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Abstract

We establish that any subset of R of positive upper Banach density necessarily contains
an isometric copy of all sufficiently large dilates of any fixed two-dimensional rectangle
provided d > 4.

We further present an extension of this result to configurations that are the product of
two non-degenerate simplices; specifically we show that if A, and A, are two fixed non-
degenerate simplices of k; + 1 and k, + 1 points respectively, then any subset of R? of
positive upper Banach density with d > k| + k; + 6 will necessarily contain an isometric
copy of all sufficiently large dilates of Ay, x Ay,.

A new direct proof of the fact that any subset of R? of positive upper Banach density
necessarily contains an isometric copy of all sufficiently large dilates of any fixed non-
degenerate simplex of k + 1 points provided d > k 4+ 1, a result originally due to Bourgain,
is also presented.

1. Introduction
1-1. Background
Recall that the upper Banach density of a measurable set A € R is defined by

AN (@
5*(A) = lim sup A+ OV (1)
N—00 epa |On|
where | - | denotes Lebesgue measure on RY and Qy denotes the cube [—-N /2, N /2].
A result of Katznelson and Weiss [2] states that if A € R? has positive upper Banach

density, then its distance set
dist(A) = {|x — x'| : x,x’ € A}

contains all large numbers. This result was later reproved using Fourier analytic techniques
by Bourgain in [1] where he established the following more general result for arbitrary non-
degenerate k-dimensional simplices.

THEOREM 1-1 (Bourgain [1]). Let A; € R* be a fixed non-degenerate k-dimensional
simplex.
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26 NEIL LYALL AND AKOS MAGYAR

If A C RY has positive upper Banach density and d > k + 1, then there exists a threshold
ro = Ao(A, Ay) such that A contains an isometric copy of A - Ay for all & > .

Recall that a set Ay = {0,v;,..., v} of kK + 1 points in R¥ is a non-degenerate k-
dimensional simplex if the vectors vy, ..., v, are linearly independent and that a config-
uration A} is an isometric copy of A - A in R? if A, =x4+A-U(Ay) for some x € R? and
U e SO()whend > k+ 1.

1-2. Main results

In Section 2 we present a new and direct proof of Theorem 1-1 when k = 1, namely a new
proof of the aforementioned distance set result of Katznelson and Weiss. A new direct proof
of Theorem 1-1 in its full generality is also given, in fact two different new approaches are
presented in Section 3. However, the main purpose of this paper is to establish the following
new results, namely Theorems 1-2 and 1-3 below.

THEOREM 1-2. Let O = {0, vy, v2, v; + 12} € R? with v, - v, = 0 denote a fixed two-
dimensional rectangle.

If A € R? has positive upper Banach density and d > 4, then there exists a threshold
Mo = Ao(A, O) such that A contains an isometric copy of A - O for all A > Ay.

Since d > 4 we can write R = R% x R® with d,, d, > 2. It is important to note that the
isometric copies of A - [1, whose existence in A Theorem 1-2 guarantees, will in fact all be
of the special form

(e, ), ), (), (3, 9D} S R x R

where |x — x| = Alvy| and |y — y'| = A|v,].
We also establish the following generalisation of Theorem 1-2, but with a slight loss in
the dimension d.

THEOREM 1-3. Let Ay, and Ay, be two fixed non-degenerate simplices of dimension k|
and k.

If A C R = R% x R® has positive upper Banach density with each d; > k; + 3, then
there exists a threshold Ly = Ao(A, Ay, Ay,) such that A contains an isometric copy of
A+ (Ay, X Ay,) of the form A} x A} with each A} C R% an isometric copy of A - Ay, for
all A 2 )»().

It will be clear from the proofs of Theorems 1-3 and 1-2 that if | = k; < k;, then the
conclusion of Theorem 1.3 will in fact hold under the weaker hypothesis that d; > k; + 1
and d2 > k2 + 3.

Note further that if A were a direct product set B; x B, € R x R® witheachd; > k; +1,
then the conclusion of Theorem 1-3 (which contains the conclusion of Theorem 1-2 when
each k; = 1) would follow immediately from Theorem 1-1 and under the weaker hypothesis
thatd > ki + k, + 2.

The natural extension of Theorems 1-2 and 1-3 to £-dimensional rectangles and ¢-fold
products of simplices (with £ > 2) also holds, but as the arguments involved in establishing
these results are significantly more technical than those needed for Theorems 1-2 and 1-3 we
plan to address this in a separate article.

1-3. Outline of paper

Our approach to proving Theorems 1-2 and 1-3 will be to reduce them to quantitative
results in the compact setting of [0, 1]1% x [0, 1]%2, namely Propositions 4-1 and 4-2. These
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Product of simplices and sets of positive upper density in R? 27
reductions are carried out in Section 4-1 with the remainder of Section 4 and the entirety of
Sections 5-7 then devoted to establishing Propositions 4-1 and 4-2.

In Section 2 we present a new direct proof of Theorem 1-1 when k = 1 and two new
proofs of Theorem 1-1, in its full generality, are presented in Section 3. In both cases our

novel approach will be to first reduce matters to results for suitably uniformly distributed
subsets of [0, 1]¢.

2. Uniformly distributed subsets of R and a new proof of Theorem 1-1 when k = 1
In this section we introduce a precise notion of uniform distribution for subsets of R?
and prove an (optimal) result, Proposition 2-1 below, on distances in uniformly distributed
subsets of [0, 1]¢. Proposition 2-1 will be critically important in our proof of Proposition 4-1,
but as we shall see below it also immediately implies Theorem 1-1 when k = 1 and hence
provides a new direct proof of the following

THEOREM 2.1 (Katznelson and Weiss [2]). If A C R? has positive upper Banach density
and d > 2, then there exists a threshold )y = Ay(A) such that for all & > A there exist a
pair of points

{(x,xYC A with |x—x'|=Ax.

2-1. Uniform distribution and distances

Definition 2-1 ((¢, L)-uniform distribution). Let 0 < L < e < 1 and Q; =
[—L/2, L/2]%

A set A C [0, 119 is said to be (e, L)-uniformly distributed if

2
/ M—Vﬂ dr < €2 (2)
(0,134 QL]

PROPOSITION 2-1 (Distances in uniformly distributed sets). Let 0 < ¢ < 1, 0 < A <
e<€landd > 2.
If A C [0, 119 is (e, e*A)-uniformly distributed with o = |A| > 0, then there exist a pair

of points
{(x,xYC A with |x—x'|=cAx.
In fact,
// La(x)14(x — cAxy) do (x)) dx = o + O(c™/%&?3),
where o denotes the normalized measure on the sphere {x € R? : |x| = 1} induced by

Lebesgue measure.

Before proving Proposition 2-1 we will first show that when ¢ = 1 it immediately implies
Theorem 2-1. To the best of our knowledge this observation, which gives a direct proof of
Theorem 2-1, is new.

2-2. Proof that Proposition 2-1 implies Theorem 2-1

Lete > 0and A € R? with §*(A) > 0.
The following two facts follow immediately from the definition of upper Banach density,
see (1):
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28 NEIL LYALL AND AKOS MAGYAR
(i) there exist My = My(A, &) such that for all M > M, and all t € R

AN
[ Quml
(ii) there exist arbitrarily large N € R such that
AN (4
1Ol

for some 7, € R,
Combining (i) and (ii) above we see that for any A > &¢~*M,, there exist N > ¢~*A and
to € R such that
ANt o AN (4
AN+ 0 x)|<(1+84)| (to + Ow)l
| Qe O]
for all # € RY. Consequently, Theorem 2-1 reduces, via a rescaling of AN (tp + Qy) to a
subset of [0, 1]¢, to establishing that if 0 < A < & < 1 and A C [0, 1]¢ is measurable with
|A] > 0 and the property that
|A N (r+ Qs“k)l
| Qe

for all ¢ € R?, then there exist a pair of points x, x’ € A such that |x — x’| = A. Now since
AN (t + Q) is only supported in [—&*A, 1 + &*A]¢ it follows that

< (1+&h A

AN(t ot AN(t ot
|A|:/ AN +Q,A>|dt=/ AN+l ) powan @)
R4 | QE“A' [0,1]4 | Q84A|
from which one can easily deduce that
AN(t e
[rewo e BROTEDN oy jaf)| = 06t @
[Qesrl
and hence that A is (g, e*A)-uniformly distributed. The result therefore follows, provided

d>2.

