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A Multidimensional Szemerédi Theorem
in the Primes via Combinatorics
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Abstract. Let A be a subset of positive relative upper density of P?, the d-
tuples of primes. We present an essentially self-contained, combinatorial
argument to show that A contains infinitely many affine copies of any
finite set F' C Z%. This provides a natural multidimensional extension
of the theorem of Green and Tao on the existence of long arithmetic
progressions in the primes.
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1. Introduction
1.1. Background

A celebrated theorem in additive combinatorics due to Green and Tao [7] es-
tablishes the existence of arbitrarily long arithmetic progressions in the primes.
It is proved that if A is a subset of the primes of positive relative upper den-
sity, then A necessarily contains infinitely many affine copies of any finite set
of integers. As such, it might be viewed as a relative version of Szemerédi’s
theorem [16] on the existence of long arithmetic progressions in dense subsets
of the integers.

Another fundamental result in this area is the multidimensional extension
of Szemerédi’s theorem originally proved by Furstenberg and Katznelson [3].
It states that if A C Z¢ is of positive upper density, then A contains an affine
copy of any finite set F' C Z¢. The proof in [3] uses ergodic methods; however,
a more recent combinatorial approach was developed by Gowers [5] and also
independently by Nagel, R6dl and Schacht [13].

It is natural to ask if a multidimensional extension of the result of Green
and Tao, or alternatively if a relative version of the Furstenberg—Katznelson
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theorem can be established. In fact, this question was raised already in [17],
where the existence of arbitrary constellations among the Gaussian primes
was shown. A partial result was obtained earlier by the first two authors [2],
where it was proved that relative dense subsets of P? contain an affine copy
of any finite set F' C Z? which is in general position, in the sense that each
coordinate hyperplane contains at most one point of F'. Recently, the existence
of arbitrary constellations in relative dense subsets of P? has been proved by
Tao and Ziegler [20], based on an infinite number of linear form conditions to
obtain a weighted version of the Furstenberg correspondence principle and a
short proof by Fox and Zhao [4] has been obtained afterwards using sampling
arguments.

Both the above proofs, however, rely on full force of the results of Green,
Tao and Ziegler developed in [8-10] on the asymptotic number of prime solu-
tions for systems linear equations, a monumental work encompassing more
than 200 pages. Thus, it may be of interest to obtain an essentially self-
contained, combinatorial proof using only the pseudo-randomness properties
of the almost primes encapsulated by the so-called linear form condition of
Green and Tao.

In this note, we provide such an argument, based on developing a hyper-
graph removal lemma for weighted hypergraphs. A crucial new feature is that,
in our settings, there are weights attached possibly to any lower dimensional
edge, and hence, known transference arguments [1,7,17] do not seem to ap-
ply. Our approach is different, and we are not trying to remove the weights
and hence to reduce the problem to previously known results, but to extend
the proof of the hypergraph regularity and removal lemmas directly to the
weighted setting.

Finally, let us mention that the methods of Fox and Zhao [4] and Tao and
Ziegler [20] do not provide bounds, while from our approach, one can extract
quantitative statements. The bounds, though recursive, are rather weak, iter-
ated tower-exponential type. In addition, as we rely only on sieve techniques,
our approach is somewhat flexible, e.g., it can be modified to count the num-
ber of “small” copies of a finite set F, of size N¢, in a set A C [1, N]¢ N P? of
positive relative density, however, we do not pursue such extensions here.

1.2. Main Results
Let us recall that a set A C P4 is of positive relative upper density if

, |ANPY|

W Ty
where Py denotes the set of primes up to N, and | A| stands for the cardinality
of a set A. If I C Z% is a finite set, we say that a set F’ is an affine copy of
F, or alternatively that F’ is a constellation defined by F, if

Fl=x+t- F={z+ty: ye F}.

