CYCLIC-QUADRILATERALS AND GOWERS’ U3-NORM

ABSTRACT. Let I'g = {vo,v1,v2,v3} C R? be a cyclic quadrilateral spanning a two-dimensional
subspace. In this note we prove a generalized von Neumann inequality which controls the normalized
multilinear count of isometric copies of Ay by a standard local Gowers U® norm at a scale e, up to
a small error. The argument provides a model for applying higher-order Fourier analysis to spherical
configuration problems in Euclidean Ramsey theory.

1. INTRODUCTION

Throughout the paper, Qg = [0,1]¢. We call a 4-point configuration T'y = {vg = 0, vy, v2,v3} C R?

a circular quadrilateral if it spans a 2-dimensional subspace and is contained in sphere. Then

v1,v9 are not collinear and v3 = ayv1 + agvs for some ag,as € R. Write t; = |v1|?, ta = |v2]? and

tis = vy —vaf%. Let I' = {x,2 + x1,2 + x9,2 + 23} C R? be a quadrilateral. We say the T is

isometric to I'g if and 23 = a1z + agxy and x = (x1,x2) € Sr, the zero set of the family of functions
F={lz1” —t1, |w2® —ta, |21 — 22* — t12}.

This implies that the I' can be obtained from I'y via a rotation and translation.

Let A C Qg be a (Borel) measurable set and let g = 14 denote its indicator function. For given
A > 0, define

Ni(4) = /Rd /S g(@)g(x + Az1)g(w + Ax2)g(w + @121 + azw2) dwr (w1, 22) dx

where dwyr is the so-called Leray measure on the on the configuration variety Sz. This is a positive
measure on the non-singular surface Sr defined in (4.3). The above expression is a normalized
count of the isometric embeddings of AI'g into the set A.

More generally given measurable functions go,...,g3 : [0,1]¢ — [~1,1] define the multilinear
expression

Nx(90, 91,92, 93) := /d / go(z)g1(z + Az1)ga(x + Ax2)g3(z + a1z + agxs)) dwr(x1, z2) d.
R Js-

We recall the local Gowers norm | f|ys(zy of a compactly supported function bounded function
FiR* >R
118, = / AuByAcf () 91 (@)dr(b)9L(c) do da dbde,
where B _
9=CxC () =C(-y),  Oily) = LM(y/L),

for some smooth bump function (. The assumption on ¥ guarantees the positivity of the above
expression and the fact that it defines a norm, see Section 3.

The main result of this note is the following.
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Theorem 1.1 (Main theorem). Let d > 14 and let Ty C R? be a fized cyclic quadrilateral spanning
a two-dimensional subspace. There are constants ¢, C > 0, depending only on d and Iy, such that
for every 0 < A <1, every 0 < e < 1, and all measurable functions g; : Qq — [—1,1], 0 < i < 3, one
has

_ 1/32
(1.1) V(90,91 92..95)] < O/ min [lgill s, + O,
for some constant C' > 0 that may depend on dimension n and the fized quadrilateral T'g.

The numerical exponents in (3) are not optimized; the important point is that the local scale and
all losses depend on the error parameter through fixed powers.

Our approach proceeds in three stages. First we majorize the multilinear expression which counts
isometric embeddings of the quadrilateral I'g in A by an expression which may be viewed as a
weighted local geometric analogue of the Gowers U2 norm. We then remove the configuration-
dependent weight by a smoothing argument at a smaller scale. The final step is to majorize the
resulting geometric UJQ_ norm by a standard local Gowers U? norm.

1.1. Counting distances. Let us we illustrate our method on the simple example of counting
distances. Let d > 4, let 0 < A < 1, and write formally
dox(y) == A5 (jyf* = ) dy

for the normalized surface area measure on the sphere of radius A. For real-valued functions
fo, f1 : R% = [~1,1], supported in a fixed bounded set, let

Mi(fo, f1) : //fo J1(z +y) dor(y) de.

Using the notation
Apf(x) = f(x)f(z +h),

an application of the Cauchy—Schwarz inequality in the x-variable gives

(1.2) Nt 0P S [ M) Wah) dnd.

where formally

(1.3) Wi(h) := A—2<d—2>/ S(ly* = Ao (ly + h[2 — A?) dy.
Rd

More precisely W)y (h) is the Leray measure of the intersection
h 2
Sxh = {yi > =X y-h= —|2|}
For 0 < |h| < 2A, this is a (d — 2)-dimensional sphere of radius r = (A\* — %)1/2
calculation of its Leray measure described in Section 4, gives

(1 _ %) (d—3)/2

, and direct

(1.4) Wi(h) = Cd)\fd +
[hl/A
In particular,
(1.5) WAl L1 ey S 1, VWAl ey S A

The right side of (1.2) is a weighted local U' quantity. We now compare it with a standard local
Ul-norm at a smaller scale. Fix a nonnegative function ¢ € C°(R?) with [ ¢ = 1, let

C(u) :=((—u),  9:=Cx( () = L™W(t/L),
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and define
(16) 190y = [, [ e @)ooy deda,
Rd JRd
This quantity is nonnegative. Indeed, if
Fye) = [ f@-wGdn, ) = L/ L),
then it is easy to see that
(1.7) 112 ) = / Fu (@) da.
Rd

Proposition 1.1 (Weighted versus standard local U!). Let 0 < L < A < 1, and let f : RY — [~1,1]
be supported in a fived bounded set. Then

L
(1) / A @)WAR) dhdz| S 1f Iy + 5
R JRE
Proof. Let
W)\,L = W)\ * 79L-
From (1.5) we have
(19) Wt =Wl < [ Ou(IWAC~8) = Wil
L
S A ATROEES
Since |f| < 1 and f has bounded support, replacing Wy by Wy 1, changes the left side of (1.2) by
O(L/\).
Let
Cy(h) := Apf(x)dz.
R4
Using 91, = (f, * Z 1, and Fubini’s theorem, we obtain
(1.10) / Cp(R)Ws,(h) dh = / Wi (H) ( / L (0)C(H + 1) dt) dH
(1.11) _ /WA(H) (/ Fy(2)Fp(z + H) da:) dH.
By Cauchy—Schwarz and (1.7),
[ PP+ 1y as] < LFIB = 171
uniformly in H. The estimate now follows from ||[W)||; < 1. O

Combining (1.2) with Proposition 1.1, and using the symmetry between the two functions, gives

) L
(1.12) INA(fo, f1)I? Sg(l)fllﬂfiﬂ%ﬂ(mJFj

Consequently,

I\ 1/2
(113) Mo £01 S i Iy + (5)
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In particular, taking L = 2\ yields
(1.14) MA(fo, fOI'S min || fillgr 2y + O(e)-

2. COUNTING ISOMETRIC COPIES OF QUADRILATERALS.

The above elementary argument already contains some of the basic ideas used for circular quadrilater-
als. Applying the Cauchy—Schwarz inequalities twice produces a geometric uniformity quantity with
a singular weight function at scale A. Averaging the weight over translations of size L < \ replaces
it by a standard local geometric U2-type uniformity norm at scale L, with an error controlled by
the variation of the weight. For quadrilaterals the increment variables h, k lie on the hypersurface
h -k =0, so the analogous smoothing step also requires control of the associated Leray density and
of the singular two-variable weight W (h, k) simultaneously.

2.1. The configuration space of A\I'y. We call a 4-point configuration I'y = {vg = 0, v1, v, v3} C
R? a circular quadrilateral if it spans a 2-dimensional subspace and is contained in sphere. This
implies that there exists nonzero real numbers ag, a1, as so that

(2.1) agvg + a1v] + asvg = vz  and ag+ay +ag = 1.
Moreover, there is a point u so that |v; — u|?> = r? for i = 0,...,3, thus
(2.2) aolvo — ul® + a1|vy — ul? + aslve — ul* = |vs — uf?,

thus it follows from (2.1)
(2.3) aolvol? + arfvr]? + azfva|? = Jus|*.

