
CYCLIC-QUADRILATERALS AND GOWERS’ U3-NORM

Abstract. Let Γ0 = {v0, v1, v2, v3} ⊆ Rd be a cyclic quadrilateral spanning a two-dimensional
subspace. In this note we prove a generalized von Neumann inequality which controls the normalized
multilinear count of isometric copies of λΓ0 by a standard local Gowers U3 norm at a scale ελ, up to
a small error. The argument provides a model for applying higher-order Fourier analysis to spherical
configuration problems in Euclidean Ramsey theory.

1. Introduction

Throughout the paper, Qd = [0, 1]d. We call a 4-point configuration Γ0 = {v0 = 0, v1, v2, v3} ⊆ Rd

a circular quadrilateral if it spans a 2-dimensional subspace and is contained in sphere. Then
v1, v2 are not collinear and v3 = a1v1 + a2v2 for some a1, a2 ∈ R. Write t1 = |v1|2, t2 = |v2|2 and
t12 = |v1 − v2|2. Let Γ = {x, x + x1, x + x2, x + x3} ⊆ Rd be a quadrilateral. We say the Γ is
isometric to Γ0 if and x3 = a1x1+a2x2 and x = (x1, x2) ∈ SF , the zero set of the family of functions

F = {|x1|2 − t1, |x2|2 − t2, |x1 − x2|2 − t12}.
This implies that the Γ can be obtained from Γ0 via a rotation and translation.

Let A ⊆ Qd be a (Borel) measurable set and let g = 1A denote its indicator function. For given
λ > 0, define

Nλ(A) :=

ˆ
Rd

ˆ
SF

g(x)g(x+ λx1)g(x+ λx2)g(x+ a1x1 + a2x2) dωF (x1, x2) dx

where dωF is the so-called Leray measure on the on the configuration variety SF . This is a positive
measure on the non-singular surface SF defined in (4.3). The above expression is a normalized
count of the isometric embeddings of λΓ0 into the set A.

More generally given measurable functions g0, . . . , g3 : [0, 1]d → [−1, 1] define the multilinear
expression

Nλ(g0, g1, g2, g3) :=

ˆ
Rd

ˆ
SF

g0(x)g1(x+ λx1)g2(x+ λx2)g3(x+ λ(a1x1 + a2x2)) dωF (x1, x2) dx.

We recall the local Gowers norm ∥f∥U3(L) of a compactly supported function bounded function
f : Rn → R

∥f∥8U3(L) :=

ˆ
∆a∆b∆cf(x)ϑL(a)ϑL(b)ϑL(c) dx da db dc,

where
ϑ = ζ ∗ ζ̃, ζ̃(y) = ζ(−y), ϑL(y) = L−dϑ(y/L),

for some smooth bump function ζ. The assumption on ϑ guarantees the positivity of the above
expression and the fact that it defines a norm, see Section 3.

The main result of this note is the following.
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Theorem 1.1 (Main theorem). Let d ≥ 14 and let Γ0 ⊆ Rd be a fixed cyclic quadrilateral spanning
a two-dimensional subspace. There are constants c, C > 0, depending only on d and Γ0, such that
for every 0 < λ ≤ 1, every 0 < ε < 1, and all measurable functions gi : Qd → [−1, 1], 0 ≤ i ≤ 3, one
has

(1.1) |Nλ(g0, g1, g2, g3)| ≤ Cε−1/68 min
0≤i≤3

∥gi∥1/32U3(ελ)
+ Cε1/68,

for some constant C > 0 that may depend on dimension n and the fixed quadrilateral Γ0.

The numerical exponents in (3) are not optimized; the important point is that the local scale and
all losses depend on the error parameter through fixed powers.

Our approach proceeds in three stages. First we majorize the multilinear expression which counts
isometric embeddings of the quadrilateral Γ0 in A by an expression which may be viewed as a
weighted local geometric analogue of the Gowers U2 norm. We then remove the configuration-
dependent weight by a smoothing argument at a smaller scale. The final step is to majorize the
resulting geometric U2

⊥ norm by a standard local Gowers U3 norm.

1.1. Counting distances. Let us we illustrate our method on the simple example of counting
distances. Let d ≥ 4, let 0 < λ ≤ 1, and write formally

dσλ(y) := λ−(d−2)δ
(
|y|2 − λ2

)
dy

for the normalized surface area measure on the sphere of radius λ. For real-valued functions
f0, f1 : Rd → [−1, 1], supported in a fixed bounded set, let

Nλ(f0, f1) :=

ˆ
Rd

ˆ
Rd

f0(x)f1(x+ y) dσλ(y) dx.

Using the notation
∆hf(x) := f(x)f(x+ h),

an application of the Cauchy–Schwarz inequality in the x-variable gives

(1.2) |Nλ(f0, f1)|2 ≲
ˆ
Rd

ˆ
Rd

∆hf1(x)Wλ(h) dh dx,

where formally

(1.3) Wλ(h) := λ−2(d−2)

ˆ
Rd

δ
(
|y|2 − λ2

)
δ
(
|y + h|2 − λ2

)
dy.

More precisely Wλ(h) is the Leray measure of the intersection

Sλ,h :=

{
y : |y|2 = λ2, y · h = −|h|2

2

}
.

For 0 < |h| < 2λ, this is a (d − 2)-dimensional sphere of radius r =
(
λ2 − |h|2

4

)1/2
, and direct

calculation of its Leray measure described in Section 4, gives

(1.4) Wλ(h) = cdλ
−d

(
1− |h|2

4λ2

)(d−3)/2

+

|h|/λ
.

In particular,

(1.5) ∥Wλ∥L1(Rd) ≲ 1, |∇Wλ|L1(Rd) ≲ λ−1.

The right side of (1.2) is a weighted local U1 quantity. We now compare it with a standard local
U1-norm at a smaller scale. Fix a nonnegative function ζ ∈ C∞

c (Rd) with
´
ζ = 1, let

ζ̃(u) := ζ(−u), ϑ := ζ ∗ ζ̃, ϑL(t) := L−dϑ(t/L),
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and define

(1.6) ∥f∥2U1(L) :=

ˆ
Rd

ˆ
Rd

∆tf(x)ϑL(t) dt dx.

This quantity is nonnegative. Indeed, if

FL(x) :=

ˆ
Rd

f(x− u)ζL(u) du, ζL(u) := L−dζ(u/L),

then it is easy to see that

(1.7) ∥f∥2U1(L) =

ˆ
Rd

|FL(x)|2 dx.

Proposition 1.1 (Weighted versus standard local U1). Let 0 < L ≤ λ ≤ 1, and let f : Rd → [−1, 1]
be supported in a fixed bounded set. Then

(1.8)

∣∣∣∣ˆ
Rd

ˆ
Rd

∆hf(x)Wλ(h) dh dx

∣∣∣∣ ≲ ∥f∥2U1(L) +
L

λ
.

Proof. Let

Wλ,L :=Wλ ∗ ϑL.
From (1.5) we have

∥Wλ,L −Wλ∥1 ≤
ˆ
ϑL(t)∥Wλ( · − t)−Wλ∥1 dt(1.9)

≲ ∥∇Wλ∥1
ˆ

|t|ϑL(t) dt ≲
L

λ
.

Since |f | ≤ 1 and f has bounded support, replacing Wλ by Wλ,L changes the left side of (1.2) by
O(L/λ).

Let

Cf (h) :=

ˆ
Rd

∆hf(x) dx.

Using ϑL = ζL ∗ ζ̃L and Fubini’s theorem, we obtainˆ
Cf (h)Wλ,L(h) dh =

ˆ
Wλ(H)

(ˆ
ϑL(t)Cf (H + t) dt

)
dH(1.10)

=

ˆ
Wλ(H)

(ˆ
FL(x)FL(x+H) dx

)
dH.(1.11)

By Cauchy–Schwarz and (1.7),∣∣∣∣ˆ FL(x)FL(x+H) dx

∣∣∣∣ ≤ ∥FL∥22 = ∥f∥2U1(L)

uniformly in H. The estimate now follows from ∥Wλ∥1 ≲ 1. □

Combining (1.2) with Proposition 1.1, and using the symmetry between the two functions, gives

(1.12) |Nλ(f0, f1)|2 ≲ min
i=0,1

∥fi∥2U1(L) +
L

λ
.

Consequently,

(1.13) |Nλ(f0, f1)| ≲ min
i=0,1

∥fi∥U1(L) +

(
L

λ

)1/2

.
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In particular, taking L = ε2λ yields

(1.14) |Nλ(f0, f1)| ≲ min
i=0,1

∥fi∥U1(ε2λ) +O(ε).

2. Counting isometric copies of quadrilaterals.

The above elementary argument already contains some of the basic ideas used for circular quadrilater-
als. Applying the Cauchy–Schwarz inequalities twice produces a geometric uniformity quantity with
a singular weight function at scale λ. Averaging the weight over translations of size L≪ λ replaces
it by a standard local geometric U2-type uniformity norm at scale L, with an error controlled by
the variation of the weight. For quadrilaterals the increment variables h, k lie on the hypersurface
h · k = 0, so the analogous smoothing step also requires control of the associated Leray density and
of the singular two-variable weight W (h, k) simultaneously.