2-3. Proof of Proposition 2-1
Definition 2-2 (Counting function for distances). For 0 < A < 1 and functions

foo f1:10, 11 — R
with d > 2 we define
T (fo, fOR) = / Jo(x) fi(x — Ax1) do (x1) dx. )
Definition 2-3 (U'(L)-norm). For 0 < L < 1 and functions f : [0, 119 — R we define

1 2 1
1F1200, = f\p / foodx| dr = / (ﬁ // f(x)f(x/)dx/dx)dt, (©)

[0,1)¢ 1+0r [0,17¢ x,x'et+0p
where Q; = [—L/2, L/2]“.

It is an easy, but important, observation that
||f||?]u(L) = f S ) f(x —x)¥r(x)dxidx + O(L), (7)
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Product of simplices and sets of positive upper density in R? 29
where ¥, = L™ 1, * 1,, . Note also thatif A C [0, 1] with @ = |A| > 0 and we define

fA = lA —al[oyl]d

then
2

1 2 AN+ Q)
/‘ﬁ / fA(x)dx‘ dt:/ g, Al dr+ o (8)

(0,134 +0; (0,134

Evidently the U'(L)-norm is measuring the mean-square uniform distribution of A on
scale L. Specifically if A is (¢, L)-uniformly distributed, then || f4|ly1() < 2¢ provided
O0<L <es.

At the heart of this short proof of Proposition 2-1 is the following “generalised von-
Neumann inequality”.

LEMMA 2-1 (Generalised von-Neumann for distances). For any ¢ > 0, 0 < g, 1 <
min{1, ¢~} and functions

fos fr:10,1]F — [=1,1]

withd > 2 we have

IT(fo, AW [T il + O™/,

j=0,1
Indeed, if A € [0, 1]¢ withd > 2 and « = |A| > 0, then Lemma 2-1 implies that
{T(]A» 1a)(ed) — T (alip 13, 061[0,1]1')(0)»)’ <3 fallvreny + O™

forany0 <c < 1and0 < e, A < 1. Since T (a¢lo,1p¢, @ 1jo,17¢) (cA) = a?+ O(ch) it follows
that

T(14, 14)(c)) = o + O(c™%&?3)
provided0 < A < e < 1.

To finish the proof of Proposition 2-1 we are therefore left with the task of proving
Lemma 2-1.

Proof of Lemma 2-1 An application of Parseval followed by Cauchy—Schwarz implies

that
2
T e = ([ [ 0 fite = i dox dx)
—~ ~ 2
<( f F@®IA @G5 ds )
R4
<[ [ 15®PEErs)ds,
j=0,1 YR
where

B = [ e duw
R4
denotes the Fourier transform of any complex-valued Borel measure du and g(§) is the

https://doi.org/10.1017/5S0305004117000184 Published online by Cambridge University Press



30 NEIL LYALL AND AKOS MAGYAR

Fourier transform of the measure du = g dx. Combining the basic fact (see for example
[3]) that

[(§)] < min{l, Clg|~“"V7?)
with the simple observation that |1 — {ﬁ\(s )| < min{l1, C|&|} gives
[ (cx8)] = [5 (A& (*28) + [5(cr)I(1 — P (e*25)) < ¥(e*28)
+ O(min{e*A [, (cAlED)).
The result now follows, since || f; ||% <1,
min{e*A €], (cAIE) ™2} < 7P

and a further application of Parseval (and appeal to (7)) reveals that
[ 7@ = [[ £56 - v dnds = 151, + 06D,

3. A new proof of Theorem 1-1

In light of the reduction argument presented in Section 2-2 it is clear that in order to
prove Theorem 1-1 it would suffice to establish the following result for uniformly distributed
subsets of [0, 1]¢.

PROPOSITION 3-1 (Simplices in uniformly distributed sets). Let Ay = {0, vy, ..., v}
be a fixed non-degenerate k-dimensional simplex with c,, = min g g dist(v;, span

{oi, ..o ud\ v P < 1
Let0 < A < ¢ < min{l,cg:} and A C [0, 11 withd > k+1anda = |A| > 0. If A is
(¢, e*A)-uniformly distributed, then A contains an isometric copy of A - Ay and in fact

/f L) 14 = A - U@)) -+ 1alx — - Ue)) din(U) dx = "' + Op(ex**?), (9)
where [ denotes the Haar measure on SO (d).

Note that Proposition 2-1 is the special case of Proposition 3-1 with k = 1 and v; = 1.

3.1. Proof of Proposition 3-1

Let Ay = {0, vy, ..., v} be a fixed non-degenerate k-dimensional simplex with
ca, = min dist(v;, span {{vy, ..., v} \v;}) < 1.

Definition 3-1 (Counting function for simplices). For any 0 < A < 1 and functions

f()?fla"'yfk:[oa l]d—>Ra
withd > k + 1, we define

Ta, (fo, fl,---’fk)(k)=/ Jo@) fix—=A-Up) - - filx =2-U(vp)) du(U) dx. (10)

Proposition 3-1 is an immediate consequence of the following “generalised von-Neumann
inequality”.

LEMMA 3-1 (Generalised von-Neumann for simplices). For any 0 < ¢, A < 1 and func-
tions

fos fisooos fio 10,11 — [=1, 1]
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[ Tacfor fiooos fIO| < min (1 fillgren + Oy, %),

Indeed, if A € [0, 1]¢ withd > k + 1 and @ = |A| > 0, then Lemma 3-1 implies
|Ta,(1a, ..o 1)) = Ta (@l e, - .. el ) (M)
< Q@ = Dl falloreon + Ox(eys) )
forany 0 < &, A < 1. Since Ta (@110, - - . » @ljo110) () = &*T!1 + O (L) it follows that
Ta,(La, ..., L)) = o 4 Op(c,) )

provided0 < A < e < 1.
To finish the proof of Proposition 3-1 we are therefore left with the task of proving

Lemma 3-1.
Proof of Lemma 3-1 By symmetry it suffices to show that
|Tasos fis oo os SOOI < I filloreny + OCe,*e™). (11)
As in [1] we start by writing
Ta,(fo, f1oooos D)
= f / f Jo@) filx = Axp) -+ fix = Ax) dol'7F) - (ki) - do P (xy) do(xy) dix,

where o now denotes the normalized measure on the sphere §~'(0, |v;]) and o~ 13( _, de-

notes, for each 2 < j < k, the normalised measure on the spheres
Sf,,f.,x =80, v D NS e vy —uil) NN ST g oy — o), (12)
where S '(x,r) = {x' e R? : |x — x| = r}. Since

\TAk(f()v f17 cee fk)()")|
/fk(x —ax)dol'TR ,(xk))dff;f{__f;l)z(xk 1)+ dol™? (xy) do (x1) dx

it follows from an application of Cauchy-Schwarz that
2
|TAk(f07 fls ceey fk)()")|

g/---//‘/fk(x —Ax)dolH, l(xk)‘ dxdo" ) (xi_p) - do 7P (xy) do (xy).
(13)

An application of Plancherel therefore shows that
| Ta, (for fl,...,fk><x)|2<f|ﬁ<s>|21(A5)ds,
where
1) = / / |aéﬁ..fi, (O dol D () - do P () do(x). (14)
Estimate (11) will follow if we can show that
1(&) = TOE)Y (E*28) + T0E)(1 — Y (e*28)) < Y (e*A8) + O(cy, e (15)
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32 NEIL LYALL AND AKOS MAGYAR
since || fx|l < 1 and an application of Parseval and appeal to (7) reveals that

/ 1F® PP (e*08) dg = / / Fo@) fix = x) ¥ () dx doy = || fill iy, + O(E*0).
(16)
To establish (15) we argue as in [1], in particular we use the fact that in addition to being
trivially bounded by 1 the Fourier transform of ¢(*~%, also decays for large & in certain
directions, specifically

. —(d—k)/2
08 (€)] < € (r(S9F ) - dist(E, spanfar, o)) T2 am)

where r(S¢7* ) = dist(v, span{vy, ..., v_}) denotes the radius of the sphere S¢~* .
This estimate is a consequence of the well-known asymptotic behavior of the Fourler
transform of the measure on the unit sphere =% € R?~**! induced by Lebesgue measure,
see for example [3].
Together with the trivial uniform bound 7 (§) < 1, and an appropriate conical decomposi-

tion (depending on &) of the configuration space over which the integral 7 (£) is defined, this

gives
1) < min{l, C(ca, [E)7P72). (18)
Combining (18) with the basic bound |1 — {/7 (§)] < min{1, C|£|} we obtain the uniform
bound
11— P2 EI0.E) < minf(rea €D, 6 AIEN < ey, e
from which (15) follows.