It is simple but important observation that (2.1) and (2.3) implies (2.2) for any u € RY. In particular
if (2.1) and (2.3) holds then Iy must be spherical as there is a point u for which |v; — u|? = 7? for
i=0,1,2 and hence |v3 — u|> = r? as well. Note that, since vy = 0, equations (2.1) and (2.3) take
the form

a1v1 + agve = v3  and a1]v1\2 + aglvg\Q = \03\2.
Assume d > 2 and let A > 0. A 4-point configuration I' = {xg,z¢ + 1,20 + 2,20 + x3} is
isometric to A'g, written I' ~ ADg, if |z1|? = A2|v1 |2, |z2|? = A2|v2?, |21 — 22]? = A%|v; — v9]? and
T3 = a1x] + a2x2.
Write ¢; := |v;]? for i = 1,2 and t19 := |v1 — vo|%.

Let I' = {0, 1, x2, 23}, then I' >~ AI'g if and only if z = (21,22, x3) € Sr,, the zero set of the family
of functions

(24) F;\ = {l($), Q1(m)7 QQ(‘T:)7 Q12($)}7
where [(z) = a121+asm2 — 23, q1(z) = |21 = N2 t1, q2(z) = |22 — N2 t2, qu2(2) = |21 —22|2 — N?t12.

As explained in Sec. 7.2, a point x = (x1,x2,x3) € S]:; is non-singular if and only if x = (21, z2) €
Sr, is non-singular where

(2.5) Fa={a1(2), ¢2(x), qu2()}.

Using the language of Section 7.1, we have

Lemma 2.1. The partition of coordinates z = x1, y = xo is admissible for the system Fy. Moreover
the surface Sr, is non-singular.
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Proof. If (z1,x2) € Sr, then V,,qi(x1) = 221 # 0, moreover the vectors z1 and zo are linearly
independent as the triangle {0, z1, z2} is isometric to the triangle A{0,v;,v2}. This implies that the
gradient vectors V., ¢a(z2) = 2x9 and V,, q12(x2) = 2(x2 — x1) are also linearly independent. This
shows that the partition y = x9, z = x1 is admissible, moreover that Sz has no singular points. [

Let A C [0,1]% be a (Borel) measurable set and let g = 14 denote its indicator function. Recall

where the system of forms F) is given in (2.4) and the measure dwz is defined in (4.3). By (4.15)
we have that

(2.6) Niy(A) := \~2d+6 // (x+ x1)g9(x + x2)g9(x + @121 + agxe) dwr, (z1,22) dx.

It is clear that if Ay(A) > 0 then A must contain an isometric copy of AI'g. Let Fp :=
{p1(z),p2(x), p12(x)}, with pi(x) = |z;|* and pia(z) = |1 — 22|%, = = (21,72). Then, with
notations of Section 7.4 we have that Sz, = ASr, + with ¢ = (1, 2,t12). Since the total degree of
the system Fp is 6, we have by (4.17)

(2.7) // g(x 4+ Ax1)g(z + Az2)g(z + Aa1z1 + agz2)) dwr, (z1, x2) dz.
SF/

Note that the expression in (2.7) is normalized i.e. |N)(A)| < 1. Scaling with A shows that (2.6) is
the special case of the more general expression,

(2.8) Na(gos 91, 2. 93) - / / ) g (A1) g2 (24 A2 )ga (4 Mara +ags)) dws, (1, 22) da.
S

2.2. Upper bounds. We will provide upper bounds for the expression in (2.8) from above which
are independent of the geometry of I'g. We have F; = F} U F? with F} = {p1(x1) = |21]?> — t1} and
F2 = {pa(w2) = |w2|* — ta, p12(w1, 22) = |71 — 22| — t12}. For simplicity of notation we will write
Ny := Nx(90, 91, 92, 93) and use the convention x3 := a1 + azxs.

By Lemma 2.1 one may apply (4.7) to obtain

(29) N < / / l90(2)g1 ( + Aay)| \ / 9o+ Nea)gs(x + Aes) dwr,y, (22)] dur (1) da

Since |g;| < 1 and is supported on [0, 1]%, as explained in Sec. 7.2, see (4.8)-(4.12), an application of
the Cauchy-Schwarz inequality gives
(2.10)

IM? S / / 92(x + Az2)ga(w + Ay2)gs (@ + Aw3)g3 (2 + Ays) dwre  (w2) dwpe  (y2) dwz (21) da,

with the convention x3 = aix1 + asxe, y3 = ai1xr1 + asys. The above iterated integral may be
rewritten as

(2.11) / / 02+ A22) g2 + My2)gs (@ + Aw3)ga(x + Ay) dwse (1, 2, yo) da
S o

where Sz2 C R3? is the algebraic set defined by the system

F?= {p1(z1), p2(22), P2(Y2), P12(T1, 22), P12(T1, Y2) }-
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We proceed as in Sec. 7.1, change variables ys := x93 4+ h which implies y3 := x3 + a2h, and rewrite
the system F? in the new variables (h, r1,z2). We obtain

(2.12) ‘N)\|2 5 //A)\h gg(:l? + )\ZL‘Q) AAth gg($ + )\Zbg) de2(ZE1, T2, h) dx,

where F2(z1, 22, h) = {p1(21), p2(22), p2(w2 + h), p1a(z1, 22), p12(z1, 22 + h)}.
It will be convenient to consider the equivalent system
F 1,22, h) = {p1(x1), p2(72), p12(21, T2),

ph(x, h) := pa(x2 + h) — pa(x2),

Pio(@1, h) = (pa(z2 + h) — p2(x2)) — (Pr2(21, w2 + h) — pra(@1,22)) }.
Note that

Ph(x2,h) = pa(za + h) — pa(w2) = 232 - h + |h|?

and piy(x1,h) = 21 - h. The passage from F2 to F3 consists of row operations (up to reordering
the equations) and hence preserves the associated Leray measure.

Relabeling the three nonzero vertices of I'g, together with the corresponding functions, parameters
t;, and polynomials p;, p;;, if necessary, we may assume that as # 1. Indeed, if ax = 1 but a1 # 1,
interchange v1 and wo; if a; = a2 = 1, use the ordering v1 = v3, U2 = vq, V3 = vy, for which
U3 = U1 — Ua.

Also, this can be done while placing any prescribed function g; in the go-slot. Let cg, ..., c3 be the
nonzero coeflicients of the affine dependence
3 3
Zcivi:& ZClZO
i=0 i=0

Given a prescribed index j, choose ¢ # j so that ¢; 4+ ¢, # 0; such an / exists, since otherwise the
preceding two identities would force ¢; = 0. Using one of the two remaining vertices as the new
base point and translating it to the origin, using the other as the new w1, placing the prescribed

vertex in the new wvp-slot, and using vy as the dependent vertex vs. Then ap = —c;/c¢, and hence
cy+¢;
b=1—ay=—"" £0.
co

To eliminate the factor Ax,,n g3(x + Az3) we observe that = 4+ Axsz = z + Aa1z1 + Aagzs and make
a change of variables x := = + Aagx2, which does not affect the integral in (2.12). The gs-factor is
then independent of z9 and may be discarded using |g3| < 1. This gives, with b =1 — agy # 0,

(2.13) VA2 5/ ‘/A)\h 92 (:U+/\bx2)dwfgl (22)| dwrs (g, p) da,

where F3(x1,h) = {p1(z1),p}5(z1,h)}, and fghh = {p2(x2), ph(z2, h), p12(x1, 22)} for given z1,h.
To justify (2.13) one needs to verify the following.