2.1. The configuration space of λΓ0. We call a 4-point configuration Γ0 = {v0 = 0, v1, v2, v3} ⊆
Rd a circular quadrilateral if it spans a 2-dimensional subspace and is contained in sphere. This
implies that there exists nonzero real numbers a0, a1, a2 so that

(2.1) a0v0 + a1v1 + a2v2 = v3 and a0 + a1 + a2 = 1.

Moreover, there is a point u so that |vi − u|2 = r2 for i = 0, . . . , 3, thus

(2.2) a0|v0 − u|2 + a1|v1 − u|2 + a2|v2 − u|2 = |v3 − u|2,

thus it follows from (2.1)

(2.3) a0|v0|2 + a1|v1|2 + a2|v2|2 = |v3|2.

It is simple but important observation that (2.1) and (2.3) implies (2.2) for any u ∈ Rd. In particular
if (2.1) and (2.3) holds then Γ0 must be spherical as there is a point u for which |vi − u|2 = r2 for
i = 0, 1, 2 and hence |v3 − u|2 = r2 as well. Note that, since v0 = 0, equations (2.1) and (2.3) take
the form

a1v1 + a2v2 = v3 and a1|v1|2 + a2|v2|2 = |v3|2.

Assume d > 2 and let λ > 0. A 4-point configuration Γ = {x0, x0 + x1, x0 + x2, x0 + x3} is
isometric to λΓ0, written Γ ≃ λΓ0, if |x1|2 = λ2|v1|2, |x2|2 = λ2|v2|2, |x1 − x2|2 = λ2|v1 − v2|2 and
x3 = a1x1 + a2x2.
Write ti := |vi|2 for i = 1, 2 and t12 := |v1 − v2|2.

Let Γ = {0, x1, x2, x3}, then Γ ≃ λΓ0 if and only if x = (x1, x2, x3) ∈ SFλ
, the zero set of the family

of functions

(2.4) F ′
λ = {l(x), q1(x), q2(x), q12(x)},

where l(x) = a1x1+a2x2−x3, q1(x) = |x1|2−λ2 t1, q2(x) = |x2|2−λ2 t2, q12(x) = |x1−x2|2−λ2t12.

As explained in Sec. 7.2, a point x = (x1, x2, x3) ∈ SF ′
λ
is non-singular if and only if x = (x1, x2) ∈

SFλ
is non-singular where

(2.5) Fλ = {q1(x), q2(x), q12(x)}.

Using the language of Section 7.1, we have

Lemma 2.1. The partition of coordinates z = x1, y = x2 is admissible for the system Fλ. Moreover
the surface SFλ

is non-singular.
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Proof. If (x1, x2) ∈ SFλ
then ∇x1q1(x1) = 2x1 ̸= 0, moreover the vectors x1 and x2 are linearly

independent as the triangle {0, x1, x2} is isometric to the triangle λ{0, v1, v2}. This implies that the
gradient vectors ∇x2 q2(x2) = 2x2 and ∇x2 q12(x2) = 2(x2 − x1) are also linearly independent. This
shows that the partition y = x2, z = x1 is admissible, moreover that SF ′ has no singular points. □

Let A ⊆ [0, 1]d be a (Borel) measurable set and let g = 1A denote its indicator function. Recall

Nλ(A) := λ−2d+6

ˆ ˆ
SF ′

λ

g(x)g(x+ x1)g(x+ x2)g(x+ x3) dωF ′
λ
(x1, x2, x3) dx

where the system of forms Fλ is given in (2.4) and the measure dωF ′
λ
is defined in (4.3). By (4.15)

we have that

(2.6) Nλ(A) := λ−2d+6

ˆ ˆ
SF ′

λ

g(x)g(x+ x1)g(x+ x2)g(x+ a1x1 + a2x2) dωFλ
(x1, x2) dx.

It is clear that if Nλ(A) > 0 then A must contain an isometric copy of λΓ0. Let F1 :=
{p1(x), p2(x), p12(x)}, with pi(x) = |xi|2 and p12(x) = |x1 − x2|2, x = (x1, x2). Then, with
notations of Section 7.4 we have that SFλ

= λSF1,t with t = (t1, t2, t12). Since the total degree of
the system F0 is 6, we have by (4.17)

(2.7) Nλ(A) :=

ˆ ˆ
SF ′

g(x)g(x+ λx1)g(x+ λx2)g(x+ λ(a1x1 + a2x2)) dωF1(x1, x2) dx.

Note that the expression in (2.7) is normalized i.e. |Nλ(A)| ≲ 1. Scaling with λ shows that (2.6) is
the special case of the more general expression,

(2.8) Nλ(g0, g1, g2, g3) :=

ˆ ˆ
SF′

g0(x)g1(x+λx1)g2(x+λx2)g3(x+λ(a1x1+a2x2)) dωF1(x1, x2) dx.

2.2. Upper bounds. We will provide upper bounds for the expression in (2.8) from above which
are independent of the geometry of Γ0. We have F1 = F1

1 ∪F2
1 with F1

1 = {p1(x1) = |x1|2 − t1} and
F2
1 = {p2(x2) = |x2|2 − t2, p12(x1, x2) = |x1 − x2|2 − t12}. For simplicity of notation we will write

Nλ := Nλ(g0, g1, g2, g3) and use the convention x3 := a1x1 + a2x2.

By Lemma 2.1 one may apply (4.7) to obtain

(2.9) |Nλ| ≤
ˆ ˆ

|g0(x)g1(x+ λx1)|
∣∣∣∣ˆ g2(x+ λx2)g3(x+ λx3) dωF2,x1

(x2)

∣∣∣∣ dωF1(x1) dx.

Since |gi| ≤ 1 and is supported on [0, 1]d, as explained in Sec. 7.2, see (4.8)-(4.12), an application of
the Cauchy-Schwarz inequality gives
(2.10)

|Nλ|2 ≲
ˆ ˆ

g2(x+ λx2)g2(x+ λy2)g3(x+ λx3)g3(x+ λy3) dωF2
1,x1

(x2) dωF2
1,x1

(y2) dωF1
1
(x1) dx,

with the convention x3 = a1x1 + a2x2, y3 = a1x1 + a2y2. The above iterated integral may be
rewritten as

(2.11)

ˆ ˆ
SF2

g2(x+ λx2)g2(x+ λy2)g3(x+ λx3)g3(x+ λy3) dωF2(x1, x2, y2) dx

where SF2 ⊆ R3d is the algebraic set defined by the system

F2 = {p1(x1), p2(x2), p2(y2), p12(x1, x2), p12(x1, y2)}.



6 CYCLIC-QUADRILATERALS AND GOWERS’ U3-NORM

We proceed as in Sec. 7.1, change variables y2 := x2 + h which implies y3 := x3 + a2h, and rewrite
the system F2 in the new variables (h, x1, x2). We obtain

(2.12) |Nλ|2 ≲
ˆ ˆ

∆λh g2(x+ λx2)∆λa2h g3(x+ λx3) dωF2(x1, x2, h) dx,

where F2(x1, x2, h) = {p1(x1), p2(x2), p2(x2 + h), p12(x1, x2), p12(x1, x2 + h)}.
It will be convenient to consider the equivalent system

F3(x1, x2, h) := {p1(x1), p2(x2), p12(x1, x2),
p′2(x2, h) := p2(x2 + h)− p2(x2),

p′12(x1, h) :=
(
p2(x2 + h)− p2(x2)

)
−
(
p12(x1, x2 + h)− p12(x1, x2)

)
}.

Note that
p′2(x2, h) = p2(x2 + h)− p2(x2) = 2x2 · h+ |h|2

and p′12(x1, h) = 2x1 · h. The passage from F2 to F3 consists of row operations (up to reordering
the equations) and hence preserves the associated Leray measure.

Relabeling the three nonzero vertices of Γ0, together with the corresponding functions, parameters
ti, and polynomials pi, pij , if necessary, we may assume that a2 ̸= 1. Indeed, if a2 = 1 but a1 ̸= 1,
interchange v1 and v2; if a1 = a2 = 1, use the ordering ṽ1 = v3, ṽ2 = v2, ṽ3 = v1, for which
ṽ3 = ṽ1 − ṽ2.

Also, this can be done while placing any prescribed function gi in the g2-slot. Let c0, . . . , c3 be the
nonzero coefficients of the affine dependence

3∑
i=0

civi = 0,
3∑

i=0

ci = 0.

Given a prescribed index j, choose ℓ ≠ j so that cj + cℓ ̸= 0; such an ℓ exists, since otherwise the
preceding two identities would force cj = 0. Using one of the two remaining vertices as the new
base point and translating it to the origin, using the other as the new v1, placing the prescribed
vertex in the new v2-slot, and using vℓ as the dependent vertex v3. Then a2 = −cj/cℓ, and hence

b = 1− a2 =
cℓ + cj
cℓ

̸= 0.

To eliminate the factor ∆λa2h g3(x+ λx3) we observe that x+ λx3 = x+ λa1x1 + λa2x2 and make
a change of variables x := x+ λa2x2, which does not affect the integral in (2.12). The g3-factor is
then independent of x2 and may be discarded using |g3| ≤ 1. This gives, with b = 1− a2 ̸= 0,

(2.13) |Nλ|2 ≲
ˆ ∣∣∣∣ˆ ∆λh g2 (x+ λbx2) dωF3

x1,h
(x2)

∣∣∣∣ dωF3(x1,h) dx,

where F3(x1, h) = {p1(x1), p′12(x1, h)}, and F3
x1,h

= {p2(x2), p′2(x2, h), p12(x1, x2)} for given x1, h.