3.2. A second new proof of Theorem 1-1

In this subsection we present an alternative approach to proving Proposition 3-1 with
the slightly worse error bound Oy (c.’*¢'/?). Specifically, we show that one can in fact
establish the following (slightly weaker) generalised von-Neumann inequality for simplices
using only Lemma 2.1, namely the generalised von-Neumann inequality for distances.

LEMMA 3-2 (Generalised von-Neumann for simplices II). For any 0 < A < ¢ <€ 1 and
functions

fos fisooos fo 10, 11— [=1, 1]

|Tai(fos frv oo fOW] V2 min (L5115, + Oy, ).

.....

In the proof below we will make use of the following straightforward observations:

(1) if welet Ay = {0, vy, ..., ve_1}, then
Tac(fos froeoos fimts Lona)(R) = Ta (fo, fio-o oy fi-D(A) + O ()3 (19)
(i) if welet Ap = {0, v}, ..., v;} with v; =y —yfor0< j<k—1landv, = —v,
then
Ta,(fos f1s-os SO = Ta (fis fiets -5 J)(A). (20)
Proof of Lemma 3-2 By symmetry it suffices to show that
|Ta,(for Fis o PO <27 Il filloreny + O(ea, e 1)
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We initially follow the proof of Lemma 3-1, but after (13) we now proceed differently.
Instead of applying Plancherel to the right-hand side of

o, (fos frs s fOMP
< // . / / filx = Ax) do 70 (xp) 2da)fﬁfk+l) (Xp—1) - -do(x))dx

S co X2
we now “square out” the right-hand side to obtain

f/ . // fk(x — )\Xk)fk(x — )\,xk+1) do—)gld,ifchl (karl) da;fl:flk’l (Xk)
do @D (oL do (xy) di. (22)

Xlseens Xk—2

If d = k + 1, then for fixed x, ..., x; we can use arc-length to parameterise of the circle
§¢k . ,»with® = 0and 6 = 27 corresponding to the point x;, to write

Xyeens Xk

2

/ Silx — )»Xk+1)d0)fﬁffik4(xk+1) = Sl — Axp1 (X1, ..., X, 0)) 6. (23)
0

For any fixed 6 € [0, 2] we then define Ay 1(8) = {0, vy, ..., Uk, Vg1 ()} With vy =
Vi41(0) satisfying [veyi| = |vel, [vkp1 — vj] = v —vj| forall 1 < j < k — 1 and use 0

..... k—1"

consequently

[Vkr1 — V| = 2sin(6/2) - dist(vg, span{vy, ..., vk_1}).

It follows that

2
| Ta, (for fis-eos fOMI* < / Tav0poages -5 Ioages fio (M) dO + O(R)
0

and, in light of (19) and (20), that
2w
T, (for fis oo OGP < / Ta,, 0 (i S Lo, -« oy Lio13a) (A) dO + O (X)
0

2
= / Ty (S, f)(A)dO + O (1),
0
where

Ty (fis f)R) =T (fi, fi)(c (@A) == / Se(@) fitx — c(@)Axy) do(x1) dx

with ¢(f) = 25sin(8/2) - dist(vy, span{vy, ..., vx_1}). Lemma 2-1 now implies that
Tay) (fier fiOO] < N fillur ey + O((Gsin(@/2)) 7 /0cy/°e?3)
since c(f) > 2sin(8/2)ca,. This completes the proof, when d = k + 1, as

fozn (sin(#/2))""°d6 < oo, and in fact establishes the result in general, since if d > k + 2,
one can define a new non-degenerate simplex

Ay ={0, 01, ooy Uk Uy oo, VYo, U )
with v),_, = v, and use the fact that

TAk(an fla ey fk)()‘*) = TAJ,](fO? ey fk—la 1[0,1]"7 L) 1[0,1]"7 fk)()") + 0()")

https://doi.org/10.1017/5S0305004117000184 Published online by Cambridge University Press



34 NEIL LYALL AND AKOS MAGYAR
3-3. A direct proof of Lemma 3-2 when d > k + 2
We choose to include an additional argument similar to the one presented above that cov-

ers the case d > k + 2 directly. Arguments of this nature will be critical important in Sec-
tion 6-2 when we establish a “relative generalized von-Neumann inequality” for simplices.

If d > k + 2 then in (22), for fixed x1, ..., xx, we write
o ) = / (sin®) " doy 1D | (i) 6, (24)
where a(d kXAl)] 1.0 (Xx41) denotes the normalized measure on the sphere
Se e =S8N0, ot D NS e, o — i) N NS g, v — o) (25)
with vy = vi41(0) defined such that |vig | = |vil, [V — vj| = |vp —vj| forall 1 < j <

k — 1 with 6 determining the angle between vy, ; and v; measured from the center of the
sphere S¢7% . consequently

[Vks1 — vk| = 2sin(6/2) - dist(vg, span{vy, ..., vg_1}).

If we again let Ay 1(0) = {0, vy, ..., Vg, Vg1 }, it follows that

ITa, (for fis s fOMWI* < / sin®) " Tu o0y Qouages - - - Lo fir fi)(A) dO+ O(R)
0

and, in light of (19) and (20), that
ITa, (fos fiseees fOR)] < / (sin®) " Tar o) (fes fis Lot - - -+ Do) (A) d6 + O (L)
0

= / (sin0) " Ty 0y (fir F () dO + O ),
0

where again

Ta,0) (S, ) =T (fi, fi)(c(@)A) := / Ji) fi(x —c(@)Axy) do (x1) dx

with ¢(0) = 2sin(6/2) - dist(vy, span{vy, ..., vx_1}). Lemma 2-1 again implies that
Tay0)(fier SO < M fillon ey + O ((sin(0/2))™/0c,,°e?)
since  ¢(0) > 2sin(6/2)ca, and  this completes the proof as

fon (sin9)4=*=1(sin(6/2)) "1/ do < oc.

4. Proof of Theorems 1-2 and 1-3

We now proceed with the main task, namely the proofs of Theorems 1-2 and 1-3.

4-1. Reducing Theorems 1-2 and 1-3 to quantitative results for subsets of [0, 114 x [0, 1]%

PROPOSITION 4-1 (Rectangles). Let0 < ¢ < 1 and A C [0, 119 x [0, 11% with d,, d> >
2and o = |A| > O.

If {A;} is any sequence in (0, 1) with L.y < A;/2 for all j > 1, then there exist 1 < j <
J () and a quadruple of points

{(x,y), & y), (x, ), (X, Y)Y C A with |x —xX'|=X;and |y — y'| = cA;.
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Product of simplices and sets of positive upper density in R? 35
In fact, for . = A;

//// Ly (s W LaGr — At W La(r, y — Ay LaCr — Axi, y — chyn)
doi(x;)doy(y))dxdy > C(a) > 0,

where o; denotes, for i = 1,2, the normalized measure on the unit sphere S%~! C R%
centered at the origin induced by the Lebesgue measure on R%.

PROPOSITION 4-2 (Product of simplices). Let A, = {0, v, v}, ..., v, } be fixed non-
degenerate simplices of dimension k; with
TS i i i
ca, = 1Ignjl£ki dlst(vj, span {{vl, R vki} \ vj}) <1

fori=1,2and A C [0, 1] x [0, 11 withd; > k; + 3 and a = |A| > 0.

If {A;} is any sequence in (0, 1) with Aj11 < Aj/2 forall j > 1, then there exist 1 < j <
J(a, Ay, A,) and a product Ay x A} C A with each A}, C [0, 11% an isometric copy of
)"j . Ak,.. Infact,for)\ = )"j

ki ky

////1_[1_[ L =2 Ui(v), y — & UZ(UJZ')) du(Uy) dpa(Uz)dxdy = C(a) > 0,

i=0 j=0

where vy = vg = 0 and w, and |, denote the Haar measures on SO(d;) and SO (dy)
respectively.