Lemma 2.2. Let d > 4. Then the partition of coordinates y = x2, z = (x1,h) is admissible for the
system F3(h,x1,12).

Proof. Since Szs = Sr2, we have that (z1,x2,h) € Sz if and only if {0, 21,22} ~ {0,v1,v2} and
also {0, 21,22 + h} =~ {0,v1,v2}. This implies that the vectors V(,, pp1i(z1,h) = (221,0) and
V(z1,m)P12(21, h) = (2h, 221) are linearly independent at any point (21, 22,h) € Sgs.

We show that there is a point (21, 22, h) € Szs such that the vectors V, pa(z2) = 222, Vi, p12(z1,22) =
2(zg — x1) and Vg,ph(z2, h) = 2h, or equivalently the vectors z1, x2, y2 = x2 + h, are linearly
independent. Let x; = v; and w3 = ve. Then (z1,22,h) € Sgs if and only if |y2|? = t2 and
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lya — 1)1|2 = t19, i.e. if yo is contained in the intersection of two spheres. Clearly the intersection
is non-empty as it contains vs; moreover, vs is a non-singular point as vy is not in the span of
the centers 0 and vq, see Sec. 7.2. This further implies that the intersection is a 2-codimensional
sphere which cannot be contained in the 2-dimensional subspace spanned by the vectors v; and v
in dimensions d > 4. Thus there exists a point (x1,x2,h) € Szs consisting of linearly independent
vectors. ]

Then one can apply the Cauchy-Schwarz inequality again to obtain

(2.14) |My* < / //AM g2 (x + Abx2) Axp g2 (z + Abys) dwle h(wg) dwfgl h(yg) dwrs (g, ) do.

Let y9 := x5 + k and rewriting the system in the variables h, k, 1, x5 we obtain

(2.15) Ny < / /A)\bk,Ah 92 (T + Abx2) dwra(y, wy nk) AT,
where Ay ng := ApApg, and, before row reduction, the system consists of the eight equations
{p1(21), p1a(x1, h), p2(w2), Po(w2, h), pra(x1, x2),
pa(z2 + k), ph(z2 + k, h), pra(z1, z2 + k) }.
Define
q(h, k) := phy(xe + k,h) — ph(z2,h) = 2h - k
and
Pio(z1, k) == (p2(22 + k) — pa(z2))
— (p12(z1, 22 + k) — pra(zr, 22)) = 221 - k.
After some row operations of the Jacobian of the system we may use the equivalent system
F* = {p1(x1), plo(@1, h), Phal1, k), q(h, ),
pa(w2), pa(x2 + k), p1a(21, x2), py(22, h) }.

By a shift x := x + Abxa, which is allowed as the measure wzs is independent of x, we have that

(2.16) M S / /A/\bk,)\h 92 (%) dwra(z, 2o hk) AT,

Lemma 2.3. Let d > 6. Then the partition of coordinates z = (h, k), y = (x1,x2) and z = (x1, h, k),
y = x5 are both admissible for the system F2.

Proof. Consider a point (h, k, z1,x2) € Sza at which the vectors h, k, z1, x2 are linearly independent.
For the partition z = (h, k), y = (x1, z2), the base equation is g(h, k) = 2h - k, and
Vna(h, k) = (2k,2h) # 0.
The gradients of the remaining seven equations with respect to (z1,z2) are
(221,0), (2h,0), (2k,0),
(2(z1 — 32), 2(w2 — 71)),
(0,2x2), (0,2(z2+k)), (0,2h).

The x1-components of the first four vectors are linearly independent; after their coefficients vanish,
the last three vectors are linearly independent because 9, k, h are linearly independent. This proves
admissibility of the first partition.

For the partition z = (x1, h, k), y = x2, the base equations are
pl(l‘l)? p/12(x17h)7 p/12($1ak:)a Q(h‘> k)
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Their gradients with respect to (z1, h, k) are
(221,0,0), (2h,221,0), (2k,0,221), (0,2k,2h),
and are linearly independent. The four gradients with respect to zo are
2xe, 2(z2+k), 2(xg—x1), 2h.

Their span is the same as the span of x1, zs, h, k, so they are also linearly independent.

It remains to construct such a point. Set z1 = v1, x9 = v, and let
Sy :={ueR: po(u) =0, pra(x1,u) = 0}.
As above, S; is a non-degenerate (d — 2)-dimensional sphere. Choose 2o + h € S so that h ¢
Span{z1,z2}. Then x1,x9, h are linearly independent. Consider
Sy:=8 N(xa+ht)={uecS : (u—xz)-h=0}

The hyperplane is not tangent to S; at x2, since otherwise A would belong to Span{zi,z2}. Hence
S is a non-degenerate sphere of dimension d — 3, whose affine span has dimension d — 2. For
d > 6, this affine span cannot be contained in the three-dimensional space Span{xi,z2,h}. We may
therefore choose

xo + k € So \ Span{z,x2, h}.

Then h - k = 0, the vectors h, k, x1, x2 are linearly independent, and o, x2 + h, x5 + k all belong to
S1. Thus all eight equations in F 4 hold. O

Let S := {(h,k) € R?: h-k =0} and let w, be the associated measure on it, defined in (4.3).
For given h, k define the function

(2.17) W (h, k) ::/ldw]_—}%k(xl,xg),

for dw, -almost every (h, k). The equations force |z1], |z2|,|z2 + hl, |x2 + k| < 1, and hence also
||, |k| < 1. Thus, if desired, the constant function 1 in (2.17) may be replaced by a fixed smooth
compactly supported cut-off in (x1,x2, h, k) which equals one on this set.

Then, by Lemma 2.3, one may write inequality (2.16) in the form
(2.18) RS / /Axbmh 92 () W(h, k) dw, (h, k) dz.

This is already a weighted localized geometric uniformity norm, however the weight function still
depends on the configuration I'g. To remove this dependence we need some estimates on the weight
function W (h, k), summarized in the following.

Lemma 2.4. Let d > 6. For dw, -almost every (h, k), we have

r—|h? — |k2)E
W(h,k) = Crya Gl V|L|2k’|2’ ) :
Moreover,
(219) [ m)dornm S 1.
and
(2.20) /\VW(h,k)| dw, (h, k) < 1.

Also, let 0 < L <1 and let
Qp:={(hk): |h <1, |k <1, |-k < LY CRYM
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Then
(2.21) / W (h, k)| dh dis < L.
Qr
Proof. Let
1 +12 —ti2
512 ‘= -5 =1 - V3.
Fix nonzero h, k with h -k = 0. In the first stage of the disintegration, z; satisfies
|.’E1|2:t1, .’L‘l'h:O’ CClk:O

In other words, the base x;-system is
Bh7k(l'1) == {|{L‘1|2 — tl, X - h, xIq k}
The gradients 2x1, h, k are linearly independent on its zero set, so this integration is admissible.

1/2

Its zero set is a sphere of dimension d — 3 and radius t;
co-volume of the two linear constraints, and hence

Cd,
2t = i

For fixed h, k, x1, denote the zo-fiber system by Gy, 1. »,. Its equations are
|2 |2
— ck=——.
9 7 2
Since z1, h, k are pairwise orthogonal, this fiber is a sphere of dimension d — 4 and radius

2 2 2\ 1/2
e I L R L
R(h,k) = (tQ » 1 1

. Its Leray density contains the inverse

|332\2:752, Tl -T2 = 812, To-h=—

1 1/2
= 5 (r = |nP = k)",
where )
1 t1

The Leray mass of this fiber is therefore
R(h, k)®=>
].dOJg . (1'2) = Cr ,d,i.
[ 2 ot Tk
This gives above the explicit formula for the weight function W (h, k).

