L+2)-3
> (1o * 9)+ (x) = Ona(Qy "2 20K NT)
z€[1,N+q(Ng—1)]*\[1+¢(Ng—1),N]*

Assuming @ is sufficiently large depending only on A and d, this estimate, (8.8), and o < « give

> (Hg * 9)+ () >4 aN?.
x€[l4q(Ng—1),N]4

Pigeonholing over at most N¢ points again gives some y € [1 + ¢(N; — 1), N|¢ such that (u, *
9)(y) >a.q . Thus, assuming & is sufficiently small depending only on A and d, there is some
y € [14 q(N; — 1), N]¢ such that
(kg * La)(y) = (g * 9)(y) + > (1 + K)o
Set N := N,. Since ¢ < 2Q% and (7.1) holds,

R
qQL(L+2)+3 = QQL(L+3)+3 = 2.

It follows that
R > >
qQLIA2)+3 | = 94QL(L+2)+3 = 4QL(L+3)+3

N = L >pq 0PN,

Finally, put
A = {nE [N’]d:y—q(n—(l,...,l)) EA}.

Because y € [1 + ¢(N, — 1), N]¥ and N’ = N,, the map n — y — g(n — (1,...,1)) sends [N']¢
injectively into [N]?. By the definition of g,

A’
iy = a2 1)) > (14 ro
The map n — y —¢(n — (1,...,1)) is a composition of translations, a reflection, and a dilation, so
A’ remains A-free. This proves alternative (2). O
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Proof of Theorem 1.1. Fix the constants supplied by Proposition 8.1. If A = &, there is nothing
to prove. Otherwise, set Ag = A, Ng = N, and, at every stage j, put a; := ]Aj]/de. Apply
Proposition 8.1 at each stage. If alternative (1) holds, stop. If alternative (2) holds, let Aj; C
[Nj+1]? be the set it supplies. Alternative (2) cannot hold indefinitely, since each iteration increases
the density by a factor greater than 1 4 k, whereas every density is at most 1. Let j,. be the first
stage at which alternative (1) holds. Then

Nj, <ad Ozj_*BO. (8.9)

Iterating the density increase in alternative (2) gives 1 > «;, > (1 + k)7 g, and hence
Jx €aa 1 +1log(1/ag). The bound Nji1 >4 OszNj in alternative (2) gives, for 0 < j < j,

log Nj <log Njt1 + Bolog(1/aj) 4+ Ona q(1).

Summing over j and applying (8.9), we obtain

Jx

log N() < B(] Z log(l/aj) + OA,d(.j* + 1)

§=0

Since aj > o for every j, it follows that
log No <a.q (1+ log(l/ao))2.

Consequently, for suitable constants C, ¢ > 0 depending only on A and d,

ap < Cexp<fc\/log7N0) .

Since ag = |A|/Ng, this proves the theorem. O

A Application to a continuous variant of the problem

Proof of Corollary 1.3. Let Cy,co > 0 be the constants in Theorem 1.1, and put L, := 1 +1log(1/a).
Choose D = Dp 4 sufficiently large and set

N = [exp(DLi)w .

Then Cyexp(—coy/log N) < o and N < 2exp(DL2).
For u € [0,1/N)?, define

B, = {me{O,...,N—l}d:u—i—ZeE}.

The translates of [0,1/N)? by the vectors m/N partition [0,1)¢, and therefore Fubini’s theorem

gives
/ |By| du = |E|.
[0,1/N)4
There is consequently some u such that |B,| > aN?. By the choice of N and Theorem 1.1, the

translate B, + (1,...,1) C [N]¢ contains a nondegenerate similar copy of A. Translating back, let
Yo, - - -, Yk—1 € By be its vertices, and let p > 0 be its similarity ratio.
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For any fixed edge {i,j} of A, the vector y; — y; is a nonzero integer vector. Hence

2:\%‘—?/3”22 1 -
[v; — ;)% 7 v — vy

so p > ca > 0. Mapping the copy into E by m — u + m/N gives a similar copy with ratio
_r _ 2
A= N > exp( Ca,a(l+1log(1l/a)) ) ,

after enlarging C 4. Since the pairwise distances determine a nondegenerate simplex up to Euclidean
isometry, this copy has the form 2 + AUA for some z € R? and U € O(d). O

B Counting solutions to the matrix equation

The trace expansion in Lemma 2.1 reduces the required high-moment estimate to counting
bounded integer matrices U and V satisfying UV T = 0. The precise estimate needed in the main
argument is the following.