We call F' non-trivial if t # 0. Our main result is the following.
Theorem 1.1. If A is a subset of P? of positive upper relative density, then A
contains infinitely many non-trivial affine copies of any finite set F C Z2.
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Note that it is enough to show that the set A contains at least one
non-trivial affine copy of F, as deleting the set F' from A will not affect
its relative density. In addition, by lifting the problem to a higher number
of dimensions, it is easy to see that one can assume that F' forms the ver-
tices of a d-dimensional simplex. Indeed, let F' = {0,21,...,2%}, choose a
set of k linearly independent vectors {yi,...,yr} C ZF, and define the set
A =10, (z1,y1)s - (Ths Yk)s Zhs1s - - 2hra) © ZFFY) such that the vectors
of A\{0} form a basis of RF¥T%. If the set A’ = A x P* contains an affine
copy of A, then clearly, A contains an affine copy of the set 7(A) 2O F', where
7 : R4 x RF — R? is the natural orthogonal projection.

In the case when A C Z% is a d-dimensional simplex, we prove a quanti-
tative version of Theorem 1.1. To formulate it we define the quantity

d
UA) =Y m(A), (L.1)

7; : R — R being the orthogonal projection to the ith coordinate axis.

Theorem 1.2. Let o« > 0 and let A C Z% be a d-dimensional simplex. There
exists a constant § = §(o, A) > 0, such that for any N > 1 and any set A C
P4, such that |A| > a|Px|?, the set A contains at least SNT! (log N)~HA)
affine copies of the simplex A.

Note that in Theorem 1.2, we do not require the copies of A to be non-
trivial. Thus, without loss of generality, N can be assumed to be sufficiently
large with respect to a and A. It is clear that Theorem 1.2 implies Theorem 1.1
as the number of trivial copies of A in A is at most N (log N)~¢.

To see why the above lower bound is meaningful, note that there are
~ N1 affine copies of A in [1, N]|%, and for a fixed i, the probability that all
the ith coordinates of an affine copy A’ are primes is roughly (log N)~I™ (&)l
Thus, if the prime tuples behave randomly, the probability that A’ C ]P"}V is
about (log N)~!(4),

In the contrapositive, Theorem 1.2 states that if a set A C ]P’?V contains
at most SNt (log N)~H2) affine copies of A, then its relative density is at
most «. To prove Theorem 1.2, one formulates a statement involving a pseudo-
random measure v = v(™ : [1, N] — R, , originally introduced in [7].

1.3. The Green—Tao Measure and the Linear Form Condition

As previously indicated, we use the pseudo-random measure v defined in [7],
and (a slight variant of) the so-called linear form condition, which we recall
here briefly.

Let w be a sufficiently large number and let W = Hpgw p be the product
of primes up to w. For given b relatively prime to W, define the modified von
Mangoldt function Ay: 7 — R>o by

Ap(n) = % logWn+b) if Wn —'i—‘b is a prime,
0 otherwise.
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Here, ¢ is the Euler function. Note that by Dirichlet’s theorem on the distri-
bution of primes in residue classes, one has that > _x Ap(n) = N(1+ o(1)).
A crucial fact is that the function A, is majorized by the so-called Goldston—
Yildirim divisor sum [7,11]:

Ar(n)= Y p(d) log(R/d),
d|n,d<R

11 being the Mobius function and R = N4 '27""° For given small parameters

0 < &1 < &2 <1 (whose exact values will be specified later), recall the Green—
Tao measure:

vy(n) = % %"gbﬁ if et N <n<eyN,
1 otherwise.

Note that v(n) > 0 for all n, and in addition, it is easy to see that for N
sufficiently large, one has that

vp(n) > d=127976 Ay(n) (1.2)

for all ey N < n < eyN. This is trivial unless Wn -+ b is a prime, and in that
case, since e;N > R, Ap(Wn +b) =log R=d 274 5log N.

Let us briefly recall its definition and the pseudo-randomness properties:
the so-called linear form condition that we will need in the proof. This is not
exactly the same formulation as given in [7]; however, the proof works without
any changes.

Theorem A. (Linear form condition, [7]). Let N, W, and the measures v}, be

as above, and let my, to, kg € N be small parameters. Then, the following holds.

For given m < mg and t < ty, suppose that {li,j}lgigm,lgg‘gt are arbitrary ra-

tional numbers with numerator and denominator at most kg in absolute value,

and that {b;} are arbitrary numbers relatively prime to W. If the linear forms
t

Li(x) =Y Lijj,
j=1

are non-zero and pairwise linearly independent over the rationals then

E (H v, (Li(2)); @ € Z?v) = L+ 0N, W o003 mo,to.ko (1), (1.3)
i=1

where the o(1) term is independent of the choice of the b;.