The reduction of Theorems 1-2 and 1-3 to these results in the compact setting of [0, 1]% x
[0, 1]¢ is straightforward and precisely the approach taken by Bourgain in [1] to prove
Theorem 1-1, but for completeness we supply the details for Theorem 1-2 below.

Proof that Proposition 4-1 implies Theorem 1-2 We may assume that ¢ = |v;| < |v;
| =1.

Arguing indirectly we suppose that A € R? with d > 4 is a set with §*(A) > 0 for which
the conclusion of Theorem 1-2 fails to hold, namely that there exist arbitrarily large A € R
for which A does not contain an isometric copy of A-

We now let 0 < o < §*(A) and set J = J(«) from Proposition 4-1. By our indirect
assumption we can choose a sequence {A j}jj.zl with the property that A;;; < A;/2 for all
1 < j < J—1and A does not contain an isometric copy of A; - [ foreach 1 < j < J.
It follows from the definition of upper Banach density that exist N € R with N > X, and
to € R? for which

|AN (o + On)| S
1Ol -

Rescaling A N (ty + Qy) to a subset of [0, 1]¢ and applying Proposition 4-1 leads to a
contradiction.

4-2. Proof of Propositions 4-1 and 4-2, part I: a density increment strategy

PROPOSITION 4-3 (Dichotomy for rectangles). Let 0 < ¢ < 1 and B; < [0, 1% with
di > 2and B; = |Bi| > Ofori = 1,2. If A C By x B, with |A| = aBf, > 0 and
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0 < i < e <cB8BSa®, then either

ﬁ ///f TaCe, MIa(x — Axy, W1a(x, y — cAy)1a(x — Axy, y — cAyy)
BiB;

1
doy(x))doy(y1)dxdy > 5054

or there exist cubes Q; < [0, 1]% of side-length e*, sets B!in Q;, and ¢’ > 0 for which

|AN (B} x B))|

> (,¥+C,Ol32
|B; x By ’

provided B, and B, are (g, e*)\)-uniformly distributed subsets of [0, 119 and [0, 1]* respect-
ively.

PROPOSITION 4-4 (Dichotomy for product of simplices). Fori = 1,2 let B; < [0, 1]%
with d; > ki + 3 and B; = |B;| > 0 and Ay, = {vj, v}, v}, ..., v} be a non-degenerate
simplex of dimension k; with vl = 0 and

_ i i i
Cay, = 1215{, dlst(v span{{vl, ...,vki} \ vj}) <1

IfA - B] X Bz with |A| =Olﬂ1,32 > 0 and

2 pkit1 ghatl (k1) (ko 1) 16
0 <& <& <pulea,ca,) (B gy alirhErh)

then either

ﬁ1+1ﬁk2+1 ///f]‘[]‘[lm—x U,y = &+ Us02) djty (U dpa(Uy) dx dy

i=0 j=0

1 1
2 2 (k|+ ) (ka+1)

or there exist cubes Q; C [0, 11% of side-length £*A, sets B! in Q;, and ¢’ > 0 for which

|AN(B] x B))|

4 ¢ Bt
1By % B

provided B, and B, are (g, e*))-uniformly distributed subsets of [0, 1% and [0, 1] respect-
ively.

Sections 5 and 6 below are devoted to the proofs of Propositions 4-3 and 4-4. Central to
each proof is an appropriate “relative generalized von-Neumann inequality”, namely Lem-
mas 5-1 and 6-1. These relative generalised von-Neumann inequalities in turn imply Corol-
laries 5-1 and 6-1, which together with Corollaries 5-2 and 6-2 (which are both consequences
of an appropriate common “Inverse Theorem”, namely Theorem 5-1) immediately imply
Propositions 4-3 and 4-4 respectively.

It is important to note that Propositions 4-3 and 4-4 are not in and of themselves sufficient
to establish Propositions 4-1 and 4-2. In order to apply a density increment argument one
would need that the sets B| and B; produced by Propositions 4-3 and 4-4, for which A has
increased density on B| x Bj, were (n, L')-uniformly distributed for a sufficiently small 5
and for L’ attached to some of the A;’s on Q; and Q, respectively, which they simply may
not be. In Section 7 we complete the proofs of Proposition 4-1 and 4-2 by showing that
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we can obtain suitably uniformly distributed sets B| and B, by appealing to a version of
Szemerédi’s Regularity Lemma [4] adapted to a sequence of scales.

5. Proof of Proposition 4-3

At the heart of our proof of Proposition 4-3 will be an appropriate “relative generalised
von-Neumann inequality for rectangles”, namely Lemma 5-1 below. This result, together
with a companion “Inverse Theorem” (Theorem 5-1 below) and Proposition 2-1 will ulti-
mately furnish a proof of Proposition 4-3.

Throughout this section we fix B; € [0, 1]% with d; > 2 to be arbitrary sets with g; =
|B;| > 0fori =1,2.
5-1. A relative generalized von-Neumann inequality for distances and rectangles

Definition 5-1 (A Counting function for rectangles). Forany0 <c¢ < 1,0 < X < 1 and
functions

fij 110,114 x [0, 11" — R
with i, j € {0, 1} we define
Tn, (M) = T, (foo, fios for, f1)(A),

where

o, (V) fo/ Soox, ) fiolx — Axy, y) for(x, y — cAyp) fii(x — Axy,

y —cAyy)doi(xy)dor(yy)dx dy. (26)
Note that if we let
v(x, y) =) Pn('?, 27
where
vi=p"lp and vy=p;"lp (28)

then, in light of Proposition 2-1, we have
To, (v, v, v, )W) = T, v) () - T (v, 1) (ch) = 1+ OB By 70 (29)

forany 0 < A < & < 1, provided B; and B, are (g, £*A)-uniformly distributed subsets of
[0, 1] and [0, 1]¢ respectively.

Definition 5-2 ((L)-norm). For 0 < L < 1 and functions f : [0, 1] x [0,1]% — R

we define
0w = [ Ut drads (30)
[0,1]9 J[0,1]%
with
1 / ! ! ! ! I
Wi = s [ [J[ 7m0 6n s 6y dx dray ay. G
x,x'et+01.L
y.y'en+0ar

where Q;; = [—L/2,L/2]% fori =1, 2.
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As before it is a straightforward but important observation that | f ||4D (1) equals

//// S —x, ),y —yD)fx—x1,y =y, (1) dxy dx dy,
dy+ O(L), (32)

where ¥, = L™ 14, * 1o,
In this setting we have the following “generalised von-Neumann inequality” relative to

B] X Bz.

LEMMA 5-1 (Generalised von-Neumann for rectangles relative to By x B,). Let 0 <
c<landv = v11/2 ® \)21/2 where v; = ,81_1131 and vy, = ,62_1132. Forany (0 < e, A < 1 and
functions

fij £ 10, 1 x [0, 1] — [-1,1]
withi, j € {0, 1} we have

T, Cfoov. frov. forv, AW < ] 1fivlioes + OB B3 e 2415),

i,je{0.1}

It is easy to see that Lemma 5-1, combined with Proposition 2-1, gives the following:
COROLLARY 5-1. Let0 <c < 1,0 <o, B, B < 1and 0 < & < & < cBOBSa?.
IfA C By x B, C [0, 1] x [0, 1]% with |A| = a1 and || favlloe < o, then
T, (Lav, Lav, Lyv, 140) (1) > %a“
provided B, and B, are (g, £*\)-uniformly distributed subsets of [0, 1] and [0, 1% respect-
ively.
Proof of Corollary 5-1 It follows immediately from Lemma 5-1 that
To, (1av, Ly, 1w, 1yv) () — & T, (v, v, v, V) ()
<15 || favloes + OB By e /*e!/0)

forany 0 < &,1 <€ 1, where fo = 14 — alp «5,. The result follows since, as noted in
(41), the fact that B, and B, are (&, £*)-uniformly distributed subsets of [0, 1]% and [0, 1]®
allows us to use Proposition 2-1 and conclude that

TIo,(v,v,v,v)(A) =1+ O(ﬂfzﬂgzc_l/%w)
forany 0 < A < & < 1, as required.

5-2. Proof of Lemma 5-1

The proof of Lemma 5-1 follows from two clever applications of Cauchy—Schwarz com-
bined with the following relative version of Lemma 2-1.