To justify (2.13) one needs to verify the following.

Lemma 2.2. Let d ≥ 4. Then the partition of coordinates y = x2, z = (x1, h) is admissible for the
system F3(h, x1, x2).

Proof. Since SF3 = SF2 , we have that (x1, x2, h) ∈ SF3 if and only if {0, x1, x2} ≃ {0, v1, v2} and
also {0, x1, x2 + h} ≃ {0, v1, v2}. This implies that the vectors ∇(x1,h)p1(x1, h) = (2x1, 0) and
∇(x1,h)p

′
12(x1, h) = (2h, 2x1) are linearly independent at any point (x1, x2, h) ∈ SF3 .

We show that there is a point (x1, x2, h) ∈ SF3 such that the vectors ∇x2 p2(x2) = 2x2, ∇x2 p12(x1, x2) =
2(x2 − x1) and ∇x2p

′
2(x2, h) = 2h, or equivalently the vectors x1, x2, y2 = x2 + h, are linearly

independent. Let x1 = v1 and x2 = v2. Then (x1, x2, h) ∈ SF3 if and only if |y2|2 = t2 and
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|y2 − v1|2 = t12, i.e. if y2 is contained in the intersection of two spheres. Clearly the intersection
is non-empty as it contains v2; moreover, v2 is a non-singular point as v2 is not in the span of
the centers 0 and v1, see Sec. 7.2. This further implies that the intersection is a 2-codimensional
sphere which cannot be contained in the 2-dimensional subspace spanned by the vectors v1 and v2
in dimensions d ≥ 4. Thus there exists a point (x1, x2, h) ∈ SF3 consisting of linearly independent
vectors. □

Then one can apply the Cauchy-Schwarz inequality again to obtain

(2.14) |Nλ|4 ≲
ˆ ˆ ˆ

∆λh g2 (x+ λbx2)∆λh g2 (x+ λby2) dωF3
x1,h

(x2) dωF3
x1,h

(y2) dωF3(x1,h) dx.

Let y2 := x2 + k and rewriting the system in the variables h, k, x1, x2 we obtain

(2.15) |Nλ|4 ≲
ˆ ˆ

∆λbk,λh g2 (x+ λbx2) dωF4(x1,x2,h,k) dx,

where ∆k,hg := ∆k∆hg, and, before row reduction, the system consists of the eight equations

{p1(x1), p′12(x1, h), p2(x2), p′2(x2, h), p12(x1, x2),
p2(x2 + k), p′2(x2 + k, h), p12(x1, x2 + k)}.

Define
q(h, k) := p′2(x2 + k, h)− p′2(x2, h) = 2h · k

and

p′12(x1, k) :=
(
p2(x2 + k)− p2(x2)

)
−
(
p12(x1, x2 + k)− p12(x1, x2)

)
= 2x1 · k.

After some row operations of the Jacobian of the system we may use the equivalent system

F4 = {p1(x1), p′12(x1, h), p′12(x1, k), q(h, k),
p2(x2), p2(x2 + k), p12(x1, x2), p

′
2(x2, h)}.

By a shift x := x+ λbx2, which is allowed as the measure ωF4 is independent of x, we have that

(2.16) |Nλ|4 ≲
ˆ ˆ

∆λbk,λh g2 (x) dωF4(x1,x2,h,k) dx,

Lemma 2.3. Let d ≥ 6. Then the partition of coordinates z = (h, k), y = (x1, x2) and z = (x1, h, k),
y = x2 are both admissible for the system F4.

Proof. Consider a point (h, k, x1, x2) ∈ SF4 at which the vectors h, k, x1, x2 are linearly independent.
For the partition z = (h, k), y = (x1, x2), the base equation is q(h, k) = 2h · k, and

∇(h,k)q(h, k) = (2k, 2h) ̸= 0.

The gradients of the remaining seven equations with respect to (x1, x2) are

(2x1, 0), (2h, 0), (2k, 0),

(2(x1 − x2), 2(x2 − x1)),

(0, 2x2), (0, 2(x2 + k)), (0, 2h).

The x1-components of the first four vectors are linearly independent; after their coefficients vanish,
the last three vectors are linearly independent because x2, k, h are linearly independent. This proves
admissibility of the first partition.

For the partition z = (x1, h, k), y = x2, the base equations are

p1(x1), p′12(x1, h), p′12(x1, k), q(h, k).
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Their gradients with respect to (x1, h, k) are

(2x1, 0, 0), (2h, 2x1, 0), (2k, 0, 2x1), (0, 2k, 2h),

and are linearly independent. The four gradients with respect to x2 are

2x2, 2(x2 + k), 2(x2 − x1), 2h.

Their span is the same as the span of x1, x2, h, k, so they are also linearly independent.

It remains to construct such a point. Set x1 = v1, x2 = v2, and let

S1 := {u ∈ Rd : p2(u) = 0, p12(x1, u) = 0}.
As above, S1 is a non-degenerate (d − 2)-dimensional sphere. Choose x2 + h ∈ S1 so that h /∈
Span{x1, x2}. Then x1, x2, h are linearly independent. Consider

S2 := S1 ∩ (x2 + h⊥) = {u ∈ S1 : (u− x2) · h = 0}.
The hyperplane is not tangent to S1 at x2, since otherwise h would belong to Span{x1, x2}. Hence
S2 is a non-degenerate sphere of dimension d − 3, whose affine span has dimension d − 2. For
d ≥ 6, this affine span cannot be contained in the three-dimensional space Span{x1, x2, h}. We may
therefore choose

x2 + k ∈ S2 \ Span{x1, x2, h}.
Then h · k = 0, the vectors h, k, x1, x2 are linearly independent, and x2, x2 + h, x2 + k all belong to
S1. Thus all eight equations in F4 hold. □

Let S⊥ := {(h, k) ∈ R2d : h · k = 0} and let ω⊥ be the associated measure on it, defined in (4.3).
For given h, k define the function

(2.17) W (h, k) :=

ˆ
1 dωF4

h,k
(x1, x2),

for dω⊥-almost every (h, k). The equations force |x1|, |x2|, |x2 + h|, |x2 + k| ≲ 1, and hence also
|h|, |k| ≲ 1. Thus, if desired, the constant function 1 in (2.17) may be replaced by a fixed smooth
compactly supported cut-off in (x1, x2, h, k) which equals one on this set.

Then, by Lemma 2.3, one may write inequality (2.16) in the form

(2.18) |Nλ|4 ≲
ˆ ˆ

∆λbk,λh g2 (x)W (h, k) dω⊥(h, k) dx.

This is already a weighted localized geometric uniformity norm, however the weight function still
depends on the configuration Γ0. To remove this dependence we need some estimates on the weight
function W (h, k), summarized in the following.

Lemma 2.4. Let d ≥ 6. For dω⊥-almost every (h, k), we have

W (h, k) = CΓ0,d

(
τ − |h|2 − |k|2

) d−5
2

+

|h|2|k|2
.

Moreover,

(2.19)

ˆ
|W (h, k)| dω⊥(h, k) ≲ 1,

and

(2.20)

ˆ
|∇W (h, k)| dω⊥(h, k) ≲ 1.

Also, let 0 < L ≤ 1 and let

ΩL := {(h, k) : |h| ≲ 1, |k| ≲ 1, |h · k| ≲ L} ⊆ R2d.
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Then

(2.21)

ˆ
ΩL

|W (h, k)| dh dk ≲ L.

Proof. Let

s12 :=
t1 + t2 − t12

2
= v1 · v2.

Fix nonzero h, k with h · k = 0. In the first stage of the disintegration, x1 satisfies

|x1|2 = t1, x1 · h = 0, x1 · k = 0.

In other words, the base x1-system is

Bh,k(x1) = {|x1|2 − t1, x1 · h, x1 · k}.
The gradients 2x1, h, k are linearly independent on its zero set, so this integration is admissible.

Its zero set is a sphere of dimension d− 3 and radius t
1/2
1 . Its Leray density contains the inverse

co-volume of the two linear constraints, and henceˆ
1 dωBh,k

(x1) =
cd,t1
|h||k|

.

For fixed h, k, x1, denote the x2-fiber system by Gh,k,x1 . Its equations are

|x2|2 = t2, x1 · x2 = s12, x2 · h = −|h|2

2
, x2 · k = −|k|2

2
.

Since x1, h, k are pairwise orthogonal, this fiber is a sphere of dimension d− 4 and radius

R(h, k) =

(
t2 −

s212
t1

− |h|2

4
− |k|2

4

)1/2

=
1

2

(
τ − |h|2 − |k|2

)1/2
,

where

τ := 4

(
t2 −

s212
t1

)
=

4(t1t2 − s212)

t1
> 0.

The Leray mass of this fiber is thereforeˆ
1 dωGh,k,x1

(x2) = cΓ0,d
R(h, k)d−5

|h||k|
.

This gives above the explicit formula for the weight function W (h, k).