Lemma B.1 (Integer matrix orthogonality). Let s,t,n be positive integers with
n > 2max(s,t) and n>s-+t.

Then, for every positive integer R,

€ (R, :
# 1 (U, V)i € ([-R, R]NZ)>¥", b Kpoy RMETH25E,
uvT =0

] )s><n

In the application, n = K + 1, s = |S|, and t = |T|. Thus n > s + ¢ follows from |S| + |T| =
while n > 2max(s,t) follows from the balancedness of the cut S | 7. We now develop the lattice
terminology needed for the proof.

B.1 Lattice preliminaries

The definitions and elementary determinant facts below are standard; see [2, Chapter I]. We
follow [12, §1] for the determinant convention and for the notation X,,, u,, Gr(L,d), and rational
flags.

A lattice in R™ is a subgroup of the form I' = Z~; + - - - + Zry4, where vy, ...,74 € R™ are linearly
independent. These vectors form a basis of I', and d is its rank. The real span of I is

spang I' :=Ry; + -+ - + Ry,

A sublattice of a lattice L is a subgroup I' C L; every such subgroup is itself a lattice.
The Gram matrix of the basis v1,...,v4 is

d
Goy,-ova) = (i 750); -
Following Kim, define the determinant of I' by

detT :=||y1 A+ Ayl = (detG(%,..-,'Vd))l/Q-
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Any two bases of I' differ by a matrix A € GL4(Z). Under this change of basis, the Gram matrix G
is replaced by AGAT, whose determinant equals det G. Thus detT" does not depend on the chosen
basis.
If I' C A have the same rank, then the index [A : I'], namely the number of cosets of I' in A, is
finite, and
detI' =[A : T']det A. (B.1)

Thus enlarging a lattice without changing its rank can only decrease its determinant. Moreover, if
I' € Z", then the Gram matrix of any basis of I" has integer entries and positive integer determinant,
SO

detT" > 1. (B.2)

A lattice in R is full-rank if it has rank n, and it is unimodular if it is full-rank and has
determinant one. If g € GL,(R), then Z"g := {zg : z € Z"} is a full-rank lattice of determinant
|det g|, where vectors are regarded as row vectors. In particular, Z"g is unimodular when g €
SL(n,R).

Following Kim, let X,, := SL(n,Z)\ SL(n,R). The coset of g € SL(n,R) corresponds to the
unimodular row lattice Z"g. Left multiplication by an element of SL(n,Z) merely changes the
chosen lattice basis, and every unimodular lattice has such a basis matrix. Thus X, is the space of
unimodular lattices in R™. We equip it with the invariant probability measure p, induced by Haar
measure on SL(n,R).

A sublattice I' C L is primitive in L if I' = L Nspang I". For an arbitrary sublattice I' C L, the
lattice L Nspang I is called the saturation of I in L. It is primitive in L and has the same rank as
T.

For L € X, and 1 < d < n, let Gr(L,d) denote the set of primitive rank-d sublattices of L.

For a sublattice I' C Z™, define its integral orthogonal complement by

2= {x € Z": (x,7) = 0 for every v € T'} = (spang I‘)l nZz".