In the above formula, the linear forms L;(z) are considered as acting on
(Z/NZ)! and the error term on W — co; mo.to.ko (1) denotes a quantity that tends
to 0 as both N — oo and W — oo for any fixed choice of mg, tg, ko, i.e., the
error term can be made smaller than any given € > 0 by choosing both W
and N sufficiently large with respect to my,tg, kg, and €. This refinement is
important in obtaining the quantitative lower bound in Theorem 1.2, see also
the remarks in [7, Sect. 11]. The error terms are independent of the choice of
bi, so we will write v for v, for all 1 <4 < d for simplicity of notations.
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With the aid of this measure, we define the weight of a finite set S C Z¢
as

d
wS) =[] I W (1.4)
i=1yem(A)
If S = {y}, we will write w(y) := w({y}). The point is that if Wy + b € P4,
then

w(y) =~ (log N)%. (1.5)

The implicit constant depends only on W which we will choose eventually
sufficiently large but independent of N. Then, also

w(A) ~ (log N)' &) (1.6)
for a non-degenerate simplex A with WA +b C A C P4,.. Thus, identifying

[1, N] with Zy = Z/NZ, it is a straightforward argument to show (see Sect. 5)
that Theorem 1.2 follows from

Theorem 1.3. Let A = {vp,...,vq} C Z% be a d-dimensional simplex and let
a > 0. Then, there exists a constant § = §(«, A) > 0, such that the following
holds. If N is a large prime and A C 7%, is a set for which
d
E,cza tezy H 1a(z + tv))w(x +tA) <6, (1.7)
i=1

then
Erezg 1a(@)w(z) < a4 onw—oo,a(l).

Note that the error term on,w—o0,a(1) can be omitted if both N and W
are chosen sufficiently large with respect to a > 0.

1.4. A Removal Lemma for Weighted Hypergraph Systems

We will use the construction of a weighted hypergraph associated with a set
A C Z4% and a simplex A = {vp,...,v4}, given in [17]. This will enable us to
reduce Theorem 1.3 to prove a removal lemma for weighted hypergraphs.

Let J ={0,1,....d},H:={e: e C J}, Hqa:={e: e C J,|e| = d}. For
aset e € H,let V, =75 = ]_[jee Zy . Identify V. as the subspace of elements
x = (x0,...,2q) € Vy, such that z; = 0 for all j ¢ e and let 7. : V; — V,
denote the natural projection. For e = {j}, we write V; := V(3.

Remark 1.1. For a given e € H, |e| = d, we think of a point z. € V, as a
d-simplex (or clique) with vertices {z; : j € e}, and then, a set G. C V, may
be viewed as a d-regular hypergraph with vertex sets V; (j € e). Similarly, a
point & € Vj represents a (d 4+ 1)-simplex with faces z. := 7.(z), for e € Hg.

For a given e C J, define the o-algebra A, = {r_1(F): F C V.}. We
assign a (d+ 1)-partite d-regular hypergraph to a given set A C Z$; as follows.
For e = J\{j}, define

d
E, = {:17 eVy: le(vl —v;) € A} . (1.8)

i=0
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Note that E. € A, as the expression in (1.8) is independent of the coordinate
z;. We define G := ﬂeeHd E. C Vj to be the hypergraph associated with A.
From our point of view, the points € G are (d 4+ 1)-simplices (or cliques)
with faces z. = m.(z) belonging to the hypergraphs G. = 7. (E,).

Ezample 1. Let A = {vg,v1,v2} with vg = (0,0), v; = (0,2), vy = (1,1) and
let A C Z3;. Then, by (1.8), we have

{( ¢ (—xo+ a1, -0 — 21) € A},
Goo = {(:co,xg) (—2x9 — x9,x2) € A},

{( ¢ (221 + w2, 20) € A}, and

{(Jco,xl,wg) s (—xo+ a1, —mo — 1) € A, (—220 — T2, 22) € A,
(2x1 + ®2,x2) € A}
is the 3-partite graph associated with the set A.