The reduced base equation is q(h, k) = 2h · k. Thus, if dω⊥ is associated to h · k, then the base
Leray measure arising directly from F4 is 1

2dω⊥; the constant is absorbed into the implicit constant
in (2.18). We now use the polar disintegration of the Leray measure on S⊥. If

h = rθ, k = sϕ, θ ∈ Sd−1, ϕ ∈ Sd−1 ∩ θ⊥,
then ˆ

S⊥

F (h, k) dω⊥(h, k) = cd

ˆ ∞

0

ˆ ∞

0
rd−2sd−2

ˆ
Sd−1

ˆ
Sd−1∩θ⊥

F (rθ, sϕ) dσθ(ϕ) dσ(θ) dr ds.

where cd = 1 when dσ and dσθ denote the (un-normalised) induced surface measures (and otherwise
cd accounts for their normalisation). Write

α :=
d− 5

2
, T := τ − r2 − s2.
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It follows that ˆ
S⊥

|W | dω⊥ ≲
ˆ

r,s>0
r2+s2<τ

rd−4sd−4Tα dr ds ≲ 1,

which proves (2.19).

Away from the axes and the outer boundary, the radial extension satisfies

|∇W | ≲ Tα

r3s2
+

Tα

r2s3
+

(r + s)Tα−1

r2s2
.

Therefore ˆ
S⊥

|∇W | dω⊥ ≲
ˆ

r,s>0
r2+s2<τ

(
rd−5sd−4Tα + rd−4sd−5Tα

+ (r + s)rd−4sd−4Tα−1
)
dr ds.

The first two terms are integrable at the coordinate axes when d > 4, while the last term is integrable
at T = 0 when α > 0. Thus (2.20) holds for d ≥ 6. On the full-dω⊥-measure set where h, k ̸= 0,
T ̸= 0, and the radial extension is differentiable, its ambient gradient is tangent to S⊥, since it is of
the form (A(r, s)h,B(r, s)k) and hence is orthogonal to the normal vector (k, h).

Finally, ordinary polar coordinates in Rd × Rd and the elementary angular estimateˆ
Sd−1

ˆ
Sd−1

1{|θ·ϕ|≲L/(rs)} dσ(ϕ) dσ(θ) ≲ min

(
1,
L

rs

)
≤ L

rs

give ˆ
ΩL

|W (h, k)| dh dk ≲
ˆ

r,s>0
r2+s2<τ

rd−3sd−3Tαmin

(
1,
L

rs

)
dr ds

≲ L

ˆ
r,s>0

r2+s2<τ

rd−4sd−4Tα dr ds ≲ L.

This proves (2.21). □

2.3. Local geometric uniformity norms. The aim of this section is to show that the weighted
expression in (2.18) can be majorized via a geometric analogue of Gowers U2 uniformity norm
defined in a smaller scale L = ηλ, which is independent of the geometry of Γ0.

Fix nonnegative functions ρ, χ ∈ C∞
c (Rd) such that

´
χ = 1 and ρ is strictly positive on a sufficiently

large neighborhood of the origin. We define,

Definition (Local geometric U2 uniformity norm).

(2.22) ∥f∥4U⊥(L) = Ld+2

ˆ ˆ 4∏
j=1

f(x− yj)ρL(yj) dω□(y1, y2, y3, y4) dx,

where dω□ is associated to

y1 + y2 − y3 − y4 = 0, |y1|2 + |y2|2 − |y3|2 − |y4|2 = 0.

Let

ρL(y) := L−dρ(y/L), χL(y) := L−dχ(y/L).

For a real-valued function f supported in a fixed bounded set, define

ELf(x, ξ, α) :=
ˆ
f(x− y)ρL(y)e

2πi(ξ·y+α|y|2) dy.
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The fourth-power integral below is nonnegative. Expanding the fourth power and using the oscillatory
representation of the Leray measure (see section 4.3) gives the following equivalent representation of
the local geometric uniformity norm

(2.23) ∥f∥4U⊥(L) := Ld+2

ˆ
Rd

ˆ
Rd

ˆ
R
|ELf(x, ξ, α)|4 dα dξ dx.

The factor Ld+2 is the scale-invariant normalization, since dω□(Ly) = L3d−2dω□(y). Replacing ρ
by another fixed bump function, or L by a fixed multiple of L, changes only the implicit constants
below. We first show the following estimate for the singular weight that is needed in the smoothing
argument.

Lemma 2.5. Let d ≥ 14. Uniformly for |a|, |c| ≲ 1,

(2.24)

ˆ
S⊥

|∇W (h+ a, k + c)| dω⊥(h, k) ≲ 1.

Consequently, if |t|, |s| ≲ η ≤ 1, thenˆ
S⊥

|W (h+ t, k + s)−W (h, k)| dω⊥(h, k) ≲ η.

Proof. Write H = h+ a and K = k + c. The explicit formula in the proof of Lemma 2.4, and the
fact that (d− 5)/2 > 1, give on a fixed compact set

|∇W (H,K)| ≲ |H|−3|K|−2 + |H|−2|K|−3 + |H|−2|K|−2.

It is therefore enough to observe that, for the pairs (p, q) above,

(2.25) sup
|a|,|c|≲1

ˆ
|H|−p|K|−qδ

(
(H − a) · (K − c)

)
dH dK ≲ 1,

where all variables are restricted to a fixed bounded set. Integrating first in K, the inner integral is
over the affine hyperplane c+ (H − a)⊥ and is uniformly bounded when q < d− 1. The remaining
integral is bounded by ˆ

|H|≲1
|H|−p|H − a|−1 dH ≲ 1

uniformly in a, provided p+ 1 < d. These conditions hold here which proves (2.24) and the last
assertion of Lemma 2.5 follows from the fundamental theorem of calculus. □

For 0 < η ≤ 1 and H,K ∈ Rd, let

(2.26) Mη(H,K) :=

ˆ
χη(t)χη(s)δ

(
(H − t) · (K − s)

)
dt ds.

Thus Mη(H,K) is the Leray mass of the portion of S⊥ lying in an O(η)-neighborhood of (H,K).

Lemma 2.6. Let 0 < λ ≤ 1, 0 < η ≤ 1, and L = ηλ. Define

Iλ,η(H,K) :=

ˆ
g(x)g

(
x+ λb(K − s)

)
g
(
x+ λ(H − t)

)
× g

(
x+ λ(H − t) + λb(K − s)

)
χη(t)χη(s)

× δ
(
(H − t) · (K − s)

)
dt ds dx.

If |g| ≤ 1 and g is supported in a fixed bounded set, then

(2.27) |Iλ,η(H,K)| ≲ min
{
Mη(H,K), η−2∥g∥4U⊥(CL)

}
,

with a constant C = CΓ0 > 0.
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Proof. The first bound is immediate from |g| ≤ 1. For the second, average the integral defining Iλ,η
over a further variable u with weight χη(u). Set

y0 = u, y1 = u+ bs− bK,

y2 = u+ t−H, y3 = u+ t+ bs−H − bK.

Then

y0 + y3 − y1 − y2 = 0

and, on the support of the delta function,

|y0|2 + |y3|2 − |y1|2 − |y2|2 = 2b(H − t) · (K − s) = 0.

Moreover, after the change X = x+ λu, the four functions are g(X − λyj), 0 ≤ j ≤ 3. If

c0 = 0, c1 = −bK, c2 = −H, c3 = −H − bK,

then |yj − cj | ≲ η on the support of the three averaging functions. Choosing the bump function ρ
in (2.22) sufficiently large, we have

χη(u)χη(t)χη(s) ≲ ηd
3∏

j=0

ρCη (yj − cj).

The preceding linear change of variables identifies du dt ds δ((H − t) · (K − s)), up to a nonzero
constant depending on b, with δ representing the Leray measure. Letting zj = λyj and using
homogeneity, we obtain

|Iλ,η(H,K)| ≲ ηdλd+2

∣∣∣∣∣∣
ˆ ˆ 3∏

j=0

g(X − zj)ρCL(zj − λcj) dω□(z) dX

∣∣∣∣∣∣ .
For arbitrary centers aj , using the oscillatory representation of dω□ and Holder’s inequality, we get∣∣∣∣∣∣

ˆ ˆ 3∏
j=0

g(X − zj)ρCL(zj − aj) dω□(z) dX

∣∣∣∣∣∣
≲ (CL)−(d+2)∥g∥4U⊥(CL).

Indeed, the four factors are paired in L4(dX dξ dα); translating a cutoff from the origin to aj
amounts to the measure-preserving change (X, ξ, α) 7→ (X − aj , ξ + 2αaj , α). Since L = ηλ, the
prefactor is OΓ0(η

−2), proving (2.27). □

The next estimate is where the singular factors |H|−2|K|−2 in W are used explicitly.

Lemma 2.7. Let 0 < η ≤ 1 and 0 ≤ ϑ ≤ 1. Then

(2.28)

ˆ
{Mη>0}

W (H,K)Mη(H,K)1−ϑ dH dK ≲ ηϑ.

Proof. Let R = (|H|2 + |K|2)1/2. From (2.26) and the co-area formula,

(2.29) Mη(H,K) ≲
1

η(η +R)
.

Indeed, when R ≲ η this follows by scaling and the local integrability of |u|−1 in Rd. When R≫ η,
the gradient of (H − t) · (K − s) on the relevant portion of its zero set has size comparable to R,
and the surface area of that portion is O(η2d−1). Also, Mη(H,K) > 0 implies

(2.30) |H ·K| ≲ η(η +R).
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Write H = rθ, K = sϕ and T = τ − r2 − s2. By the explicit formula for W and an elementary
angular estimate, the measure of the directions satisfying (2.30) is at most

Cdmin

(
1,
η(η +R)

rs

)
.