If T' C Z"™ is primitive of rank d, standard lattice duality [21, §2, especially Lemma 1 and its
corollary| gives

7 is primitive of rank n — d, (B.3)
det(T42) = det T, (B.4)

and
(Ti2)™ =T, (B.5)

For a rank-d lattice I"and 1 < j < d, its j-th successive minimum A;(I") is the least A > 0 for which
I' contains j linearly independent vectors of Euclidean norm at most A. Thus A;(I") < --- < A\g(T).
A standard consequence of the lattice-point estimate in [21, §5, Lemma 2] is

d
R
I'N[—R,R") <, 1 , B.6
7j=1
and Minkowski’s second theorem [2, Chapter VIII, Theorem V] gives
d
Aj(T) =y, detT. (B.7)

j=1
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If A\g(T') <y, R, then 1+ R/\;(T') <, R/A;(T) for every 1 < j < d. Hence (B.6) and (B.7) give
Rd
Nn[-R,R") <p ——=. B.8
FON R B <0 o (B.)

Finally, we fix Kim’s notation for the flags appearing below. Let V(i) := n/2/T'(1 +i/2) be the
volume of the unit ball in R?, and adopt the convention (1) = 1. For 1 < d < n, define

d . .
a(n.d) = 1<n> H V(n—1i+1)¢(i)

n\d) S V(@i)¢n—i+1)

For
do=0<d; <---<dg <dgy1=n, 0= (dy,...,dg),

Kim calls a chain
A C---CA,CL, A; € Gr(L,d;),

a flag of type 0, rational with respect to L, and defines

a(n,0) :=a(n,dp) H

a(n —d;, diy1 — d;).
1 dig1 — dia

i d
B.2 Kim’s mean value formula for primitive lattice flags

We now record the only non-elementary input.

Theorem B.2 (Kim’s mean value formula for rational flags [12, Theorem 5]). For Hy,...,H; >0,
the pn-average of the number of flags Ay C --- C Ay of type 0, rational with respect to L, such that
det A; < H; fori=1,...,k, is equal to a(n,0) [T%, Hidi“*d"*l.

We transfer the case £ = 2 from a random unimodular lattice to the fixed lattice Z".

Lemma B.3 (Two-height flag count). Fiz positive integers n, d;, dy with 0 < di < dg < n. Uniformly
fO?” Hla H2 > 17

Ay € Gr(Z™, dy),

Ay € Gr(Z", dy), FR—
# (AlaAQ) . Al g A27 <<n7d17d2 Hl HQ .

det Ay < Hy, detAs; < Hy
Proof. Take k =2 and ? = (dy,d2) in Theorem B.2. Since dy = 0 and ds = n, it gives

A€ GI“(L, dl),

/ # (Al,AQ) : A2 S GI'(LadQ)v dﬂn(L) _ a(n,D)HfQ_dOHQdi‘_dl
Xn Al - AQ,

det A1 < Hy, detAs < Hy

(B.9)

= a(n,0)H> Hy .

It remains to pass from this average to the particular lattice Z". Let 7 : SL(n,R) — X, be
the quotient map. Choose a relatively compact open neighborhood W of the identity on which
7 is injective, and put Y = w(W). Then p,(U) > 0. For A C Z" and g € SL(n,R), write
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Ag :={ag:a € A}. For 1 < j < n, the relative compactness of W gives a constant ¢; < oo such
that
det(Ag) < cjdet A (A € Gr(Z",j), geW).

Right multiplication by g maps Gr(Z", j) bijectively onto Gr(Z"g, j) and preserves inclusions. Hence,
for every g € W,

Az‘ S GI‘(an,di) (Z = 1,2),
Al c A2>

det A < Clel,

det Ay < cay Ho

A; € Gr(Z™,d;) (i=1,2),
# (A, Ag): A C Ay, <H# (A, Ag)
det Ay < Hy, detAs < Hy

Integrating this inequality over U and applying (B.9) with (H;, H2) replaced by (cq, H1, ca, H2), we
obtain

A; € Gr(Z™,d;) (i =1,2),
pn(U)# S (A1, Ag) : Ay C Ag, < a(n,d)(cq, H1)® (cay Ha)" ™.
det Ay < Hy, detAy < Hy

Since W is fixed in terms of n, this proves the result. O

B.3 Proof of the matrix count

Proof of Lemma B.1. Decompose the count according to
dy = rank U, doy =n —rank V.