To see how this hypergraph is related to detecting affine copies of the
simplex A in a set A C Z%,, consider the map ® : ZdN+1 — Z%; x Zy, defined
by

(Zx v; — Za:) y,t (1.9)

By (1.8) and (1.9), we have that x € E. for e = J\{j} if and only if y+tv; € A,
thus z € G = () ¢y, Ee exactly when y +tA C A. Since ® is one to one (as
v1 — g, .. .,Vq — vg are linearly independent), this gives a parametrisation of
all affine copies of A contained in A.

We now define a family of functions p.: Ve — Ry, (e € Hy) and ve: V. —
R,, (e € H). Fore € Hy, e = J\{j} and 1 <k < d, let

d
= mi(wf —of), (1.10)
i=0

where vf denotes the kth coordinate of the vector v;. A crucial property is
that the forms L¥(z) are pairwise linearly independent over Zy for N being a
sufficiently large prime. Indeed, for e = J\{j}, the coefficients of these forms
form the column vectors of the d x d matrix D; with row vectors v; —v; (0 <
i <d,i# 7). If any two columns would be linearly dependent over Zy, then
N would divide the determinant of D;. Since the row vectors are linearly
independent and have integer entries, this is not possible for large enough N,
which we will always assume.

We define the functions

d
= [[v(zk@)). (1.11)
k=1
We partition the family of forms
L:={LF:le|=d1<k<d}



A Multidimensional Szemerédi Theorem in the Primes 717

according to which coordinates they depend on. For this, define the support
of a linear form L(z) = 22:1 arxy as supp(L) = {k: ar # 0}. For a given
e € H, let

ve(r) = [ v(L(x)) (1.12)

supp(L)=e
Lel

with the convention that v, = 1 if {L: supp(L) =e} = 0.

Ezample 2. In the case of the hypergraph G constructed in Example 1, one
obtains the following weights and measures on the edges and vertices:
po1(zo, 1) = v(=x0 + 21)v(=T0 — T1),
poz(zo0, 2) = V(=220 — 22)V(22), pr12(71,72) = V(221 + 22)V(22),
vo1 (2o, 1) = v(—x0 + 1)V (—x0 — 1),
vo2(z0, T2) = V(=210 — 22), vi2(T1,72) = V(271 + T2),
va(x2) = v(xs), with the convention that vy(xo) = v1(x1) = 1. The family of
linear forms defining the weights is

L={-xyg+x1,—20 — 21, =220 — T2, 221 + Ta, T2}

If A ={vg,...,vx} is in general position, that is, if v} # vf for all 7 #£ j
and for all k, then supp(L¥) = e for all e € H,4, hence

d
pe(@) = ve(w) = [ [ (L ().
In general, we have

ne(w) = [[ vy (). (1.13)

This is because if for some ¢’ = J\{j’}, we have that supp(L¥) C e, then
by (1.10) v;-“, = vf and L%, = L¥. This ensures that the family £ consists of
pairwise linearly independent forms. In addition, for e = J\{j}, pe(z) is well-
defined on V, as it depends only on the variables {x;: i # j}. We will refer to
the functions v, and p. as weights and measures. To emphasize this point of

view, we will often use the integral notation and write
[ F@) de(a) = Bre P@he(a), and ae($) 1= Ereri15(a) uela),

for functions F': V., — R and sets S C V.

The weight system {v.}.cs has very strong pseudo-randomness prop-
erties. First, for any hypergraph G C H, one has that Evev, [[oeg Ve(Te) =
1+ oN,W—oo - This is immediate from (1.12) and the fact the family £ is pair-
wise linearly independent. We will refer to this property as order-1 pseudo-
randomness of the weight system {v.}.cs. However, much more is true, to
formulate it recall the notion of a hypergraph bundle, see also Sect. 4.2. Let
K be a finite set and let 7: K — J be an onto map. Define H, := {g C K :
IT(9)| = |g|}. If m is an integer such that m; := |7~1(j)| < m for all j € J,
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then we say that the hypergraph bundle H; is of order m. For given k € K set
Vi == Vz(), intuitively, this means that we sample independently m; points
from each vertex set V;. Thus, for ¢ € H, e = m(g), one has V, = V, and
can define the weights 7, (z4) := ve(x4) on the points z4 = (2)rey. Note that
by (1.12), the weight 7, is defined via linear forms L for which supp(L) = g,
and hence, the family of linear forms £, defining the weight system {7, } ¢ 7.
consists of pairwise linearly independent linear forms in the xx = (zk)kek
variables. Thus, by the linear form condition, one has for any hypergraph
G C H,. of order m,