Hence, using (2.29) and then min(1, A) ≤ A, the left side of (2.28) is at most a constant times

ˆ
r,s>0

r2+s2<τ

rd−3sd−3T
d−5
2

min
(
1, η(η+R)

rs

)
[η(η +R)]1−ϑ

dr ds

≲ ηϑ
ˆ

r,s>0
r2+s2<τ

rd−4sd−4T
d−5
2 (η +R)ϑ dr ds ≲ ηϑ.

This proves the lemma. □

Let

Tλ(g) :=

ˆ ˆ
∆λbk,λhg(x)W (h, k) dω⊥(h, k) dx,

so that (2.18) gives |Nλ|4 ≲ Tλ(g2).

Proposition 2.1. Let 0 < λ ≤ 1, 0 < L ≤ cΓ0λ, and put η = L/λ. For every 0 < ϑ ≤ 1 and every
g : Qd → [−1, 1], one has

(2.31) |Tλ(g)| ≲ η−ϑ∥g∥4ϑU⊥(CL) + η.

Proof. Averaging the weight in Tλ(g) over translations t, s with density χη(t)χη(s), Lemma 2.5 gives
an error O(η). After changing variable H = h+ t and K = k + s, the averaged expression isˆ

W (H,K)Iλ,η(H,K) dH dK.

By Lemma 2.6 using min(A,B) ≤ A1−ϑBϑ, we have

|Iλ,η(H,K)| ≲Mη(H,K)1−ϑ
(
η−2∥g∥4U⊥(CΓ0

L)

)ϑ
.

Integrating and applying Lemma 2.7 proves (2.31). □

We can now state the main result of this section.

Theorem 2.1 (generalized von Neumann inequality). Let d ≥ 14, 0 < λ ≤ 1, and 0 < L ≤ cΓ0λ.
Let η = L/λ. If gi : Qd → [−1, 1], 0 ≤ i ≤ 3, then for every 0 < ϑ ≤ 1,

(2.32) |Nλ(g0, g1, g2, g3)| ≲ η−ϑ/4 min
0≤i≤3

∥gi∥ϑU⊥(CΓ0
L) + η1/4.

In particular, taking ϑ = 1/4,

(2.33) |Nλ(g0, g1, g2, g3)| ≲
(
λ

L

)1/16

min
0≤i≤3

∥gi∥1/4U⊥(CΓ0
L)

+

(
L

λ

)1/4

.

Equivalently, for every 0 < ε < 1,

(2.34) |Nλ(g0, g1, g2, g3)| ≲ ε−1/4 min
0≤i≤3

∥gi∥1/4U⊥(CΓ0
ε4λ)

+O(ε).

Proof. The reduction leading to (2.18), followed by Proposition 2.1, gives (2.32) with g2 in place
of the minimum. As explained in the relabelling argument preceding (2.13), the vertices may be
relabelled so that any prescribed gi occupies this slot; the finitely many resulting constants are
absorbed into CΓ0 . Taking fourth roots gives (2.32). Formula (2.33) is the case ϑ = 1/4, and (2.34)
follows by taking L to be a sufficiently small fixed multiple of ε4λ. □
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3. From geometric U2
⊥ to a local U3 norm.

We now compare the standard geometric uniformity norm from (2.23)–(2.22) with an ordinary local
U3 norm. All functions in this subsection are extended by zero outside their original support, and
the integration in the base variable x is over Rd.

Choose an even nonnegative function ζ ∈ C∞
c (Rd) which is strictly positive on a neighborhood of

the origin, let

ϑ = ζ ∗ ζ̃, ζ̃(y) = ζ(−y), ϑL(y) = L−dϑ(y/L),

and define

(3.1) ∥f∥8U3(L) :=

ˆ
∆a∆b∆cf(x)ϑL(a)ϑL(b)ϑL(c) dx da db dc.

This is nonnegative. Indeed, after writing each ϑL as an autocorrelation, the right side becomes the
usual six-variable box average

ˆ 3∏
j=1

ζL(pj)ζL(qj)
∏

ω∈{0,1}3
f

x+
3∑

j=1

(
(1− ωj)pj + ωjqj

) dx dp dq.

Thus (3.1) is a genuine local Gowers norm. Replacing ζ by another fixed bump function, or L by a
fixed multiple of L, changes only the implicit constants below.

We first rewrite the geometric norm in “increment” coordinates. With the function ρ fixed in (2.23),
define

(3.2) ψ(h, k) = cd

ˆ
ρ(z)ρ(z + h)ρ(z + k)ρ(z + h+ k) dz,

where the constant cd > 0 accounts for the normalization of the Leray measure. The change of
variables

y1 = z, y2 = z + h+ k, y3 = z + h, y4 = z + k

in (2.22) gives

(3.3) Λ⊥,λ(f) := ∥f∥4U⊥(λ) = λ−(2d−2)

ˆ
∆h∆kf(x)ψ(h/λ, k/λ) dω⊥(h, k) dx.

Here we used
|y1|2 + |y2|2 − |y3|2 − |y4|2 = 2h · k

and dω⊥(λh, λk) = λ2d−2dω⊥(h, k). The function ψ is nonnegative, smooth and compactly sup-
ported.

We next isolate the geometric estimates used in the Cauchy–Schwarz argument. For vectors a1, . . . , aj
write

Vol(a1, . . . , aj) := det
(
(ai · al)ji,l=1

)1/2
.

In particular, put
V (u1, u2) := Vol(u1, u2) = |u1 ∧ u2|.

Lemma 3.1. Assume d ≥ 5. Let all parameters below be restricted by a fixed compact cut-off
function. For

Fr,s(u1, u2) := u1 · s+ u2 · (r − u1)

and Fr,s(u1, u2) = 0, let W(h, u1, u2; r, s) be the Leray mass in the k-variable of the three affine
equations

h · k = 0,

u1 · k = −(h+ u1) · (r − u1),

u2 · k = −(h+ u2) · s,(3.4)
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with a fixed smooth compactly supported amplitude. Then, on the region

D(p) := vol(h, u1, u2) > 0 p = (h, u1, u2, r, s),

the function W is continuously differentiable andˆ
Rd

|W(h, u1, u2; r, s)| dh ≲ V (u1, u2)
−1,(3.5)

ˆ
Rd

|∇pW(h, u1, u2; r, s)| dh ≲ V (u1, u2)
−2,(3.6)

where ∇pW denotes gradient whose values on the {D(p) = 0} can be defined arbitrarily. {D(p) > 0}.

Proof. Let p = (h, u1, u2, r, s) and define the 3× d matrix B(p) and the vector b(p),

B(p) =

htut1
ut2

 , b(p) =

 0
−(h+ u1) · (r − u1)

−(h+ u2) · s

 .

If a(p, k) denotes the fixed smooth cut-off function. If rank (B(p) = 3, then

(3.5) W(p) =

ˆ
Rd

a(p, k) δ(B(p)k − b(p)) dk.

Set

D = D(p) := det(B(p)B(p)t)1/2 = Vol(h, u1, u2).

For J ⊆ {1, . . . , d} |J | = 3, let BJ = BJ(p) be the corresponding 3× 3 minor. By the Cauchy–Binet
identity,

(3.6) D(p)2 =
∑
|J |=3

| detBJ(p)|2.

Choose a smooth homogeneous partition of unity {χJ}|J |=3 subordinate to the sets

| detBJ | ≥ cdD.

It may be chosen so that |∇pχJ | ≲ D−1. Splitting (3.5) with this partition, write k = (x, z), where

x = kJ ∈ R3 and z = kJc ∈ Rd−3. On the support of χJ the equations determine

x = xJ(p, z) := BJ(p)
−1

(
b(p)−BJc(p)z

)
,

and hence

(3.7) WJ(p) =

ˆ
Rd−3

χJ(B(p))a(p, xJ(p, z), z)

| detBJ(p)|
dz.

The z-integration is over a fixed compact set. Since all matrix entries and parameters are bounded
on the support of the amplitude, (3.6) and the support condition for χJ give

∥B−1
J ∥ ≲ D−1, |∇pxJ | ≲ D−1,

∣∣∇p| detBJ |−1
∣∣ ≲ D−2.

Differentiating (3.7), including the derivative of χJ , therefore

(3.8) |W(p)| ≲ D(p)−1, |∇pW(p)| ≲ D(p)−2.

Let E = span{u1, u2} and assume first that V (u1, u2) > 0. The wedge-product identity gives

D(h, u1, u2) = V (u1, u2) dist(h,E).

Since h is restricted to a fixed compact set and the transverse dimension is d− 2, (3.8) implies, for
j = 1, 2,

(3.9)

ˆ
D(h, u1, u2)

−j dh ≲ V (u1, u2)
−j ,
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provided d− 2 > 2. This proves the Lemma. □

Remark. Here ∇pW denotes the classical gradient on the open set V (u1, u2) > 0. We note that this
classical gradient represents the distributional gradient of W.

Indeed, let
E = span{u1, u2}, ρ(h) = dist(h,E).

Let χδ = χ(ρ/δ), where χ vanishes on [0, 1] and equals one on [2,∞). For a smooth vector field
compactly supported in the region V > 0, integration by parts applied to χδW produces the possible
boundary term ˆ

W∇pχδ · Φ.