LEMMA 5-2 (Relative version of Lemma 2-1). Let B C [0, 1]1¢ withd > 2 and B = |B|.
Forany0 < c < 1,0 < ¢, A € 1 and functions fy, fi : [0, 119 — [—1, 1] we have

IT(fov, fiv)(ch)]
12
< J1 (/ Fiv(x) fiv(x — x) e (x1) dx; dX> + 0BV,
j€{0,1}
where v = B~ '1.
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Proof. Same as that for Lemma 2-1 above, but noting that || f jv||2 B~ 'forj=0,1.

To prove Lemma 5-1 we first observe that
|TD (foov, fiov, forv, f11‘))()\)|
// [T (g5 v2, g1 v2) (eA)| vi(X)vi(x — Axy) doy (x1) dx,

where
8" () = foo(x, ¥) fiolx — Axy, y)
g () = fou(x, y) fulx — Axy, y).
Applying Lemma 5-2 to T (g, v2, g,""' v2)(cA) followed by an application of Cauchy—
Schwarz (and switching the order of integration) shows that |7o, (foov, - .., fi1V) M))? is

majorised by

Il / / T3 v B 0 )| v20)va(y — Ay )W () dys dy

jelo,1)
OB 062,
where
hé’;-y‘ (x) = fo; (x, ) fo; (x,y — Ay1),
hy7 () = fij e ) fii(e,y = Ay,
Applying Lemma 5-2 once more, this time to 7 (ky;" v1, by v1) (%), followed by another

application of Cauchy—Schwarz reveals that |TD(_ (foovs - -+ friv)(A) |4 is majorised by
1_[ //// Ry o OR v (o = x0) V2 (N V2(Y = AYD Y (X)) Y260 (1)
i,j€{0,1}

dxydxdy dy + O(B;* By c™ 0?3,
Since
B o OR v (x — x)va()va(y — Ayi)
= fijv(x. y) fijv(x —x1, y) fijv(x, y — yo) fijv(x — X1,y — ),
the result follows in light of observation (32).

5-3. Inverse theorem for the L1(L)-norm
The final piece in the proof of Proposition 4-3 is the following:

THEOREM 5-1 (Inverse theorem). Let 0 < n, 81,8, < 1 and B, and B, be (g, L)-
uniformly distributed subsets of [0, 11" and [0, 1] with 0 < L < & < n*Bip3. If
f:10,1]1% x [0, 1]% — [—1, 1] satisfies

/ S, yvi()va(y)dxdy =0 and Il fvlow = n (33)

with v = v ® v % and v = /31_113, and v, = ,32_1 1,, then there exist cubes Q; C [0, 1%
of side- length L and sets B! C B, N Q; such that

1
Tt / / S vm(y)dxdy > cnb. (34)
(xB,
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As a consequence of Theorem 5-1 we immediately obtain the following corollary which
together with Corollary 5-1 implies Proposition 4-3.

COROLLARY 5-2. Let0 < o, B1, B> < 1 and By and B, be (s, e*A)-uniformly distributed
subsets of [0, 11 and [0, 112 with 0 < A < & < BiBra™.

IfAC By x B, C[0,1]9 x [0, 1]® with |A| = ap, B, and

I faviloes > o
with fa = 14 — alp,yp,, then there exist cubes Q; [0, 11 of side-length €*). and sets B]
in Q; for which
|AN(B] x B))|
|Bj X By

Proof of Theorem 5-1 If (34) holds for some cubes Q, := 1; + Q and sets B} := B; no;,

then Theorem 5-1 follows, so we may assume for all #; € [0, 1]% and , € [0, 1]% that

1
I(t,0) = ———— V) dxdy <cn® 35
(11, 12) BB LA [HQL/MQLf(x ydxdy < cn (35)

with say ¢ = 27'¢. It is then easy to see that this assumption, together with our assumption
on the sets B;, namely that

> a+ ca®.

/ I1B; N (¢t + Qp)| — BiLY|*dt < &*L**,

imply, via an easy averaging argument, that

4

n Ui
|Gr],a| 2 E where Gn,e = {(tly t2) S Ga : ”f‘)”ﬁj([‘)(th,z) 2 E} (36)

I

and
G, = {(ll’lz)é |B; N (t; + Q1) — BiLY| < &'*L*fori = 1, 2}-

We first show that if there exist (t,,) € G, for which |I(#, )| < n*/2°, then The-
orem 5-1 holds. Indeed, by the pigeonhole principle, we see that given such a pair (¢, t,) we
may choose x; € [0, 1]% and y; € [0, 1] so that

4

n
> . 37
% @37

If we now write f, (x2) = f(x2, ¥1), fx,(32) = f(x1, y2) and decompose f,, = ;lf -/
and fy, = ;lr — f,, into their respective positive and negative parts, then it follows that

1
Bipy Lo /t.l+Q,_ /t;—&-QL f G2, ) f (2, y1) f Gty y2) dxadyr

4
Ui
2?»

: / /
f(x2, ¥2)81(x2)82(y2) dx> dy,
IBlﬁzLd]+d2 n+0r Jn+0L 1

for some functions g; : [0, 1]% — [0, 1]. Writing these functions as an average of indicator
functions, namely

1
gi(x) =/ Lig.oy>s) ds
0

and appealing again to the pigeonhole principle, we see that we may choose sets U; and V,

so that
4

1 n
'W / B / Sl dndy | > 5 6y
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We now set U, = U{, V, = V[ and define, for j, j' € {1, 2}, the integrals

1
ljj = B oLt /HQL /MQL J (2, y2) 1y, (02) 1y, (y2) dx2 dys.

Note that we know |7, ;| > n*/27 and if I;; > n*/27 then (34) holds for the sets B =
BiN(n+ Q) NU; and B, = B, N (r; + Q) N V;. We may therefore assume that
1.1 < —n*/27, but this assumption, together with the previous assumption that

I(t,t) =L+ Lot b+ 6Ly>-—n*2°

immediately implies that I; ; > n*/2° for some (j, j/) # (1, 1) and (34) again follows.
It remains to consider the case when I(#1, 1) < —n*/2° for all (t;,1,) € G, .. Then by
(35) and (36)

// I(t, ) d dr
8 8

= 11y, 1) dty dis + (11, ty) dt, dt S AL NS A
— Grm 15 42 1 2 . 15 42 1 2 X 24 29 216 S 215'

While on the other hand
// I(t, ) dt;dty = O(L)

by the first assumption of (33), which is a contradiction. This proves the theorem.

6. Proof of Proposition 4-4

An appropriate “relative generalised von-Neumann inequality” will again be central to
our proof of Proposition 4-4, specifically a “relative generalised von-Neumann inequality
for product of simplices”.

However, the true heart of the argument is in fact the analogous result for just simplices,
the proof of this “relative generalised von-Neumann inequality for simplices” is necessarily
significantly more involved than the analogous relative result for distances (whose proof was
essentially identical to the non-relative case) and it is here that our loss in dimension appears.

We fix non-degenerate simplices Ay, = {vg, v}, v3, ..., vj } of dimension k; with vy = 0
and
ca, = min dist(v}, span {{vi, ..., vi}\ v} <1
Ay 1< <k ( J° P {{ 1’ ’ ki}\ l}) =

and let B; C [0, 1]% with d; > k; + 3 and B; = |B;| > 0 denote arbitrary sets, fori = 1, 2.

In contrast to the proof of Proposition 4-3, we will need to assume that our sets B; and B,
are suitably uniformly distributed, and make use of Proposition 3-1, throughout the proof of
Proposition 4-4.

6-1. A relative generalised von-Neumann inequality for simplices and products of simplices

Definition 6-1 (Counting function for Ay, x A,). Let0 < A < 1.
For functions f;; : [0, 114 x [0, 1]1% — R with (i, J)e{0,1,...,k} x{0,1,...,k:} we

define
Ty, (foos s frur)(A)
ki k»
- ///f TTT1 7@ =2 Ui@h. y = & - U202 din (U) dpa(Us) dx dy.  (39)
i=0 j=0
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Note that if we let

V(x, y) = v () (O, (40)
where v; = B, '1, and v, = B; ' 15, then

Tawong, B oo, DR = Ta, W1y e, D) - Tag, (0,2, 1) ()
and, in light of Proposition 3-1, we can conclude that

1/6 *1/6 2/3) (41)

k1

TAkl’Akz ...,V =1+ Oy, kl(ﬁl ki—1 —kz lcA

forany 0 < A < & < 1, provided B, and B, are (g, £*A)-uniformly distributed subsets of
[0, 1]* and [0, 1]%.