]EZ'KGVK H l_/g(xg) = ExKEVK H Vr(g) (ch) =1+ 0N,W—>oo;d,m(1)-
g€g 9geg

We will refer to the above property as the order-m pseudo-randommness of the
weight system {ve}ecs. For m = 2, this is essentially equivalent to the linear
form condition on weighted hypergraphs, as given in [17, see def. 2.8]. What is
needed in our proof is that the weight system {v.} is pseudo-random at order
m, where m = m(«) is a fixed but sufficiently large number depending on the
density «.

The measures p. are closely related to the weights w. Indeed, for e =
J\{j} and (y,t) = ®(x), one has

d

Li(z) =) wi(of —vf) = mily — tvy), (1.14)
i=0

where 7, is the orthogonal projection to the k-th coordinate axis. This implies
that

d
o) = [ v(LE @) = wly — tvy) (1.15)
k=1

and also
po(z) =[] v(L(x) = wly —tA). (1.16)
LecL
Thus, assumption (1.7) in Theorem 1.3 translates to
Eeev, [ 1e (2)ps(z) = E(, nezinw(y —tA) < 6. (1.17)
ecHq

On the other hand, if M = {& € Vj: 29+ -+ 24 = 0}, then = €
M (\.en, Ee if and only if ®(z) = (y,0) with y € A, thus by (1.9), (1.15)

Eyea w(y) =Eeenr [ 1z (@)pe (@), (1.18)
e€Hqg

for any fixed ¢ € Hy. Thus, it is easy to see that Theorem 1.3 follows from
a removal lemma for weighted hypergraphs, which we first recall in the un-
weighted case (where vy =1 for all f), see also [5,13,17].
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Theorem B. (Simplex Removal Lemma [19]). Let E. € A, be given for e €
Ha, and let € > 0. In addition, let p and p. denote the normalized counting
measures on V. and V.. There exists 6 = 6(¢) > 0, and for every index set
e € Hgq, there exists a set E! € A., such that the following holds. If

Erev, H 1g, (x) p(x) <6,

eEHq

then

H 1p/(x) =0 forall xcV, and
ecHq
pe(Ee\E;) < ¢

Now, let us observe the key properties of the family of linear forms £ and
introduce some terminology which we will use throughout the paper. Recall
that for e = J\{j}, ¢ = J\{j'}, we have that supp(L¥) C e if and only if

k

vj = UJ/ and that is equivalent to L¥ = L. We call such a family £ well-

defined. Since for a given e € Hy, the forms {L¥ : 1 < k < d} are linearly
independent, and L is a pairwise linearly independent family of linear
forms. In addition, for x € M = {xg + - -+ + x4 = 0}, we have LF(z) = L, ()
for all e,e’ € Hg,1 < k < d. We call a family of linear forms £ = {LF : e €
Ha, 1 < k < d} satisfying this property symmetric.

We now formulate a hypergraph removal lemma with respect to the
weight system {v,}c defined in (1.10)—(1.12), and show that it implies The-
orem 1.3.

Theorem 1.4. (Weighted Simplex Removal Lemma). Let {ve}ec, {fte fecs be
a system of weights and measures associated with a well-defined, pairwise lin-
early independent and symmetric family of linear forms L, as defined in (1.10)-
(1.12). Let E. C A¢, ge: Ve — [0,1] be given for e € Hq. Then, for a given
e >0, there exists a § = §(e) > 0, such that the following holds. If

Eeev, [] 1e.( <6 (1.19)

ecHy

then there exists a well-defined, symmetric family of linear forms L = {E’g ee€
Ha,1 < k < d}, such that the associated system of weights and measures
{ﬁe}ng, {ﬂe}egj satisﬁes