Since |W| ≲ ρ−1 on the support of Φ and the normal space to E = {D(p) = 0} has dimension d− 2,
this term is OΦ(δ

d−4), and therefore tends to zero when d ≥ 5. Therefore,

−
ˆ

W divpΦ =

ˆ
∇pW · Φ.

Thus no additional singular part supported on h ∈ E occurs in the distributional gradient DW [?]

This point of view of using distributional gradients is helpful as the classical gradients of the kernels
we deal with may not be defined on certain singular subvarieties originating from the Leray measure.

Let
Φ(u, v) = u1 · v2 + u2 · v1, S = {(u, v) ∈ R4d : Φ(u, v) = 0},

and write dωS for its Leray measure.

Lemma 3.2. Let all four vector variables be restricted to a fixed compact set. If d ≥ 5, then

(3.10)

ˆ
S

dωS(u, v)

V (u1, u2)
+

ˆ
S

1 + |v1|−1

V (u1, u2)2
dωS(u, v) ≲ 1.

Proof. The integrand is defined only when V = V (u1, u2) > 0. For fixed u = (u1, u2), the v-fiber

Mu = {v : u1 · v2 + u2 · v1 = 0}
is a hyperplane with normal (u2, u1). Hence

(3.11) dωS(u, v) =
du

(|u1|2 + |u2|2)1/2
dσMu(v).

Uniformly in u ̸= 0, the compact hyperplane section has bounded mass, andˆ
Mu

(1 + |v1|−1) dσMu(v) ≲ 1.

To see this, normalize |u| = 1 and split according as |u1| ≥ |u2| or |u2| > |u1|; solve the hyperplane
equation in one component of v2 or v1, respectively. The singular set v1 = 0 has co-dimension at
least d− 1 inside Mu, so |v1|−1 is locally integrable for d ≥ 3.

It remains to estimate integral in u. Write

u2 = tθ, u1 = aθ + y, y ∈ θ⊥.

Then V (u1, u2) = t|y| and
du1 du2 = td−1 dt dθ da dy.

Consequently, the more singular integral in (3.10) is bounded byˆ
td−3|y|−2

(t2 + a2 + |y|2)1/2
dt da dy dθ,

which is locally finite for d ≥ 5. The term with V −1 is similar and easier. □
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We can now identify the weighted U3-form produced by the Cauchy–Schwarz inequality.

Proposition 3.1 (The weighted cube kernel). Let d ≥ 5. There is a nonnegative compactly
supported kernel K ∈ BV (R3d), depending only on d and on the fixed cutoff ρ in (2.23), such that

(3.12) |Λ⊥,λ(f)|8 ≲ QK,λ(f),

where

(3.13) QK,λ(f) := λ−3d

ˆ
K(r/λ, s/λ,w/λ)∆w∆r∆sf(x) dx dw dr ds.

Moreover,

(3.14) ∥K∥L1(R3d) + |DK|(R3d) ≲ 1,

where DK denotes the distributional gradient of the kernel K and |DK|(R3d) its total variation.

Moreover, for each fixed (r, s), the function w 7→ K(r, s, w) is positive definite; in particular,
QK,λ(f) ≥ 0.

Proof. We first assume λ = 1. Apply Cauchy–Schwarz twice to (3.3). U shifts (u1, v1) and (u2, v2)
and, for ϵ = (ϵ1, ϵ2) ∈ {0, 1}2, put

qϵ = (h+ ϵ1u1 + ϵ2u2) · (k + ϵ1v1 + ϵ2v2).

The four cutoff factors produced by the two squares are absorbed into a single nonnegative smooth
compactly supported amplitude. The equations qϵ = 0 are equivalent, by determinant-one row
operations, to the three equations in (3.4) together with

u1 · v2 + u2 · v1 = 0.

Make the triangular change

r = u1 + v1, s = v2, v1 = r − u1.

Expanding the two Cauchy–Schwarz inequalities and then shifting the base variable gives

|Λ⊥,1(f)|4 ≲
ˆ

W(h, u1, u2; r, s)∆s−u2∆r−u1f(x− h)∆s∆rf(x)

× dh dx dωr,s(u1, u2) dr ds,(3.15)

where dωr,s is the Leray measure on Fr,s(u1, u2) = 0.

Let

A(h, u1, u2; r, s) = V (u1, u2)W(h, u1, u2; r, s), dµr,s = V (u1, u2)
−1dωr,s,

and set Gr,s = ∆r∆sf . By Lemma 3.2, the total mass of dµr,s dr ds on the relevant compact set is
bounded. After putting y = x− h, Cauchy–Schwarz in (y, u1, u2, r, s) yields

|Λ⊥,1(f)|8 ≲
ˆ ∣∣∣∣ˆ A(h, u1, u2; r, s)Gr,s(y + h) dh

∣∣∣∣2 dy dµr,s dr ds.(3.16)

Expanding the square, setting w = h′ − h and then x = y + h, gives (3.12), with

(3.17) K(r, s, w) =

ˆ
Fr,s=0

1

V (u1, u2)

ˆ
A(h, u1, u2; r, s)A(h+ w, u1, u2; r, s) dh dωr,s(u1, u2).

Thus K(r, s, ·) is an auto-correlation in the h-variable. Its Fourier transform in w is nonnegative,
proving the final assertion of the proposition.

It remains to prove (3.14). Lemma 3.1 gives

(3.18) ∥A∥L1
h
≲ 1, ∥∇h,u1,u2,r,sA∥L1

h
≲ V −1.
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For fixed (u1, u2, r, s) put

B(u1, u2, r, s, w) =

ˆ
A(h)A(h+ w) dh.

Young’s inequality and (3.18) imply

∥B∥L1
w
≲ 1,

∥∇wB∥L1
w
+ ∥∇u1,u2,r,sB∥L1

w
≲ V −1.(3.19)

Consequently the density C = V −1B satisfies

(3.20) ∥C∥L1
w
≲ V −1, ∥∇w,u1,u2,r,sC∥L1

w
≲ V −2.

The L1 bound for K and its variation in w now follow directly from Lemma 3.2.

To estimate the variation in r, s, return to the original compatibility variables v1 = r − u1 and
v2 = s. Away from v1 = 0, the co-area formula for

(r − v1) · s+ u2 · v1 = 0

gives

K(r, s, w) =

ˆ
dv1
|v1|

ˆ
v⊥1

C

(
r − v1, z −

(r − v1) · s
|v1|2

v1, r, s, w

)
dσv⊥1

(z).(3.21)

Here the suppressed arguments of C include v1 and v2 = s. The point of (3.21) is that the integration
domain in (v1, z) is independent of r and s.

To make the limiting argument explicit, choose κ ∈ C∞([0,∞)) with 0 ≤ κ ≤ 1, κ(t) = 0 for t ≤ 1,
and κ(t) = 1 for t ≥ 2, and let Kδ be the right side of (3.21) with the additional factor κ(|v1|/δ).
For fixed δ > 0 differentiation under the integral is legitimate. If

u1 = r − v1, u2 = z − (r − v1) · s
|v1|2

v1,

then

|∇ru1|+ |∇sv2| ≲ 1, |∇r,su2| ≲ |v1|−1

on the fixed compact support. The chain rule and the co-area change back to (u, v) ∈ S therefore
give

∥∇r,sKδ∥L1
r,s,w

≲
ˆ
S

(
1 + |v1|−1

)
∥∇u1,u2,r,sC(u, v, ·)∥L1

w
dωS(u, v)

≲
ˆ
S

1 + |v1|−1

V (u1, u2)2
dωS(u, v) ≲ 1.(3.22)

The same argument, using (3.20), gives uniformly in δ

(3.23) ∥Kδ∥1 + ∥∇wKδ∥1 ≲ 1.

Thus Kδ ∈W 1,1(R3d) and

sup
δ>0

(
∥Kδ∥1 + |DKδ|(R3d)

)
≲ 1.

Moreover, by (3.20),

∥K −Kδ∥1 ≲
ˆ
S∩{|v1|≤2δ}

∥C(u, v, ·)∥L1
w
dωS(u, v)

≲
ˆ
S∩{|v1|≤2δ}

dωS(u, v)

V (u1, u2)
−→ 0(3.24)
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by dominated convergence and Lemma 3.2. Lower semicontinuity of total variation under L1

convergence cite/ implies

|DK|(R3d) ≤ lim inf
δ→0

|DKδ|(R3d) ≲ 1.

This proves K ∈ BV and (3.14).

Finally, rescaling all increment variables by λ gives (3.13). The scaled kernel is

Kλ(r, s, w) = λ−3dK(r/λ, s/λ,w/λ).

□

The last step is a general localization statement for an L1 cube kernel. We include the quantitative
version needed here.

Lemma 3.3 (Localization of a weighted cube form). Let K ∈ BV (R3d) be compactly supported,
let 0 < L ≤ λ ≤ 1, and let Kλ(r, s, w) = λ−3dK(r/λ, s/λ,w/λ). If |f | ≤ 1 and f is supported in a
fixed bounded set, then

(3.25)

∣∣∣∣ˆ Kλ(r, s, w)∆w∆r∆sf(x) dx dw dr ds

∣∣∣∣ ≲ ∥K∥1∥f∥U3(CL) +
L

λ
|DK|(R3d).

Proof. Let PLKλ be the conditional expectation of Kλ on the product grid of cubes of side length
L in the variables (r, s, w). Using L1 Poincare inequality, or arguing directly, and scaling implies

(3.26) ∥Kλ − PLKλ∥1 ≲ L|DKλ|(R3d) =
L

λ
|DK|(R3d).