The reduced base equation is q(h,k) = 2h - k. Thus, if dw, is associated to h - k, then the base
Leray measure arising directly from F* is 2dw 1; the constant is absorbed into the implicit constant
n (2.18). We now use the polar disintegration of the Leray measure on S, . If

h = ré, k= s, gecsit pesiinet,

F(hk)dwhk_cd// ““/ /
S, S§d-1 sdlmeL

F(r0,s¢)dog(¢) do(0) drds.

where ¢ = 1 when do and dog denote the (un-normalised) induced surface measures (and otherwise
¢q accounts for their normalisation). Write

=— T:=7—7r"—s"
o} 7 T—1"—35

then
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It follows that
/ W |dw, < rd=4sd=4T dr ds < 1,
S r,s>0
+ r24s2<r
which proves (2.19).

Away from the axes and the outer boundary, the radial extension satisfies

T T Tafl
VWIS gt gt L

r2g3 r2g2
Therefore

/ |vw’ de 5 / (’I"d_53d_4Ta + ,',,d—45d—5TO<
5 r,s>0
+ rl4s2<r

+ (r+ s)rd_4sd_4T°‘_1) drds.
The first two terms are integrable at the coordinate axes when d > 4, while the last term is integrable
at T'= 0 when a > 0. Thus (2.20) holds for d > 6. On the full-dw, -measure set where h, k # 0,
T # 0, and the radial extension is differentiable, its ambient gradient is tangent to S, , since it is of
the form (A(r, s)h, B(r, s)k) and hence is orthogonal to the normal vector (k,h).

Finally, ordinary polar coordinates in R? x R¢ and the elementary angular estimate

L L
1 d do(0) < mi 1, — )| <=
/Sd1 /Sd1 (0-6|<L/(rs)} do(9) do(0) S mln( ,TS> <

give
L
/ (W (h, k)| dhdk < / rd=354=37% min (1, > dr ds
Q; 27',530 rs
re4s T
<L rd=4sd=4T qr ds < L.
r,s>0
r24s2<r
This proves (2.21). O

2.3. Local geometric uniformity norms. The aim of this section is to show that the weighted
expression in (2.18) can be majorized via a geometric analogue of Gowers U? uniformity norm
defined in a smaller scale L = nA, which is independent of the geometry of I'g.

Fix nonnegative functions p, y € C2°(R?) such that [y =1 and p is strictly positive on a sufficiently
large neighborhood of the origin. We define,

Definition (Local geometric U? uniformity norm).

4
(2.22) 190 sy = L% [ [ TL G = 05)onls) dos(on, v v, ) o
7j=1

where dwp is associated to
yAy2—ys—ya=0,  [pl*+|yal® — |ysl* — lwal> = 0.

Let
pr(y) == L™%(y/L),  xu(y):= L "x(y/L).
For a real-valued function f supported in a fixed bounded set, define

gLf(:Ea f’ Oé) = /f(l‘ — y)pL(y)e2ﬂi(§'y+a‘y|2) dy
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The fourth-power integral below is nonnegative. Expanding the fourth power and using the oscillatory
representation of the Leray measure (see section 4.3) gives the following equivalent representation of
the local geometric uniformity norm

(223) ey =24 [ [ [ tef@.g.)it dadda.

The factor L2 is the scale-invariant normalization, since dwn(Ly) = L3 2dwn(y). Replacing p
by another fixed bump function, or L by a fixed multiple of L, changes only the implicit constants
below. We first show the following estimate for the singular weight that is needed in the smoothing
argument.

Lemma 2.5. Let d > 14. Uniformly for |a|,|c| < 1,

(2.24) / YW (h+a k + )| dwr (b k) < 1.
S1

Consequently, if |t|,|s| <n <1, then

/ W(h+ .k +s) — W(h, k)| dwy (b, k) < n.
S

Proof. Write H = h 4+ a and K = k 4 ¢. The explicit formula in the proof of Lemma 2.4, and the
fact that (d — 5)/2 > 1, give on a fixed compact set

VW (H, K)| < [H| 7K™ + [H|7?| K7 + |H| 2|2

It is therefore enough to observe that, for the pairs (p, q) above,

(2.25) sup /]H|_p]K|_q5((H —a)- (K —¢)dHdK <1,

laf,|c| <1

where all variables are restricted to a fixed bounded set. Integrating first in K, the inner integral is
over the affine hyperplane ¢ + (H — a)* and is uniformly bounded when ¢ < d — 1. The remaining
integral is bounded by

/ |H|™P|H —a|™'dH <1
|H|<1

uniformly in a, provided p + 1 < d. These conditions hold here which proves (2.24) and the last
assertion of Lemma 2.5 follows from the fundamental theorem of calculus. OJ

For 0 <n<1and H,K € R? let
(2.26) M, (H, K) = / (X ()5 ((H — £) - (K — s)) dt ds.
Thus M, (H, K) is the Leray mass of the portion of S| lying in an O(n)-neighborhood of (H, K).
Lemma 2.6. Let 0 < A <1,0<n <1, and L =nA. Define
IL,(H,K):= /g(x)g(m + A0(K — 5))g(z + NH —t))
X g(m + A(H —t) + \b(K — s))xn(t)xn(s)
x6((H —t)- (K —s))dtdsdz.
If |g| <1 and g is supported in a fized bounded set, then
(2.27) g (H, K| S min { My (HL K), 029 o) }

with a constant C' = Cr, > 0.
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Proof. The first bound is immediate from [g| < 1. For the second, average the integral defining I},
over a further variable u with weight x,(u). Set

Yo = U, y1 = u+ bs — DK,

p=u+t—H, ys=u-+t+bs— H —bK.
Then

Yot+ys—y1—y2=0
and, on the support of the delta function,
ol + lys* = [y1* — ly2l* = 260(H — 1) - (K —5) = 0.
Moreover, after the change X = = + Au, the four functions are g(X — Ay;), 0 <5 < 3. If
co =0, c1 = —bK, cog = —H, c3=—H —bK,

then |y; — ¢j| < n on the support of the three averaging functions. Choosing the bump function p
in (2.22) sufficiently large, we have

3
X (W) xn()xn(s) S pem (wj — ¢5)-
=0

The preceding linear change of variables identifies dudtdsé((H —t) - (K — s)), up to a nonzero
constant depending on b, with  representing the Leray measure. Letting z; = Ay; and using
homogeneity, we obtain

3
Ty (H, )| < nfad+? / / TTo(X = 2)por(z; — Acy) dwn(2) dX|.
j=0

For arbitrary centers aj, using the oscillatory representation of dwy and Holder’s inequality, we get

3
// HQ(X — zj)pcr(zj — aj) dwo(z) dX
=0

S (CL)i(dJrQ)HQHALUL(CL)‘

Indeed, the four factors are paired in L*(dX d¢ da); translating a cutoff from the origin to a;
amounts to the measure-preserving change (X,&, o) — (X — aj,§ + 2aa;, ). Since L = n), the
prefactor is Or,(n~2), proving (2.27). O

The next estimate is where the singular factors |H| 2| K|~2 in W are used explicitly.

Lemma 2.7. Let 0 <n <1 and 0 <9 <1. Then

(2.28) / W (H, K)M,(H,K)""?dH dK < 7°.
{M,>0}
Proof. Let R = (|H|?> + |K|*)"/2. From (2.26) and the co-area formula,
1
2.29 My(HK)< ———.