In this setting we have the following “generalised von-Neumann inequality”, for which
it is essential that our count of product simplices is taken relative to suitably uniformly
distributed sets B; and B,.

LEMMA 6-1 (Generalised von-Neumann for Ay, x Ay, relative to By x B,). Let

~ 1/(ka+1)

5 = ] & v)/btD

and v = vll/z ® vl/z,

where v = ,Bfl 1p, and v, = ,B{ lp, Forany 0 < A < ¢ < min{cy, , ca,,} and functions
fiy 110,11 x [0, 11" — [—1,1]
with (i, j) € {0, 1, ..., k} x {0, 1, ..., k2} we have

~ ~ —ki—1 g—ko—1_—~1/8 —1/8 _1/16
I Tay,.a, (foOD, -+ s fun A < o 51}1n I fijvlloen Ok w (B By cy, Ca,, e'/1%)
J=0.1

provided B, and B, are (g, e*)A)-uniformly distributed subsets of [0, 119 and [0, 1]* respect-
ively.

It is easy to see that Lemma 6-1, combined with Proposition 3-1, gives the following:

COROLLARY 6-1. Let0 < «, By, B2 < 1 and

ki+1 pko+1 (ki +1)(ka+1)\ 16
0 <A <& <pplca,ca,) (BT By oty

If A C By x B, [0, 1] x [0, 1] with |A] = afiB; and || favllgesy < a®tDrh,
then

~ ~ 1
Tay a,(1av, .o 14V) (1) 2 EOl(k‘H)(kZH)
provided B, and B, are (g, e*))-uniformly distributed subsets of [0, 1% and [0, 1] respect-
ively.
Proof of Corollary 6-1 1t follows immediately from Lemma 6-1 that
|TAA’]7AI;Z (1AF‘75 ceey IAS)()")_TAM,A/(Z ((X’U, ceey (X’-\;)()\,”
< QUADEED — || favlloes,
+ On o (BT By e P e 1)

ko
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forany 0 < ¢, 1 < min{cAk1 , CA/*Z}’ where fo = 14 — alp «p, while, as noted in (41),
Proposition 3-1 implies that

Ta,, a0, (@7, o, aB) () = @™ OEID (1 4 0y 4 (877807 e,/ )
forany 0 < A < ¢ < 1, as required.
6-2. A relative version of Lemma 3-1
Key to the proof of Lemma 6-1 is the following:

LEMMA 6-2 (Lemma 3-1 relative to uniformly distributed sets). Let A = {0, vy, v,
..., U} be any non-degenerate k-dimensional simplex with

ca, = min dist(v;, span {{vy, ..., v} \v;}) <1

and B C [0, 11¢ with d > k + 3 be an arbitrary set with B = |B| > 0. Ifwe set v = B,
then for any 0 < A < ¢ < ¢y, and functions fy, fi, ..., fi : [0, 11¢ — [—1, 1] we have

|Tay (fovs -, )W) < /f Fiv) fiv(x — x) Ve (x1) dx dx; + Op (B3¢ 2!/
(42)
forany 0 < j < k, provided B is a (¢, *))-uniformly distributed subset of [0, 1]%.

Proof. As in the proof of Lemma 3-1 it suffices, by symmetry, to establish (42) for j = k.
Note also, as in (41) above, that Proposition 3-1 implies

Tac0y oo, )() = 14+ OB e, 06, (43)

provided 0 < A < & < 1 and B is an (g, ¢*A)-uniformly distributed subset of [0, 1]¢ with
d > k + 1. It is equally easy to see, using Lemma 3-1, that if 1 < j < k and any j of the
weights v are replaced with 1 ;)¢ then this modified count will still be asymptotically equal
to 1 and will in fact equal 1 + Oy (BF~1+/ ¢ %e?/3).

Since

|Ta, (fovs ..o fimd)(W)] < //~--fv(x>v<x—xxl)-~v(x—Axk_l)\

Xlyeees X1 cos Xk—2

/ fiv(x — Axp) do@P (xk)’da;f{fk“)(xk,l)--.da(xl)dx

it follows from an application of Cauchy—Schwarz, facilitated by (43) for the simplex A;_;,
that

T, (fovs -y fin) P < (14 0k(B™Fer %) (M) + EM)),
where

2
M) = // e /)/ Jiv(x — Axy) do)ild,i’fik_](xk)‘ dcrx(ﬁff;g(xk,l) coodo(xy)dx
d

an
EQ) = f/ : --/[v(x)v(x =) =) = 10|
/ fiv(x — Axy) dax(l":flkil(xk)rda;]"{ff;ig (x_1) - - -do(x)) dx,

where 1 = 1[0’1]d.
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It follows from the proof of Lemma 3-1 (specifically the argument from (13) to (16)) that

MO < / / Fov(en) fuv (e) W (xa — x1) dxy doxa.

We now complete the proof by establishing that E (1) = O (873 c;kl/ 661/4). Our strategy
will be to expand the square in the error term E (A) which will add a new vertex x;,; to the
simplex. “Fixing” the distance |x;; — x| leads to an expression which may be viewed as the
difference between a weighted and an unweighted average over all isometric copies of a fixed
(k + 1)-dimensional simplex. The reason that this difference is small is that the measure v
behaves suitably random with respect to averages of this type, expressed in (43). To remove
the uncontrolled terms f; one needs another application of Cauchy—Schwarz which leads to
simplices of dimension k 4 2 and the requirement d > k + 3 for the underlying dimension
of the space.

Writing

v(x)v(x — Axy) - v(x — Axg_q) — 1(x)
k-1

- Z[v(x — ) = 1) o — Axjp) - - v(x — Ax_y)

j=0

with the understanding that x, = 0, it follows that

k-1

EQN) =Y E;(0)

j=0

with
E;() = // e /[u(x —Ax;) = 1) ]v(x = Axjpg) -+ v(x — Axe_y)
2
/ fiv(x —Axk)do;]’{f"fikq(xk)‘ oD (5 1) -+ do(x) dx.

Squaring out we see that

Ej(x)://--.//f[v(x—/\xj)—1(x)]

D = Axjan) -V = A fir(x — A iy (r — Axi)

d—k d—k d—k+1
do" " () doF () do D (xoy) - do(xy) dix.

Since d > k + 3 we can follow the argument in Section 3-3 and write

ol (k1) :/ (sin@)* ' do D | () dOy,
0

Lyeens X1 Loeees Xk 1, X5, 01

where a;]dfk;klj 1.6, (Xx+1) denotes the normalised measure on the sphere
d—k-1 d—1 d-1 d-1
S e, = SO, o D VST ey o — og ) M- VS O, v — vel)
with v 1 = vy 1 (0) satistying [veg 1] = |vil, lvegr —vjl = [y —vjf forall 1 < j <k —1

and 6, determining the angle between v, and vy so that |vgy; — vi| = 2]vi| sin(6;/2).
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If we now let Az 1(0)) = {0, vy, ..., Vg, g1}, then it follows (again using (43)) that

Ej(x)=/ in0) ' Ta 0, oy v =1L, v, fiv, fiv)(R) d6
0
+Ou(B™ ey %),

where Tp,, o)(1,..., L,v—1,v,...,v, fiv, fiv)(A) equals

//...///[v(x—xxj)—ll

X v(x — )"xj-H) s \)(.X — Axk_l)fkv(x — Axk)fkv(x - Axk+])

(d—k—1) d—k d—k+1
xdog 0 () dolT () doTND (x2y) - - dor(xy) dix.