Thus (3.26) bounds the error in (3.25)made by replacing Kλ by PLKλ.

It remains to handle one product fixed cube, Qr×Qs×Qw. Write r = r0+a, s = s0+ b, w = w0+ c,
where a, b, c range over cubes of side L. Expanding the three differences turns the corresponding
integral into the local cube form of the eight functions

fω = Tω1r0+ω2s0+ω3w0f, ω ∈ {0, 1}3.
After translating the three cubes to the origin, their normalized indicator functions are dominated,
choosing the fixed constant C sufficiently large, by the kernels used in (3.1). Three applications of
Cauchy–Schwarz therefore give the local Gowers inequality

(3.27)

∣∣∣∣ˆ
Qr×Qs×Qw

ˆ
∆w∆r∆sf(x) dx dw dr ds

∣∣∣∣ ≲ L3d
∏

ω∈{0,1}3
∥fω∥1/8U3(CL)

.

The norm in (3.1) is translation invariant, so the product on the right of (3.27) equals ∥f∥U3(CL).
Multiplying by the constant value of PLKλ on each cell and summing gives

|QPLKλ
(f)| ≲ ∥PLKλ∥1∥f∥U3(CL) ≲ ∥K∥1∥f∥U3(CL).

Together with (3.26), this proves the lemma. □

Combining Proposition 3.1 and Lemma 3.3 yields the majorization of the local U ⊥2-norm via the
local U3-norm.

Theorem 3.1 (Geometric local U2
⊥ versus local U3). Let d ≥ 5, 0 < λ ≤ 1, 0 < ε ≤ 1, and put

L = ελ. If f : Qd → [−1, 1], then

(3.28) ∥f∥32U⊥(λ) ≲ ∥f∥U3(CL) + ε.

Equivalently,

(3.29) Λ⊥,λ(f) ≲ ∥f∥1/8
U3(Cελ)

+O(ε1/8).

The constants depend only on d and on the fixed cutoff functions.
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Proof. Apply (3.12), followed by (3.25), with L = ελ, and use (3.14). Since Λ⊥,λ(f) = ∥f∥4
U⊥(λ)

,

this gives (3.28); taking eighth roots gives (3.29). □

Combined with Theorem 2.1 this proves our main result Theorem 1.1.

Proof of Theorem 1.1. Use (2.32) with ϑ = 1 and L1 ≍ ε4λ. This gives

|Nλ| ≲ ε−1min
i

∥gi∥U⊥(CΓ0
L1) +O(ε).

Apply Theorem 3.1 to the geometric norm at scale CΓ0L1, with its small parameter chosen comparable
to ε64. The resulting additive term is O(ε2) before the factor ε−1, and the final U3 scale is a constant
multiple of ε68λ. This implies

|Nλ(g0, g1, g2, g3)| ≤ Cε−1 min
0≤i≤3

∥gi∥1/32U3(cε68λ)
+ Cε,

Writing ε := cε68 Theorem 1.1 follows. □

4. Appendix: Measures on real algebraic sets.

We introduce a natural family of measures defined on real algebraic sets and discuss their their
properties and representations that will be used throughout the paper.

4.1. Basic definitions and properties. Let F = {f1, . . . , fn} be a family of polynomials fi :
Rd → R. We will describe certain measures supported on the algebraic set

(4.1) SF := {x ∈ Rd : f1(x) = . . . = fn(x) = 0}.

A point x ∈ SF is called non-singular if the gradient vectors ∇f1(x), . . . ,∇fn(x) are linearly
independent, and let S0

F denote the set of non-singular points. It is easy to see, that if S0
F ̸= ∅ then

it is a relative open, dense subset of the corresponding component of SF . Moreover it is an d− n-
dimensional sub-manifold of Rd. If x ∈ S0

F then there exists a set of coordinates, J = {j1, . . . , jn},
with 1 ≤ j1 < . . . < jn ≤ d, such that

(4.2) jF ,J(x) := det

(
∂fi
∂xj

(x)

)
1≤i≤n,j∈J

̸= 0.

Accordingly, we will call a set of coordinates J admissible, if (4.2) holds for at least one point
x ∈ S0

F , and will denote by SF ,J the set of such points. It is clear that SF ,J is a relative open and
dense subset of SF and is a also d− n-dimensional sub-manifold, moreover

S0
F =

⋃
J admissible

SF ,J .

We define a measure, near a point x0 ∈ SF ,J as follows. For simplicity of notation assume that
J = {1, . . . , n} and let Φ(x) := (f1, . . . , fn, xn+1, . . . , xd). Then Φ : U → V is a diffeomorphism
on some open set x0 ∈ U ⊆ Rd to its image V = Φ(U), moreover SF = Φ−1(V ∩ Rd−n). Indeed,
x ∈ SF ∩ U if and only if Φ(x) = (0, . . . , 0, xn+1, . . . , xd) ∈ V . Let I = {n + 1, . . . , d} and write
xI := (xn+1, . . . , xd). Let Ψ(xI) = Φ−1(0, xI) and in local coordinates xI define the measure ωF via

(4.3)

ˆ
g dωF :=

ˆ
g(Ψ(xI)) |Jac−1

Φ (Ψ(xI))| dxI ,

for a continuous function g supported on U . Note that JacΦ(x) = jF ,J(x), i.e. the Jacobian of
the mapping Φ at x ∈ U is equal to the expression given in (4.2), and that the measure dωF is
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supported on SF . Define the local coordinates yj = fj(x) for 1 ≤ j ≤ n and yj = xj for n < j ≤ d.
Then

dy1 ∧ . . . ∧ dyd = df1 ∧ . . . ∧ dfn ∧ dxn+1 ∧ . . . ∧ dxd = JacΦ(x) dx1 ∧ . . . ∧ dxd,
thus

dx1 ∧ . . . ∧ dxd = JacΦ(x)
−1df1 ∧ . . . ∧ dfn ∧ dxn+1 ∧ . . . ∧ dxd = df1 ∧ . . . ∧ dfn ∧ dωF .

This shows that the measure dωF (given as a differential d− n-form on SF ∩ U) is independent of
the choice of local coordinates xI . Then ωF is defined on S0

F and moreover the set S0
F\SF ,J is of

measure zero with respect to ωF , as it is a proper analytic subset on Rd−n in any other admissible
local coordinates.

A more geometric description of the measure dωF can be given as follows. Let x0 ∈ S∗
F , and choose

an orthonormal basis e1, . . . , ed of Rd such that span{e1, . . . , en} = span{∇f1(x0), . . . ,∇fn(x0)} and
Tx0SF = span{en+1, . . . , ed}. This possible as ∇fi(x0) is orthogonal to the tangent space of SF at x0.
Let x1, . . . , xd be the system of coordinates associated to the basis. Then the tangent of the mapping
Φ(x) at x0 is a block diagonal matrix and its Jacobian JacΦ(x0) is the determinant of the n× n
matrix whose rows are the gradient vectors ∇fi(x0). This further equals to the volume of the paral-
lelepiped spanned by these vectors. Thus the density of dωF at x0 is vol(∇f1(x0), . . . ,∇fi(x0))−1

with respect to the surface area measure, which is equal to dxn+1 . . . dxd at x0 in this coordinate
system. This shows in particular that the measure dωF is invariant under rotations and translations.

Let x = (y, z) be a partition of coordinates in Rd, with y = xJ . For given z, write fi,z(y) := fi(y, z)
and Fz := {f1,z, . . . , fn,z}. Assume there is an admissible coordinate set J1 ⊆ J , then locally, near
a point x0 ∈ SF ,J1 we have

(4.4) jF ,J1(y, z) = det

(
∂fi
∂xj

(y, z)

)
1≤i≤n,j∈J1

= det

(
∂fi,z
∂xj

(y)

)
1≤i≤n,j∈J1

= jFz ,J1(y) ̸= 0.

In the corresponding local coordinates (y1, z), with y1 = xJ\J1 , on SF ,J1 , we have

(4.5) dωF (y1, z) = |j−1
F ,J1

(y1, z)| dy1 dz = |j−1
Fz ,J1

(y1)| dy1 dz = dωFz(y1) dz.

We say that a partition of the coordinates x = (y, z) with y = xJ is admissible, if there exists an
admissible set of coordinates J1 ⊆ J . In this case we have an analogue of Fubini’s theorem for the
measure ωF , namely, for a continuous function g ∈ C(Rd),

(4.6)

ˆ
g(x) dωF (x) =

ˆ ˆ
g(y, z) dωFz(y) dz.

For a given set of coordinates xJ let ∇xJf(x) := (∂xjf(x))j∈J . Then a partition of the coordinates
x = (y, z) with y = xJ is admissible, if and only if the gradient vectors ∇xJf1(x), . . . ,∇xJfn(x),
are linearly independent at at least one point x ∈ SF . Indeed in this case one may choose a set of
coordinates J1 ⊆ J for which jF ,J1(x) ̸= 0.