Indeed, when R < 7 this follows by scaling and the local integrability of |u|~! in RY. When R > n,
the gradient of (H —t) - (K — s) on the relevant portion of its zero set has size comparable to R,
and the surface area of that portion is O(n??~1). Also, M, (H, K) > 0 implies

(2.30) |H - K| <n(n+ R).
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Write H = rf, K = s¢ and T = 7 — 2> — s2. By the explicit formula for W and an elementary
angular estimate, the measure of the dlrectlons satisfying (2.30) is at most

Cymin (1, M) .
TS

Hence, using (2.29) and then min(1, A) < A, the left side of (2.28) is at most a constant times

. min (1 n(77+R)>
d—3 _d—3 rs
pd=34d-3p%2 dr ds

e [n(n+ R)|1=Y
9 d—4 d—4mp9s5 9 9
<n om0 TS T2 (n+R)drds <n’.

r24s2<r
This proves the lemma. ]

Let
) —//A)\bk,)\hg(x)w(ha k)dw, (h, k) dz,
so that (2.18) gives |[Ny|* < Th(go).

Proposition 2.1. Let 0 < A <1, 0 < L < ¢, A, and put n = L/X. For every 0 < 9 <1 and every
g:Qq— [—1,1], one has

(2.31) T <0 N9l ory + -

Proof. Averaging the weight in T)(g) over translations ¢, s with density x,(t)x,(s), Lemma 2.5 gives
an error O(n). After changing variable H = h +t and K = k + s, the averaged expression is

/ W (H, K)I,,,(H, K)dH dK.
By Lemma 2.6 using min(4, B) < A'~?B? we have
< =9 ( =2y 114 v
(g (HL K|S My (H K (07292 o 1)
Integrating and applying Lemma 2.7 proves (2.31). O

We can now state the main result of this section.

Theorem 2.1 (generalized von Neumann inequality). Let d > 14, 0 < A <1, and 0 < L < cp .
Letn=L/X\. If g;: Qg — [—1,1], 0 < i < 3, then for every 0 < 9 <1,

< o —U/4 s s 1/4
(2.32) INx(90,91,92,93)| S ooin, ”g’LHUL(CroL) + 0/
In particular, taking 9 = 1/4,

A\ 1/16 " I\ /4

< | = i . -
(2.33) N (905 915 92, 93) S (L> Join, ngllUl(CFOL) + <)\> .
Equivalently, for every 0 <e <1,
_ . 1/4

(234> |N)\(907glv 92793)‘ S € /4 Orélilgiﬂ ”giHU/L(CpOg‘l)\) + O(E)

Proof. The reduction leading to (2.18), followed by Proposition 2.1, gives (2.32) with g in place
of the minimum. As explained in the relabelling argument preceding (2.13), the vertices may be
relabelled so that any prescribed g; occupies this slot; the finitely many resulting constants are
absorbed into Cr,. Taking fourth roots gives (2.32). Formula (2.33) is the case ¥ = 1/4, and (2.34)
follows by taking L to be a sufficiently small fixed multiple of e*\. O
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3. FROM GEOMETRIC U? TO A LOCAL U® NORM.

We now compare the standard geometric uniformity norm from (2.23)—(2.22) with an ordinary local
U3 norm. All functions in this subsection are extended by zero outside their original support, and
the integration in the base variable x is over R

Choose an even nonnegative function ¢ € C2°(RY) which is strictly positive on a neighborhood of
the origin, let

9=CxC (W) =C(-y),  Yuly) = L(y/L),
and define

(3.1) 1oy = / AaDyAf(2) 91.(a)I1(0)01 (¢) dz da db de.

This is nonnegative. Indeed, after writing each 97 as an autocorrelation, the right side becomes the
usual six-variable box average

3 3
/HCL(pj)CL(Qj) IT Fle+D (0 —w)ps+wig) | dedpdy.

Jj=1 we{0,1}3 j=1
Thus (3.1) is a genuine local Gowers norm. Replacing ¢ by another fixed bump function, or L by a
fixed multiple of L, changes only the implicit constants below.

We first rewrite the geometric norm in “increment” coordinates. With the function p fixed in (2.23),
define

(3.2) Y(h, k) = cd/p(z)p(z + h)p(z + k)p(z + h + k) dz,

where the constant ¢; > 0 accounts for the normalization of the Leray measure. The change of
variables

Y1 =z, Yyo=z+h+k, ys=z+h, ya=z+k
in (2.22) gives

(3.3) A LA = Il gy = A~ @2 / ARARf (@) Y(h/N k) dwy (h, k) d.

Here we used
1 + 1ol® = lysl® — lyal® = 20 - &

and dw, (A, A\k) = A29=2dw, (h, k). The function v is nonnegative, smooth and compactly sup-
ported.
We next isolate the geometric estimates used in the Cauchy—-Schwarz argument. For vectors aq, ..., a;
write '

Vol(ai, . .., a;j) := det((a; - al)il:l)lﬂ.
In particular, put

V(u1,uz) := Vol(ui,ug) = |us A ugl.

Lemma 3.1. Assume d > 5. Let all parameters below be restricted by a fixred compact cut-off
function. For
Frs(ur,ug) = uy - s +ug - (1 —u)

and Fy s(ui,uz) = 0, let W(h,ui,ug;r,s) be the Leray mass in the k-variable of the three affine
equations

h-k=0,

up-k=—(h+uy)-(r—u),
(3.4) ug -k =—(h+us2) s,
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with a fixed smooth compactly supported amplitude. Then, on the region
D(p) := vol(h,uy,uz) >0 p = (h,u1,uz,r,s),

the function W is continuously differentiable and

(3.5) / W, u, g v, )| dh < V(ug, uz) Y,
]Rd

(3.6) [VoW(h, uy, ug;r, s)|dh SV (u, uz) ™2,
R

where V,)V denotes gradient whose values on the {D(p) = 0} can be defined arbitrarily. {D(p) > 0}.

Proof. Let p = (h,u1,us,r,s) and define the 3 X d matrix B(p) and the vector b(p),

ht 0
Bp)=(ui |, bp)=|—-(htw) (r—w)
ub —(h+wug) s
If a(p, k) denotes the fixed smooth cut-off function. If rank (B(p) = 3, then
(35) W) = [ alo. ) S(BGIE =) dk

Set
D = D(p) := det(B(p)B(p)")*/? = Vol(h, uy, us).
For J C{1,...,d} |J| =3, let By = Bj(p) be the corresponding 3 x 3 minor. By the Cauchy—Binet
identity,
(3.6) D(p)® = ) |det B;(p).
|J|=3
Choose a smooth homogeneous partition of unity {x J}| J|=3 subordinate to the sets
| det BJ| > CdD.
It may be chosen so that |V,xs| < D~!. Splitting (3.5) with this partition, write k = (x, z), where
z=kyeR3and z = kje € R¥3. On the support of x; the equations determine
z=w;(p,2) = By(p) ' (b(p) — Bse(p)2),

and hence

xJ(B(p))a(p, z;(p, 2), 2)
(3.1) Wi = [

The z-integration is over a fixed compact set. Since all matrix entries and parameters are bounded
on the support of the amplitude, (3.6) and the support condition for y; give

Hle” SDila ’Vpr’ 5D—17 ‘VHdetBﬂfl‘ §D72'
Differentiating (3.7), including the derivative of x s, therefore
(3.8) W) SDm)™ VW) S D)2

Let E = span{uj,u2} and assume first that V(u1,u2) > 0. The wedge-product identity gives
D(h,uy,uz) = V(uy,usg) dist(h, E).
Since h is restricted to a fixed compact set and the transverse dimension is d — 2, (3.8) implies, for

J=12

(3.9) /D(h,ul,UQ)_j dh SV (ur,u2) 77,



16 CYCLIC-QUADRILATERALS AND GOWERS’ U3-NORM

provided d — 2 > 2. This proves the Lemma. ]

Remark. Here V,V denotes the classical gradient on the open set V' (ui,uz) > 0. We note that this
classical gradient represents the distributional gradient of W.

Indeed, let

E = span{uj, us}, p(h) = dist(h, E).
Let xs = x(p/d), where x vanishes on [0, 1] and equals one on [2,00). For a smooth vector field
compactly supported in the region V' > 0, integration by parts applied to xs¥V produces the possible
boundary term

/vaxg - P.