In light of (19) and (20) it suffices to now show that

Ej (%) :2/ (500 T o0 (fivs fiv, v, ..ov, v — DAY dB = OB g/,
0

k+1—j
where
A;+171(91) = {07 viv ceey v[/(+17j}

with v} = vy — vqr for 0 < i < kand v | = —vgy.
Since |TA;H?/_(9,)(fkv, Jiv, v, ...v, v — 1)(1)| is dominated by

//.../v(x)v(x —Axp) - v(x _)‘xk—j)‘

X /(V = D — Axey1-5) dU;ffl:ﬁC;]f")(Xk+1fj) dU,;fd_Hj) (xk—j) - -do’(x1)dx

sees Xk j—1

it follows from an application of Cauchy—Schwarz, facilitated by (43) for the simplex
Ay_;(6)), that

\Ta;,, 0 (fevs fev, v, oo v, 0 — DHMWI* < 21n;,, 00

where

IAL-H—/‘(HI)()\) = // s / v(x)v(x — )\,X]) cee \)()C — )»xk_j)
R 2
X /(V = D — Axg1-7) dU;Efﬁ;f”(kafj)’
X do‘)ﬁf(,l_,]i:j,),. (xk*j) . do./(xl) d.x.

Squaring out we see that In; _ ,)(A) equals

// e /// VOV = Axy) v = Axg- ) (v = DX — Axgpr—j) (v — D(x — Axgia-j)
X da;f‘f:ﬁ;fj)(xku—j) do 5D (- ) do( D () - do’ (xy) dx.

k—j X1yeees Xk—j—1

Since d > k + 3 we can again argue as above to obtain

IA

,
k+1—j

O / (sin0) T T(M) — (M) — Ts(M) + T4(M)] dbs,
0

where
I(W) =Ty, 00, ..., V)R)
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L) =Ty, 609V, -, v, DR)
I3(0) =Ty, 009 (Vs - 1, V)(R)

Ti(A) = Tay, 000V, ... v, 1, DY)
with
k+2 1(91» 92) — k+1—j (91) U {vl/<+2—j}

with v,’€+27j = v,/{+27j(92) satisfying |v,’c+27j| = |v,’€+17j|, |v,’€+27j — v = |v,’€+17j — v
forall 1 < i < k — j and 6, determining the angle between v;,, ; and v;,_; so that
|v,’<+27j — v,’<+17j| = 2Jv;| sin(h,/2).

We have therefore ultimately established

E P < [ [ 100 = 1200 - 1) + 100 | doa o
0 0

for each 0 < j < k. In light of (43) we know that
Ti0) = 1+ OB~ ey o, &)

Ay ;(61.62)
fori =1,...,4, and hence
E\(h) = Op(B !/
provided
CAl,, 61,6 2 E-
The result now follows since the fact that

Ay, 0.6 = Min{ca,, 2[vi| sin(0y/2), 2|v;| sin(62/2)}
and ¢ < c,, ensures that
{(©1,62) € [0, 7] x [0, 7] : cap, 010 < EH = O().

6-3. Proof of Lemma 6-1

The proof of Lemma 6-1 will follow from two applications of Cauchy—Schwarz combined
with Proposition 3-1 and Lemma 6-2. We first observe that if

Ta, 00, A) i= Tay, a, (fooV, - o5 fruraV)(X)
then
Ta, 0, (M) = // vi(x = AU (vg) -+ vi(x — AU () Ta,, (85 " v, 877"
g ) () du (Uy) dix,
where
g7 = foj(x = A Ui(wg), y) -+ fuj(x — A Ui(vp), )
foreach j =0, 1, ..., k; and that Lemma 6-2 implies
|Ta,, (80 Do, o, g;fzulv )()»)i // H0y (y)g;’U‘ Vo (y — Y)Y (1) dy dy,
+ Oy, (B 71/2 ')
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for any 0 < j < k,. Hence by Cauchy—Schwarz, using (43) for TAk] vy, ..., v, and
switching the order of integration we obtain that |Ta, a,, (A) |? is majorised by

// Tp,, (B vis <o B D) () 12(0)0a(y — YD) Pa.en (1) dy dy
O (B e e e )
for any 0 < j < k; where

R () = fiy (e, 9) fiy (. y — y1)

fori =0,1,..., k. A further application of Cauchy—Schwarz (using the fact that v, .4, is
L'-normalised) and appeal to Lemma 6-2 reveals that | Tay, A, (M) |* is majorised by

/ / f f B0 OB vy (x = 1) v (1)U (s — ¥0)We63 (61) 5 (v1) dx oy dy dy

—4k1—4 n—3ky—4 —1/2 —1/2 1/4
+ Ope (B M8, el ey e

forany 0 <i < ky and 0 < j < k,. Since

By i (OB v (x = x)va ()2 (y = Y1)
= fijv(x, y) fiyv(x —x1, y) fijv(x, y — y) fijv(x — x1,y = yo).
the result follows from (32).

6-4. Inverse theorem revisited

We complete this section by noting the following immediate consequence of Theorem 5-1
which together with Corollary 6-1 implies Proposition 4-4.

COROLLARY 6-2. Let0 < a, B, B» < 1 and B, and B, be (g, e*))-uniformly distributed
subsets of [0, 11 and [0, 11 with 0 < » < & < /T g+ aSti+hth [rA C B x B, C
[0, 1]% x [0, 1]% with |A| = aB B, and

[ favloes) > a®tDlerd

with fa = 14 — alg, «s,, then there exist cubes Q; [0, 11% of side-length *). and sets B]
in Q; for which

|AN (B} x BY)| > o + c bkt
B x By

7. Proof of Proposition 4-1, part II: regularisation

To complete the proof of Proposition 4-1, as was noted after the Proposition 4-3, we
need to now produce a pair of new sets B{ and Bj that are (1, L')-uniformly distributed
for a sufficiently small n and for L attached to some of the A;’s, but for which A still has
increased density on B{ x Bj. Proposition 4-3 did produce a pair of sets B| and B, for which
A has increased density on B| x Bj, but these sets are not necessarily uniformly distributed.
We will now obtain sets B and B with the desired properties from the sets B; and B,
produced by Proposition 4-3 by appealing to a version of Szemerédi’s Regularity Lemma
[4] adapted to a sequence of scales {L;}i<;<y-

The precise result we need is stated below in Theorem 7-1, but first we state a couple of
definitions.
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Definition 7-1 (A partition P being adapted to scale L;). Let 1 = Ly > L; > L, >
- > 0 be a sequence with the property that Lj., < L;/2. We say that a partition
P = QUR of [0, 11 x [0, 1]% into cubes Q and “rectangles” R is adapted to the scale
L; if each of the cubes in Q have sidelength L; for some 0 < i < j.

Definition 7-2 ((e, L)-uniform distribution on Q). Let Q be a cube of sidelength L, and
0< L/Lo <e<k 1.
A set B C Q is said to be (e, L)-uniformly distributed on Q if

BN (t Bl |*
B+ Q)| |B| di < €. (44)
ool
THEOREM 7-1 (Regularity lemma). Let 0 < B1, B, n < 1 and B; < [0, 114 with |B;| =
Bifori =1,2.
Given any sequence 1 = Lo > Ly > -+ > Owith Lj;| < L;/2 there exists 0 < j <

j' < J(B1, Br, n) and a partition P = QU R of [0, 119 x [0, 1]% adapted to the scale L;
with the following properties:
(i) for every cube Q = Q1 x Q, in Q of sidelength L; with O < i < j — 1, the sets B
and B, are (n, L j/)-uniformly distributed on the cubes Q| and Q, respectively;
(i) if N denotes the collection of cubes in Q = Q| x Q, in Q of sidelength L ; for which
at least one of the sets B, and B, is not (n, L ;)-uniformly distributed on the cubes

0, and Q, respectively, then
Y101+ D IRI<
QeN ReR

The proof of Theorem 7-1 follows by standard arguments, for completeness we include it
in Section 7-1.

An almost immediate consequence of Theorem 7-1 is the following Corollary which,
together with Proposition 4-3, provides a complete proof of Proposition 4-1, the easy veri-
fication of this we leave to the reader.