Evev, |] 15 (2)fis(2) = Eeev, [] 12.( )+ ON.W—oo(1)
e€Ha e€Hq
(1.20)
and for all e € Hy,
EmEVJge(x)ﬂe(fr) = ]EmEVJge(ﬁ)Ne(x) + 0N7W~00(1)- (1-21)

In addition, there exist sets E. € A., such that
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() (E.nE) =0 (1.22)
ecEHq
and for all e € Hq,
Brev,1p0\B (2)fe(7) < €+ onw—oo(1). (1.23)

Naturally, one would like to establish (1.22)—(1.23) for {fi.} = {p} as
that would easily imply Theorem 1.3 and hence our main result Theorem 1.2.
Formulas (1.20)—(1.21) mean that the measures fiz, fi. are small perturbations
of the measures py, e with respect to the functions g = HeE?‘td 1g, and ge.
The reason why we have to perturb the measures is the existence of weights
e on lower dimensional edges 1 < |e| < d when the configuration § is not in
general position. Removing these weights does not seem amenable to known
“transference arguments”, see [1,17].

Let us remark that if one drops the “symmetry” requirement p.(x) =
ter(x), e, € Hyq, x € M, then one could formulate a simpler, purely combi-
natorial form of the weighted removal lemma, requiring only that the system
of weights {v.}.cs to be pseudo-random of an order m = m(e), without re-
ferring to the underlying linear forms. In that case, one could construct the
perturbed weights from the weights on certain hypergraph bundles, emerg-
ing in our energy increment process. However, as we shall see below, we need
to make sure that our weights and measures are invariant under certain lin-
ear transformations of the variables and have to go through the more tedious
route of extending our underlying family of linear forms by introducing new
variables, considered as parameters.

Proof. [Theorem 1.4 implies Theorem 1.3] Let o > 0 and let A be a subset of
74 Set ¢ == a/(d +2) and let G = Neer, Ee be the hypergraph associated
with the set A as defined above. For a given ¢/ € Hy, define the function
ger: Ver — [0,1] as follows. Let ¢er: Voo — M be the inverse of the projection
map 7 : Vy — Ve restricted to M, and for z € V., let

go(2) = [ 1r.(60(2).

ecHqy

Applying Theorem 1.4 to the system of weights {v.}, the sets E. and the
functions {g.} give a constant § = §(¢) > 0, a system of measures fi., and sets
E! € A, satisfying (1.20)—(1.23).

Now, assume that, as in Theorem 1.3,

Eyiw(y —tA) = Ezev, H 1g, (z) py(z) <6
e€Hy

By (1.9), we have that x € M [ ¢4, Ee if and only if ®(x) = (y,0) with y € A.
Moreover, in that case, w(y) = pe(x) for all e € Hq by (1.15) and thus for any
given e’ € Hy
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Eyez 1a@)w(y) = Eoens [[ 1o (e (@) = Bacv,, gor (2) e (2)
ecHy

- EzEVe/ge’ (Z),[Le/ (Z) + ON,W—>OO(1)
=Esem H 1, (z)fter (%) + ONW o0 (1)-
e€Hy
By (1.22), clearly, [[.cq, 1E. (%) < > ocqy, 1\ E2 (2). Then, the symmetry of
the measures fi (i.e., fle(v) = fier(z) for z € M), (1.23) and the fact that

1p,\ g, is constant on the fibers 7' (2) implies

Event [] 1o (2)iie (@) < Y Eeenlp g (@)fie(2)
e€Hy e€Hqy

Z Evev,1p\ g (7)fie(T)
e€Haq

< (d+1)ed) +onwooo(l) < a,

choosing N, W sufficiently large with respect to @ and Theorem 1.3 follows.
O

1.5. Weighted Box Norms and Hypergraph Regularity

The known proofs of the Simplex Removal Lemma rely on the so-called hy-
pergraph regularity lemma and the associated counting lemma [5,13,19], and
in particular the notion of a regular or pseudo-random hypergraph. This can
be defined in different ways, we shall use a variant of Gowers’ box norms [5]
adapted to our settings.