Since [W| < p~! on the support of ® and the normal space to E = {D(p) = 0} has dimension d — 2,
this term is Og(6%~*), and therefore tends to zero when d > 5. Therefore,

—/Wdivp®:/VpW-<I>.

Thus no additional singular part supported on h € E occurs in the distributional gradient DWW [?]
This point of view of using distributional gradients is helpful as the classical gradients of the kernels
we deal with may not be defined on certain singular subvarieties originating from the Leray measure.
Let

O(u,v) =wuy - vy + ug - v, S = {(u,v) € R : ®(u,v) = 0},
and write dwg for its Leray measure.

Lemma 3.2. Let all four vector variables be restricted to a fixed compact set. If d > 5, then

dws(u,v) /1+|vl|_1
3.10 /+ T s (u,v) < 1.
(3-10) s Vi) s Vi, ug)? 20st:?)

Proof. The integrand is defined only when V' = V' (u3,ug2) > 0. For fixed v = (uq, usz), the v-fiber
M, ={v:uy-ve+ug vy =0}
is a hyperplane with normal (ug,u;). Hence
du
(lua? + |uzl?
Uniformly in u # 0, the compact hyperplane section has bounded mass, and

/ (1+’Ul‘_1)d0Mu('I})§1.

u

(3.11) dws(u,v) = 72 dopr, (v).

To see this, normalize |u| = 1 and split according as |ui| > |ug| or |ug| > |u1|; solve the hyperplane
equation in one component of vy or vy, respectively. The singular set v; = 0 has co-dimension at
least d — 1 inside M,, so |v1|~! is locally integrable for d > 3.

It remains to estimate integral in u. Write
ug = 0, uyp = af + vy, ye&l.
Then V(uy,us) = t|ly| and
duy dug = t4"1 dt df da dy.
Consequently, the more singular integral in (3.10) is bounded by
d—31,,|—2
/ 2 —Fta2 —|i/||y]2)1/2 dt da dy db,

which is locally finite for d > 5. The term with V! is similar and easier. U
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We can now identify the weighted U3-form produced by the Cauchy-Schwarz inequality.

Proposition 3.1 (The weighted cube kernel). Let d > 5. There is a nonnegative compactly
supported kernel K € BV (R3%), depending only on d and on the fized cutoff p in (2.23), such that

(3.12) AL AP S Qralf),

where

(3.13) Qra(f) =273 / K(r/A s/X\w/AN)AuAr A f(x) do dw dr ds.
Moreover,

(3.14) 1K || 1 sy + [PE|(R*) S 1,

where DK denotes the distributional gradient of the kernel K and |DK|(R3?) its total variation.
Moreover, for each fized (r,s), the function w — K(r,s,w) is positive definite; in particular,
Qra(f) > 0.
Proof. We first assume A = 1. Apply Cauchy—Schwarz twice to (3.3). U shifts (u1,v1) and (ug,v2)
and, for € = (e1,e2) € {0,1}2, put

ge = (h + e1ug + eaug) - (k + €101 + €2v2).

The four cutoff factors produced by the two squares are absorbed into a single nonnegative smooth
compactly supported amplitude. The equations ¢ = 0 are equivalent, by determinant-one row
operations, to the three equations in (3.4) together with

Uy - vg + ug - vp = 0.
Make the triangular change
T =u + 1, § = Vg, V1 =T —U1.

Expanding the two Cauchy—Schwarz inequalities and then shifting the base variable gives

ALa() < / Wil 1,47 8)Assy D (& — BYALA, f ()
(3.15) X dh dx dw, s(u1, u2) drds,

where dw, s is the Leray measure on Fj. ;(u1,u2) = 0.
Let
A(h,uy,ug;r, s) = V(ug, ug)W(h, uy, ug;r, s), dpirs = V(Ul,UQ)ildwns,
and set G s = A A f. By Lemma 3.2, the total mass of dpu, s dr ds on the relevant compact set is
bounded. After putting y = = — h, Cauchy—Schwarz in (y, u1, ug,r, s) yields
2

(3.16) ALi(DE < / ' / Alhyur, wsir, 8)Grs(y + h) dh| dy dprs dr ds.

Expanding the square, setting w = h' — h and then z = y + h, gives (3.12), with
1
(3.17) K(r,s,w) = / V(i /A(h, uy, ug; T, S)A(h + w, uy, ug; T, s) dh dwy s(u1, ug).
Fro=0 V(u1,u2)

Thus K(r,s,-) is an auto-correlation in the h-variable. Its Fourier transform in w is nonnegative,
proving the final assertion of the proposition.

It remains to prove (3.14). Lemma 3.1 gives

(3.18) JAIL; ST [ VawansAll SV
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For fixed (u1,ug,r,s) put
B(uy,ug,r,s,w) = /A(h)A(h + w) dh.

Young’s inequality and (3.18) imply

1By, S 1,
(3.19) IVuBllLy, + Vs usrmsBliy, SV
Consequently the density C = V1B satisfies
(3.20) 1€, SV [ VamuersClly, S V2

The L' bound for K and its variation in w now follow directly from Lemma 3.2.
To estimate the variation in r, s, return to the original compatibility variables v; = r — u; and
vo = 5. Away from vy = 0, the co-area formula for
(r—wvi)-s+ug-v1=0
gives

dvy (’F—Ul) -8
(3.21) K(r,s,w) |v1] < — V1,2 — Wvl,r,s,w davf(z).

Here the suppressed arguments of C' 1nclude vy and vy = s. The point of (3.21) is that the integration
domain in (v, z) is independent of r and s.

To make the limiting argument explicit, choose kK € C*°([0,00)) with 0 < k <1, k() =0 for ¢t < 1,
and k(t) =1 for t > 2, and let K be the right side of (3.21) with the additional factor x(|v1|/d).
For fixed § > 0 differentiation under the integral is legitimate. If

(r—uv1)-s
up =1 — v, Uy =z — o1,
|1
then
IViur| + [Vsve| S 1, Vostz| S Jor] ™!

on the fixed compact support. The chain rule and the co-area change back to (u,v) € S therefore
give

ansKéHLl s /8(1 + o] ™ )Hvuhuz,r,sc(l‘v”? ')HL}H dws (u,v)

1+ ’Ul‘ 1
3.22 < / T dws <1.
(3.22) <V u)? (u,0) S
The same argument, using (3.20), gives uniformly in §
(3.23) K5l + VK5l S 1.

Thus K5 € WH(R3?) and
gulg(HKaHl + |DKs|(R¥)) < 1
>

Moreover, by (3.20),
1K~ Kl < | 1€, 0, )|y, dws (o, v)
Sn{|v1|<26}

(3.24) < / dws(u,v) o
S

A{jvi|<2sy V (U1, u2)
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by dominated convergence and Lemma 3.2. Lower semicontinuity of total variation under L'
convergence cite/ implies

IDK|(R3) < lim inf |DK;|(R34) <1

_>

This proves K € BV and (3.14).
Finally, rescaling all increment variables by A gives (3.13). The scaled kernel is

K(r,s,w) = XK (r/\, s/, w/\).

g

The last step is a general localization statement for an L' cube kernel. We include the quantitative
version needed here.

Lemma 3.3 (Localization of a weighted cube form). Let K € BV (R34) be compactly supported,
let 0 < L <A<, and let Ky(r,s,w) = A3K (r/\,s/\w/\). If |f| <1 and f is supported in a
fixed bounded set, then

L
(3.25) ‘/Kx(r,s,w)AwArAsf(x) drdwdrds| S| K|l fllusery + X!DKKRM).