COROLLARY 7-1. Let0 < o, B, o, T, < land A C B, x B, C [0, 1] x [0, l]d2 with
|A] = (e 4+ 1)B1B82 and |B;| = B; fori =1, 2. Given any sequence 1 = Ly > Ly > --- >0
with Ljy1 < L;/2, there exist 0 < j < j' < J(a, 1, B, T, &) and squares Q, Q> of
sidelength L ; such that the sets

Bz/ = B,’ ﬂ Q[
with i = 1, 2 have the following properties:

() B/l > %ﬂileil;
(ii) Bjis (e, Lj)-uniformly distributed on Q;;
... AN (B} x BY)| T
(i) ———— > o+ —.
|B} x Bj] 3
Proof that Theorem 7-1 implies Corollary 7-1 Let n = gB1frt/3 and P = QU R be
a partition of [0, 1]9 x [0, 1]% adapted to the scale L ; that satisfies the conclusions of
Theorem 7-1 for some 0 < j < j' < J(By, B2, ).
Let B = B; x B, and U denote the collection of all cubes in Q = Q; x Q, in Q of
sidelength L; with 0 < i < j for which B, and B, are (7, L ;)-uniformly distributed on Q
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and Q, respectively. Note that property (ii) of Corollary 7-1 holds by definition for all cubes
0, and Q, for which Q; x 0, € U.

If we let S denote the collection of all cubes Q in U which are sparse in the sense that
|B N Q| < Br|Q|/3, then property (i) of Corollary 7-1 will hold by definition for all cubes
0O, and Q, with Q; x O, € U\ S. Finally, it is straightforward to see, using property (ii) of
our partition P (on the size of A/ and R) and our assumption on the relative density of A on
B, that property (iii) of Corollary 7-1 must hold for at least one cube Q inl/ \ S.

7-1. Proof of Theorem 7-1

By passing to a subsequence we may assume L;; < 27999L; and in this case we
will show that the conclusions of the theorem hold with j* = j + 1 for some 0 < j <
J(B1, B2 v, ).

For j = 0,1,2,... we construct partitions P of [0, 1]9 x [0, 1] into cubes QV
and rectangles R/ starting from the trivial partition P© consisting of only one cube Q =
[0, 119 x [0, 1]%. The partition PV will consists of two collections of cubes 4/, N') and
a collection of rectangles R", that is

PD — YD UNDURD,

The collection R will consist of rectangles R = R, x R, whose total measure is small,
specifically

U
D IRI< S, (45)

ReRW

while the collection 2/ will consist of cubes Q = Q; x Q, of sidelength L; for some 1 <
i < j such that B; and B, are (n, L;,)-uniformly distributed on Q; and Q, respectively.
Note that the cubes in /) may have different sizes. The remaining collection N’ will
consist of those cubes Q of sidelength L ; which are not (1, L ;;)-uniformly distributed. We
will stop the procedure when the total measure of the non-uniform cubes is small enough,
specifically when

n
> o<y (46)

QeN®

and note that such a partition satisfies the conclusions of Theorem 7-1.

If [0, 119 x [0, 1]% € U©, then the sets B;, B, are both (g, L;)-uniformly distributed
and Theorem 7-1 holds. We thus assume that for some j > 0 we have a partition P/ for
which (46) does not hold and let Q = Q; x Q, denote an arbitrary cube in /). By our
assumption both cubes have sidelength L; and B; is not (5, L j;;)-uniformly distributed on
Q; foreitheri = lori = 2.

We assume, without loss of generality, that i = 1. Averaging show that for Q1 = # +
[0, L;]" and L := L, we have

2
n
[Eyl 2 —-1Qul, (47)

where
|Bi N (r 4+ Qp)l 1By N 0|
|0 |01l

E,,::itte:‘

n
> 5}. (48)
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Letm = |L;/L;] and partition the cube Q| = t; + [0, (m + L] D Q, into grids
of the form G(s;) = s; + {0, L, ..., mL}% with s, running through the cube #; + [0, L]%.
Since L < 27°L, by (47) there exist s; € Q) such that

GG NE 7
4

Fix such an s, and consider the partition of Q, into cubes of size L = L;;; and possibly
rectangles, defined by the grid G (s;). Repeat the same partition of the cube Q, correspond-
ing to a point s, which we can choose arbitrarily from a cube Q, C Q, of size L. Taking the
direct product of these partitions gives a partition of the cube O = Q; x Q, into cubes of size
L = L;., and possibly also into some (d; x d,)-dimensional rectangles. After performing
this partition of all cubes in N/ we obtain the new partition PY+D of [0, 1]% x [0, 1]%. The
new cubes obtained are then partitioned into classes /! and N'VFV according to whether
they are (1, L ;4»)-uniform. Note that the cubes in &/ and rectangles in R remain cells
of PUTD_ Note that for each cube Q € NV the total measure of all the rectangles obtained
is at most 16L ;4 L]Tl | Q|, hence summing over all cubes the total measure of the rectangles

(49)

md

obtained this way is at most 4L ;,;L;". We adjoin these rectangles to RV to form RU*D.
Note that the total measure of the rectangles is always bounded by

o0 o0

16L ; .
Z L{+1 < 22—(j+2)77 < g’
j=0 J j=0

hence (45) holds.

A key notion in regularization arguments is that of the index or energy of a set with respect
to a partition. In our context we define it as follows. Let {Cy}&_, denote the collection of cells
that constitute /). For any given cell C¥ = Q} x Q% in PY, where QF could be either
a square or a rectangle, we let 8 denote the relative density of B; in Qf fori = 1,2, and
define the energy of (B, B,) with respect to P by

E(Bi, By; PY)) = % > (6 + @5 1ct. (50)

CkepW)

It is not hard to see that the energy is always at most 1 and is increasing when the partition
is refined. To be more precise, we say a partition P’ is a refinement of P if every cell
C = Q) x Q, of P is decomposed into cells C** = Qf X Q‘; of P’ so that cubes (or
rectangles) Q¢ and QY form a partition of Q; and Q5 respectively. Then |Q;| = Y, | Qf]
and [B; N Q1] = Y, |B; N Qf], hence writing §; for the relative density of B; on Q; and &}
for the relative density of By on Q¢ one has

D G205 = G101+ D @) — 871041, (51)
4 £

Similarly
D 65105 = (627 1Qal + D (85 — 8)7 105 1. (52)
v 14

Multiplying equations (51) by |Q5|, (52) by | Q| and adding, we get
D (G + G ICH T = (61 + (82)°) ICT+ (8] =81+ (8 —82)%) IC*1. (53)

e e
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Going back to our construction we have decomposed each cell C¥ = Q, x 0, € NV
into cubes of the form C“* = Q% x QY where Q¢ = s, +¢L+ Q;, QY = s;+¢' L+ Q; for
somel € {1,...,m} and £’ € {1, ..., m}*, and into a collection of (d; + d»)-dimensional
rectangles of small total measure. By (49) there at least n’m® /4 values of ¢ for which
160 — 811> > n?/4. Thus, as |Q1| = LY, |Qf| = L%, forall ¢, and m = [L;/L; 1] >
2L ;/L;41, we have that

4
n
Y. Gi=8tIgil = 10l (54)
Lefl,...,m}h
By (53) this implies that the energy of (B;, B,) with respect to the collection of cells of
PUFD contained in C¥ = Q; x Q, given by the left-hand side of (53) is at least

. 1 4
E(B1, By; PV |ex) > 5(5f+5§)lck|+1n—2glckl- (35
This holds for all non-uniform cells C* € N’ and by our assumption that the total measure
of N > /2 it follows that

.

256

Thus the procedure must stop in j < 256 7> steps providing a satisfactory partition. As
explained above this leads to a cell C = Q; x Q, satisfying the conclusions of Theorem 7-1.

E(By, By; PUTYY > £(By, By; PY) + (56)

Acknowledgments. We would like to thank the anonymous referee for useful comments
and suggestions which have greatly improved the exposition of this paper.

REFERENCES

[1] J. BOURGAIN. A Szemerédi type theorem for sets of positive density in R Israel J. Math. 54 (1986),
no. 3, 307-316.

[2] H. FURSTENBERG, Y. KATZNELSON and B. WEISS. Ergodic theory and configurations in sets of
positive density. Israel J. Math. 54 (1986), no. 3, 307-316.

[3] E. STEIN. Harmonic Analysis: Real Variable Methods, Orthogonality and Oscillatory Integrals (Prin-
ceton University Press, Princeton, NJ., 1993).

[4] J. KOMLOS, A. SHOKOUFANDEH, M. SIMONOVITS and M. E. SZEMEREDI. The regularity lemma
and its applications in graph theory. In Theoretical Aspects of Computer Science (Springer Berlin
Heidelberg., 2002), pp. 84—-112.

https://doi.org/10.1017/5S0305004117000184 Published online by Cambridge University Press