If d = 0, then U = 0, and there are O(R™) choices for V. This is at most the asserted bound
because
n(s+1t) —2st —nt = s(n — 2t) > 0.

The case do = n, in which V = 0, is symmetric. We may therefore assume
1 <d; <s, n—t<dy<n-—1.

Since d + (n — da) < s+t < n, we have dy < ds.
The rows of U generate a sublattice of Z™. Its saturation is the intersection of Z™ with the real
span of those rows. Define this saturated row lattice, and its analogue for V', by

'y := rowspang (U) N Z", I'y := rowspang (V) N Z".

Here rowspang denotes the real span of the rows. The lattices I'y and I'y are primitive of ranks
di and n — dy, respectively. The equation UV T = 0 says that their real row spaces are orthogonal.
Consequently, if Ay := I‘JX}Z, then I'y C Ay, and (B.3) shows that Ay is primitive of rank dy. Thus

Ty C Ay CZ° (B.10)

is a flag of type (dy,ds), rational with respect to Z™. Moreover, (B.4) gives det Ay, = det 'y, while
(B.5) gives I'yy = A‘L/Z. Thus the flag in (B.10) determines the pair (I';y, I'y).

We next count the matrices giving a fixed pair of row lattices. Since U has rank di, it has d;
linearly independent rows, each of Euclidean norm O, (R). Hence A4, (I'ty) <, R. Moreover, the
lattice generated by these di rows has determinant O, (R%) by Hadamard’s inequality. Since I'yy
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is its saturation, (B.1) shows that saturation can only decrease determinant. Together with (B.2),
this gives 1 < detT'yy <, R%. The same argument gives

M—a,(Tyv) <n R, 1 <detTy <, R"%,

It follows from (B.8) that, once I';y and 'y are fixed, the numbers of possible matrices are bounded
by
dy

R s Rn—dg t
H#{U} <n,s (M]> ) #{V} <oy (det FV) . (B.11)

Let Ng, 4,(R) denote the contribution from matrices with these fixed ranks. Choose integers
J1,J2 > 0 such that all possible determinants are covered by the dyadic ranges

2 <detl'y < 29tt (0<j<.Jy), 20<detTy <2t (0<0<J),
with
2t =, R, 272 = Rrd2

For fixed j and ¢, the orthogonal-complement identity and Lemma B.3, applied with heights 2/+!
and 2*1, show that the number of possible pairs (I'y;, T'y/) is

<n dy ds 2jd22€(n_d1).
For each such pair, (B.11) bounds the number of matrices by

<<n st Rd18+(n7d2)t27j827£t‘

Thus
Ji1 Jo
Nd1 d (R) st Rdls-‘r(n—dg)t Z Z 2j(d2—5) 2€(n—d1 —t)
7=04=0
J1 JQ
— Rd1$+(n—d2)t (Z 2j(d2—s)> (Z 2Z(n—d1 —t))
7=0 =0

st Rdis+(n—d2)tgJi(d2—s)9J2(n—d1—1)
Lnsg ROsH(=d2)t pdi(d2=s) pln—da)(n—di~1)
— pAis+(n—dz)t+didz—dis+(n—dz)(n—di)—(n—dz)t
— Rhd2t(n—dz)(n—d)

— Rann(dl +d2)+2d1 do

It remains to maximize the exponent
E(dy,dy) :=n? — n(dy + dy) + 2d1d
over 1 <dj <sandn-—t<dy <n-—1. We have
E(dy +1,d2) — E(d1,d2) =2dos —n>n—2t >0

and
E(dl,dg — 1) — E(dl,dg) =n— 2d1 Z n —2s Z 0.

Thus E(d;,dsy) is maximized at d; = s and d2 = n — ¢, where
E(s,n—1t) =n(s+t) — 2st.

Summing over the O, (1) choices for (di,ds) completes the proof. O
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