Proof. Let Pr K be the conditional expectation of K on the product grid of cubes of side length
L in the variables (r, s,w). Using L' Poincare inequality, or arguing directly, and scaling implies

L
(3.26) 15— PRyl S LIDE|(RY) = S DK|(R).

Thus (3.26) bounds the error in (3.25)made by replacing Ky by PrK).
It remains to handle one product fixed cube, @, X Qs X Q. Write r =rg+a, s = so+b, w = wg+c,
where a, b, ¢ range over cubes of side L. Expanding the three differences turns the corresponding
integral into the local cube form of the eight functions

Jor = Toorrotwsotwswo S5 w e {01},

After translating the three cubes to the origin, their normalized indicator functions are dominated,
choosing the fixed constant C' sufficiently large, by the kernels used in (3.1). Three applications of
Cauchy—Schwarz therefore give the local Gowers inequality

/ /AwATASf(x)d:cdwdrds S T Melldier
QTXQSXQUI

wef{0,1}3
The norm in (3.1) is translation invariant, so the product on the right of (3.27) equals || f||ys(cr)-
Multiplying by the constant value of PrK) on each cell and summing gives

1Qp, 1, (N S NPLENL floscry S KN Flluscry-
Together with (3.26), this proves the lemma. O

(3.27)

Combining Proposition 3.1 and Lemma 3.3 yields the majorization of the local U L?-norm via the
local U3-norm.

Theorem 3.1 (Geometric local UE versus local U3). Letd >5,0< A <1,0<c¢e <1, and put
L=c)\ If f:Qq— [-1,1], then

(3.28) 1A% oy S W llwsory + &
)

FEquivalently,

(3.29) AL S 1 Ifsieey) + OEYS).

The constants depend only on d and on the fized cutoff functions.
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Proof. Apply (3.12), followed by (3.25), with L = e, and use (3.14). Since A z(f) = Hf||?]¢(>\)7
this gives (3.28); taking eighth roots gives (3.29). O

Combined with Theorem 2.1 this proves our main result Theorem 1.1.

Proof of Theorem 1.1. Use (2.32) with 9 = 1 and L; =< e*). This gives
M Set min 9illers (o, 1) + O(E)-

Apply Theorem 3.1 to the geometric norm at scale Cr, L1, with its small parameter chosen comparable
to €94, The resulting additive term is O(¢?) before the factor e~%, and the final U? scale is a constant
multiple of €%®\. This implies

1 . 1/32
Na(g0: 91, 92,93) < Ce™ min [lgillyjs ceosy) + O,

Writing ¢ := c£% Theorem 1.1 follows. O

4. APPENDIX: MEASURES ON REAL ALGEBRAIC SETS.

We introduce a natural family of measures defined on real algebraic sets and discuss their their
properties and representations that will be used throughout the paper.

4.1. Basic definitions and properties. Let F = {f1,..., fn} be a family of polynomials f; :
R? — R. We will describe certain measures supported on the algebraic set

(4.1) Sri={zecR?: fi(z)=...= fu(z) =0}

A point x € Sr is called non-singular if the gradient vectors V fi(x),...,Vf,(x) are linearly
independent, and let S% denote the set of non-singular points. It is easy to see, that if S% # () then
it is a relative open, dense subset of the corresponding component of Sr. Moreover it is an d — n-
dimensional sub-manifold of R%. If z € S?E then there exists a set of coordinates, J = {ji1,...,jn},
with 1 < j; < ... < j, < d, such that

(4.2) jr.g(x) = det (gf (a:)) £0.
Lj 1<i<n,jeJ

Accordingly, we will call a set of coordinates J admissible, if (4.2) holds for at least one point
T € S(])_-, and will denote by Sr ; the set of such points. It is clear that Sr ; is a relative open and
dense subset of S and is a also d — n-dimensional sub-manifold, moreover

Y= U S
J admissible
We define a measure, near a point xg € Sr s as follows. For simplicity of notation assume that
J=A{1,...,n} and let ®(z) := (f1,..-, fosTnt1,-..,24). Then ® : U — V is a diffeomorphism
on some open set xg € U C RY to its image V = ®(U), moreover Sr = &~1(V NRY™). Indeed,
x € SFpNU if and only if ®(z) = (0,...,0,Zp41,...,24) € V. Let I = {n+1,...,d} and write
xr = (Tpi1, ..., 2q). Let U(z;) = ®71(0,2;) and in local coordinates x; define the measure wr via

(4.3) / gdwr = / (U (ar)) [acg ()| dar,

for a continuous function g supported on U. Note that Jace(z) = jr j(x), i.e. the Jacobian of
the mapping ® at = € U is equal to the expression given in (4.2), and that the measure dwr is
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supported on Sr. Define the local coordinates y; = fj(x) for 1 < j <n and y; = z; for n < j <d.
Then

dyy Ao Ndyg =dfi A .. ANdfp Ndxpi A ... ANdxg = Jacg(x) dzy AL A dxg,
thus

dajl/\.../\d:cd:Jac(p(x)fldflA.../\dfn/\dan/\.../\dmd:dfl/\.../\dandwf.

This shows that the measure dwy (given as a differential d — n-form on Sz N U) is independent of
the choice of local coordinates x;. Then wx is defined on 59_- and moreover the set S%\S F,J is of
measure zero with respect to wp, as it is a proper analytic subset on R?~" in any other admissible
local coordinates.

A more geometric description of the measure dwz can be given as follows. Let zg € S%, and choose
an orthonormal basis e1, . . . , eg of R such that span{es, ..., e,} = span{V fi(xo),. ..,V fa(zo)} and
Tyo Sy = span{en+1,...,eq}. This possible as V f;(xg) is orthogonal to the tangent space of Sr at xg.
Let z1, ..., x4 be the system of coordinates associated to the basis. Then the tangent of the mapping
®(x) at xp is a block diagonal matrix and its Jacobian Jace(zo) is the determinant of the n x n
matrix whose rows are the gradient vectors V f;(z). This further equals to the volume of the paral-
lelepiped spanned by these vectors. Thus the density of dwz at x¢ is vol(V f1(z0), ..., V fi(zg))™*
with respect to the surface area measure, which is equal to dz,+1 ...dzq at x¢ in this coordinate
system. This shows in particular that the measure dwp is invariant under rotations and translations.

Let = = (y, z) be a partition of coordinates in R, with y = x;. For given z, write f;.(y) := fi(y, 2)
and F, :={f1,z,..., fn,2}. Assume there is an admissible coordinate set JJ; C .J, then locally, near
a point xg € Sr 5, we have

. 8 7 1,2 .
O At ) = et () = () £ 0.
Lj 1<i<n,j€Jy Ty 1<i<n,j€J;

In the corresponding local coordinates (y1,2), with y1 = x5\ 7, on Sz j,, we have

(4.5) dwr(yi1,z) = |j]__-’1J1 (y1,2)| dy1 dz = |]']__-217J1 (y1)| dy1 dz = dwgr, (y1) dz.

We say that a partition of the coordinates = (y, z) with y = z; is admissible, if there exists an
admissible set of coordinates .J; C J. In this case we have an analogue of Fubini’s theorem for the
measure wr, namely, for a continuous function g € C(R%),

(4.6) [ ot@)dws@) = [ [ ot der () =

For a given set of coordinates x5 let V., f(z) := (04, f(x));jes. Then a partition of the coordinates
x = (y,z) with y = z; is admissible, if and only if the gradient vectors V, fi(x),..., Vg, fn(z),
are linearly independent at at least one point z € Sz. Indeed in this case one may choose a set of
coordinates J; C J for which jr s, (z) # 0.