Note that a partition x = (y, z) cannot be admissible if some of the functions fi depend only on the
z-variables, as then ∂fi/∂xj = 0 for all j ∈ J . In this case we have the following variant of (4.6).
Suppose the functions fi, depend only on z = xI , i.e fi(y, z) = fi(z) for 1 ≤ i ≤ m (after possibly
re-indexing the functions fi). At any point x = (y, z) ∈ S0

F the gradients ∇zf1(x), . . . ,∇zfm(x)
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must be linearly independent, thus m ≤ |I|. In this case, we say that the partition x = (y, z) is
admissible if there exists an admissible set of coordinates J so that |J ∩ I| = m. Write J1 := J ∩ I
and J2 := J\I, F1 := {f1, . . . , fm} and F2 := {fm+1, . . . , fn}. For this it is enough to know that
the gradients ∇yfm+1(x), . . . ,∇yfn(x) are also linearly independent as then one find an admissible
set of coordinates J = J1 ∪ J2 with J2 ∩ I = ∅ and |J2| = n−m. It follows that

jF ,J(y, z) = jF1,J1(z) jF2,J2(y, z),

moreover jF2,J2(y, z) = jF2,z ,J2(y) as it only involves partial derivatives with respect to the y-variables.
Thus we have

(4.7)

ˆ
g(x) dωF (x) =

ˆ ˆ
g(y, z) dωF2,z(y) dωF1(z).

We will use (4.7) together with the Cauchy-Schwarz inequality to estimate certain multilinear
expressions, similarly as done in the discrete case [5]. Suppose g(y, z) = g1(z)g2(y) with |gi| ≤ 1
and is compactly supported, then one has

(4.8)

∣∣∣∣ˆ ˆ g1(z)g2(y) dωF2,z(y) dωF1(z)

∣∣∣∣2 ≲ ˆ ˆ ˆ g2(y)g2(y
′) dωF2,z(y) dωF2,z(y

′) dωF1(z).

The above integral on the right side may be written as

(4.9) I =

ˆ
g2(y)g2(y

′) dωF2(y, y′, z),

where F2(y, y′, z) = {F1(z),F2(y, z)),F2(y
′, z)}, as the partition y = (y, y′), z = z is admissible

for the system F2. By a change of variables y′ = y + h and introducing the notations ∆hg (y) :=
g(y)g(y + h) and ∂hF2(y, z) := F2(y + h, z)−F2(y, z), we have

(4.10) I =

ˆ
∆hg (y) dωF2(y, h, z),

where F2(y, h, z) = {F1(z),F2(y, z), ∂hF2(y, z)}.

Here we used fact that if a system of polynomials F ′ = {g1, . . . , gn} is obtained from the system
F = {f1, . . . , fn} by a simple linear transformation, i.e. if gi =

∑n
j=1 aijfj where A = {aij} is

a non-singular matrix, then clearly SF ′ = SF and dg1 ∧ . . . ∧ dgn = det(A) df1 ∧ . . . ∧ dfn, thus
dωF ′ = |det(A)|−1dωF .

4.2. Linear and quadratic maps. We’ll be mostly dealing with systems F where the polynomials
fi are either linear or quadratic. It is not strictly necessary to include linear forms but will make
some our calculations more transparent. Consider the subspace SF ⊆ Rkd where F represents the
linear map

f(x1, . . . , xk) = a1x1 + . . .+ ak−1xk−1 − xk

with xi = (xij)j=1,...,d ∈ Rd and ai ∈ R for i = 1, . . . , k. In other words F = {l1, . . . , ld} with

lj(x1, . . . , xd) =
∑k−1

i=1 aixij − xkj . In this case J = {k1, . . . , kd} is an admissible system of
coordinates and clearly jF ,J(x) ≡ 1, thus we have

(4.11)

ˆ
g(x1, . . . , xk) dωF =

ˆ
g(x1, . . . , xk−1, a1x1 + . . .+ ak−1xk−1) dx1 . . . dxk−1.

More generally, consider the system F = {f, f1, . . . , fn} with f = (l1, . . . , ld) being the linear

map given above. Let x′ = (x1, . . . , xk−1) ∈ R(k−1)d, L(x′) := a1x1 + . . . + ak−1xk−1 and define
f ′i(x

′) := fi(x
′, L(x′)), for i = 1, . . . , n. Writing F ′ = {f ′1, . . . , f ′n}, we have that x′ ∈ SF ′ if and only

if x = (x′, L(x′)) ∈ SF . Moreover if J ′ is an admissible set of coordinates for F ′ then it is easy to
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see that J := J ′ ∪ {k1, . . . , kd} is an admissible set of coordinates for F , and jF ,J(x) = jF ′,J ′(x′)
when x = (x′, L(x′)). Thus, we have
(4.12)ˆ

g(x1, . . . , xk) dωF (x1, . . . , xk) =

ˆ
g(x1, . . . , xk−1, a1x1 + . . .+ ak−1xk−1) dωF ′(x1, . . . , xk−1).

We will also often deal with algebraic sets given as the intersection of spheres. Let x1, . . . , xn ∈ Rd,
r1, . . . , rn > 0 and F = {f1, . . . , fn} where fi(x) = |x− xi|2 − r2i for i = 1, . . . , n. Then SF is the
intersection of spheres centered at the points xi of radius ri. If the points x1, . . . , xn are in general
position (i.e they span an n− 1-dimensional affine subspace), then a point x ∈ SF is non-singular
if x /∈ span{x1, . . . , xn}, i.e if x cannot be written as an affine combination of x1, . . . , xn. Indeed,
since ∇fi(x) = 2(x− xi) we have that

n∑
i=1

ai∇fi(x) = 0 ⇐⇒
n∑

i=1

ai x =

n∑
i=1

aixi,

which implies
∑n

i=1 ai = 0 and
∑n

i=1 aixi = 0. By replacing the equations |x− xi|2 = r2i with
|x− x1|2 − |x− xi|2 = r21 − r2i , which is of the form x · (x1 − xi) = ci, for i = 2, . . . , n, it follows that
SF is the intersection of sphere with an n− 1-codimensional affine subspace, perpendicular to the
affine subspace spanned by the points xi. Thus SF = ∅, SF = {p}, or SF is an n-codimensional
smooth submanifold of Rd. Thus if SF has one point x /∈ span{x1, . . . , xn} then all of its points are
non-singular, i.e. SF = S0

F .

4.3. Oscillatory integral representations. Formally one may write

(4.13) dωF = δ{f1=...=fn=0} =

ˆ
Rn

e2πi(α1f1+...+αnfn) dα1 . . . dαn.

To make sense of the above, let 0 ≤ ψ(α) ≤ 1 be a smooth cut-off which is identically 1 near the
origin, and let ψε(α) = ψ(εα) with α = (α1, . . . , αn). Define

(4.14) IF ,ε(x) :=

ˆ
Rn

e2πi(α1f1+...+αnfn)(x)ψ(εα) dα1 . . . dαn.

We will show that for any test function g ∈ C0(Rd),

(4.15)

ˆ
g(x) IF ,ε(x) dx →

ˆ
g(x) dωF (x), as ε→ 0,

and interpret the right side of (4.13) as the limit of the integrals IF ,ε(x) as ε → 0. To show the
validity of formula (4.14) we use local coordinates on S0

F . By a partition of unity assume that
supp g ⊆ U , where U is a local coordinate chart, so that there exists a diffeomorphism Φ : U → V
of the form Φ(x) = y with yi = fi(x) for 1 ≤ i ≤ n and yi = xi for n < i ≤ d. Let Ψ = Φ−1. Then
dy = jF ,J(x)dx, with J = {1, . . . , n}, thusˆ

Rd

e2πi(α1f1+...+αnfn)(x)g(x) dx =

ˆ
Rd

e2πi(α1y1+...+αnyn)g(Ψ(y)) j−1
F ,J(Ψ(y)) dy,

hence ˆ
Rd

g(x) IF ,ε(x) dx =

ˆ
Rd

g(Ψ(y)) j−1
F ,J(Ψ(y)) ψ̂ε(y1, . . . , yn) dy.

Letting ε→ 0, we have thatˆ
Rd

g(x) IF ,ε(x) dx →
ˆ
Rd−n

g(Ψ(0, y′)) j−1
F ,J(Ψ(0, y′)) dy′ =

ˆ
g(x) dωF (x),
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using the notation y′ = (yn+1, . . . , yd).

4.4. Homogeneity. We say that a polynomial fi is a form of degree ki if fi(λx) = λkifi(x) and
call k = k1 + . . . + kn the total degree of a system of forms F = {f1, . . . , fn}. Note that for any
admissible coordinate set J , we have that jF ,J(λy) = λk−n jF ,J(y) ̸= 0, thus by (4.3)

(4.16) dωF (λy) = λn−kλd−n dωF (y) = λd−k dωF (y).

Often we’ll be dealing with bounded sets SF ,t = {x ∈ Rd : F(x) = t} for some t = (t1, . . . , tn) ∈ Rn

and F being a system of forms as above. Then λSF ,t = SF ,λ◦t , where λSF ,t denotes the dilate of

the set SF ,t by a factor of λ > 0 and λ ◦ t = (λk1t1, . . . , λ
kntn). Then by (4.16)

(4.17)

ˆ
λSF,t

ϕ(x) dωF (x) =

ˆ
SF,t

ϕ(λy) dωF (λy) = λd−k

ˆ
SF,t

ϕ(λy) dωF (y).

In particular choosing ϕ ≡ 1 on SF ,t we have that

(4.18) ωF (λSF ,t) = λd−k ωF (SF ,t).

We’ll normalize the integrals on the left side of (4.17) to ensure that they are bounded independent
of λ.
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