Note that a partition = = (y, z) cannot be admissible if some of the functions f; depend only on the
z-variables, as then 0f;/0x; = 0 for all j € J. In this case we have the following variant of (4.6).
Suppose the functions f;, depend only on z = zy, i.e fi(y,z) = fi(z) for 1 <i < m (after possibly
re-indexing the functions f;). At any point z = (y,2) € 59: the gradients V, f1(x),..., V. fm(z)
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must be linearly independent, thus m < |I|. In this case, we say that the partition z = (y, 2) is
admissible if there exists an admissible set of coordinates J so that |J N I| =m. Write J; :=J NI
and Jy := J\I, F1 :={f1,..., fm} and Fa := {fim41,..., fn}. For this it is enough to know that
the gradients Vy f41(), ..., Vyfn(x) are also linearly independent as then one find an admissible
set of coordinates J = J; U Jo with JoN I =0 and |Jo| =n — m. It follows that

J7,0(Y: 2) = JFi 0, (%) §72,0. (Y, 2),

moreover jr, 1, (Y, z) = jr,..,J,(y) as it only involves partial derivatives with respect to the y-variables.
Thus we have

(4.7) /( ) dwr(x // 9(y, z) dwr, . (y) dwr, (2).

We will use (4.7) together with the Cauchy-Schwarz inequality to estimate certain multilinear
expressions, similarly as done in the discrete case [5]. Suppose ¢(y,z) = ¢1(2)g2(y) with |g;| <1

and is compactly supported, then one has
///g D92 dor, . (0) dor, () dor, ().

//91 2)g2(y) dwz, . (y) dwr, (2

The above integral on the right side may be written as

(4.9) = / )ga(y) dwr (9,1, 2),

where F2(y, v, z) = {Fi(2), Fa(y, 2)), F2(y', 2)}, as the partition y = (y,y'), z = z is admissible
for the system F2. By a change of variables 3/ = y + h and introducing the notations Ayg (y) :=
9(y)g(y + h) and O Fa(y, 2) := Fa(y + h, z) — Fa(y, z), we have

(4.10) I= [ 89 ) dera (31, 2),

where ]—"2(y, h,z) = {Fi(z), Faly, 2), OnFa(y, z) }.

Here we used fact that if a system of polynomials ' = {g1,...,gn} is obtained from the system
F ={fi,..-, fa} by a simple linear transformation, i.e. if g; = >°7_; a;;f; where A = {a;;} is
a non-singular matrix, then clearly Sz = Sr and dg; A ... Adg, = det(A)df1 A ... A dfy,, thus
dwrr = ’det(A)‘fldW}'.

4.2. Linear and quadratic maps. We’ll be mostly dealing with systems F where the polynomials
fi are either linear or quadratic. It is not strictly necessary to include linear forms but will make
some our calculations more transparent. Consider the subspace Sz C R*¢ where F represents the
linear map

f(xl, .. a:k) =11+ ... +ap_1Tp_1 — Tk
with x; = (245)j=1,..d4 € R? and a; € R for i = 1,...,k. In other words F = {l1,...,l;} with
Li(z1,...,2q) = Zf;ll a;x;j — Tj. In this case J = {k:l,...,k:d} is an admissible system of

coordinates and clearly jr j(x) = 1, thus we have

(4.11) /g(xl,...,xk) dw]::/g(xl,...,xk_l,alxl+...+ak_1:1:k_1) dxy...dxg_1.

More generally, consider the system F = {f, fi,..., fn} with §f = (l1,...,lg) being the linear
map given above. Let 2/ = (z1,...,z4_1) € RE D4 L(2) := a1y + ... + ap_124_, and define
i) = fi(e!,L(2")), for i = 1,...,n. Writing 7' = {f{,..., f}}, we have that 2’ € Sz if and only
if x = (2/, L(2')) € Sr. Moreover if J' is an admissible set of coordinates for F’ then it is easy to
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see that J := J U {kl,... kd} is an admissible set of coordinates for F, and jr j(z) = jr y(z)
when x = (2, L(2")). Thus, we have
(4.12)

/g(l'la-”axk)dwf(xly-'-axk) :/9($17~--7$k—1,G15E1+---+ak—1$k—1)dwf'($1,---,SUk—l)-

We will also often deal with algebraic sets given as the intersection of spheres. Let z1,...,z, € R,
T1,y..ymn > 0and F = {f1,..., fn} where f;(z) = |z — x;]> — 72 for i = 1,...,n. Then Sz is the
intersection of spheres centered at the points x; of radius r;. If the points x1,...,x, are in general
position (i.e they span an n — 1-dimensional affine subspace), then a point x € Sr is non-singular
if z ¢ span{xi,...,x,}, i.e if  cannot be written as an affine combination of z1,...,z,. Indeed,
since V fi(x) = 2(x — z;) we have that

f:aZsz(.%) =0 <— En:aiiﬁ = zn:aixiy
=1 =1 =1

which implies Y7 a; = 0 and Y., a;z; = 0. By replacing the equations |z — z;]? = r? with

|z — 21|2 — |7 — 2;]* = r? — 2, which is of the form = - (z1 — x;) = ¢;, for i = 2,...,n, it follows that

Sz is the intersection of sphere with an n — 1-codimensional affine subspace, perpendicular to the
affine subspace spanned by the points z;. Thus Sr =0, Sr = {p}, or Sz is an n-codimensional
smooth submanifold of R?. Thus if Sz has one point = ¢ span{x,...,z,} then all of its points are
non-singular, i.e. Sr = 59_-.

4.3. Oscillatory integral representations. Formally one may write
4.13 dor =26 —f = eZrilarfitetontn) go. o day,.
( {fi=.=fa=0} =

To make sense of the above, let 0 < 1(«) < 1 be a smooth cut-off which is identically 1 near the
origin, and let ¥.(a) = ¢ (ea) with a = (a1, ..., ay). Define

(4.14) Ir (z):= / e2rilanfitetanta) @y (ca) day . . . doy,.
We will show that for any test function g € Co(R?),

(4.15) / () Ire(x)dr — / ) dwr(z as € =0,

and interpret the right side of (4.13) as the limit of the integrals Ir.(z) as ¢ — 0. To show the
validity of formula (4.14) we use local coordinates on S%. By a partition of unity assume that
supp g C U, where U is a local coordinate chart, so that there exists a diffeomorphism ¢ : U — V
of the form ®(x) =y with y; = fi(z) for 1 <i <nandy; =x; forn <i <d. Let ¥ = &', Then
dy = jrj(x)dz, with J = {1,...,n}, thus

e g da = [ e () 70000
hence

[ o@ Ireta)da = [ a(@w) iz V@) Delon.-.om) dy.
Letting ¢ — 0, we have that

[ o@ Iretayde » [ g0 5700 df = [ ofe) dar(a),

Rd—n
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using the notation ¥ = (Yn+1,.--,Yd)-

4.4. Homogeneity. We say that a polynomial f; is a form of degree k; if f;(Ax) = A\¥i f;(x) and
call k = k1 + ... + ky, the total degree of a system of forms F = {fi,..., fn}. Note that for any
admissible coordinate set .J, we have that jr j(Ay) = A¥"" jiz ;(y) # 0, thus by (4.3)

(4.16) dwr(\y) = XX dwr(y) = X7F dwz ().

Often we'll be dealing with bounded sets Sr; = {z € R?: F(z) =t} for some t = (t1,...,t,) € R"
and F being a system of forms as above. Then ASr; = Sr yot, where ASr; denotes the dilate of
the set Sz, by a factor of A >0 and Aot = (A\¥ity,..., \¥=¢,). Then by (4.16)

(4.17) /A | d)dor() = [ 00w dusu) =X [ 60u) dusty).

SF

In particular choosing ¢ =1 on Sr; we have that
(4.18) wr(ASr¢) = Pt wr(Sr).

We’ll normalize the integrals on the left side of (4.17) to ensure that they are bounded independent
of A
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