Let e € Hg be fixed. For a given w € {0,1}¢ (i.e., w: e — {0,1}), define
the orthogonal projection we: V., x V., — V. by

i i w; =0,
We(xeaqe)i = {m 1 “ (124)
q; if wi =1,
for ¢ € e, and the weighted box norm of a function F': V, — R, using the
notation x ¢ := mws(x) for f C J, as
2(1
IFNE, =Eegev. I Flee o) [T TI vrlwserap). (1.25)
we{0,1}e fCe we{0,1}f

Note that if vy =1 for all f Ce, then ||[F||5 = ||F||g is the usual box norm.
Ezample 3. Let e = (1,2) and F: V. = V; x Vo — R. Then
\|F||éVe =Esgev. Fr1,22)F(x1,q2)F(q1,22)F(q1, g2)
X Ve(21, T2)Ve (21, G2)Ve(q1, T2)Ve (q1, q2) 1 (21) V2 (22) 11 (q1)v2(g2)-

The points we(x, q) and wy(xy,qr) may be viewed as the faces and edges
of a d-dimensional octahedron ICy with vertices {z;,q; : j € e}. The inner
product in (1.25) represents the total weight of the octahedron obtained by
multiplying the weights of all edges and vertices. The boxnorm itself is the
weighted average of F' over all embeddings of the hypergraph K,.
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It is not hard to see that the J,-norm is indeed a norm (for d > 2) and an
appropriate version of the Gowers—Cauchy—Schwarz inequality holds (see the
Appendix). The importance of this norm is that it controls weighted averages
over (d 4 1)-dimensional simplices, which plays an important role in proving
the counting lemma. More precisely one has the following.

Proposition 1.1 (Weighted von Neumann inequality). Let F.: V., — R be a
given function, such that |F.| <1 for each e € Hq. Then, there is an absolute
constant C' such that

Bucv, T[ Felre(@) (@) < € min Rl +ovawe(1). (126)
ecHy

The above inequality motivates the following

Definition 1.1. Let e € H, and € > 0 be fixed and let G, C V, be a d-regular
hypergraph. We say that G, is e-regular with respect to the weight system

{vrhpce it
G, — pe(Ge) 1v.l|g,, <e. (1.27)

It is easy to see from Proposition 1.1 that if the sets E. € A, are ce-
regular for all e € Hy (0 < ¢ < 1), then Theorem 1.4 holds with i, = u and
§ = ce®™1. Indeed, writing G. = m.(E.), 1g. = pte(Ge) + F. , and substituting
this decomposition into the left side of (1.19), we get 29%! — 1 error terms
each of which is bounded by ¢/e?*! (with 0 < ¢’ < 1), and a main term of the
form HeeHd te(Ge)pg(Vy). The forms defining the measure py are pairwise
linearly independent and hence p;(Vy) = 1+0(1). Thus, by assumption (1.19)
of Theorem 1.4 pj(Ee) = pe(Ge)(1 4+ onw—oo(1)) < € (see Sect. 2), for at
least one e € Hq and the sets E., := 0, E!, :== E. (¢’ # e) satisfy the conclusion
of Theorem 1.4.

In general, the hypergraphs G. are not sufficiently regular and the bulk
of our argument is to obtain a regularity lemma in our weighted setting. This
roughly means to partition the sets G, into sufficiently regular hypergraphs
with respect to a system of measures fi., which are small perturbations of the
initial measures p.. Our proof is motivated by the iterative process described
in [19]; however, we need to modify the entire argument because of the presence
of weights on the lower dimensional edges. During the process, we construct
parametric families of weight systems {1 ¢ }.cs 4o Which for most values of
the parameter, ¢ will give rise to small perturbations of the initial system

{Ve}eeﬁ'

1.6. Sketch of the Proof in Dimension 2

We describe in detail the main elements of the proof in dimension d = 2 (and
illustrate some of the constructions of the configuration A = {(0,0), (2,0),
(1,1)}). We do this as in full generality both the notations and the arguments
are quite complex, but the essential ideas can be illustrated in this case.
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1. The Energy Increment. Let n > 0 and assume that for some edge e, say
e = (1,2), the graph G = 7. (E,) is not n-regular. This means

1Fllg,, =, (1.28)
where F' = 1¢, — p1e(Ge) 1y,. In view of definition (1.25), we may write
IFIS, = [ [ P@uim e won ) ) du) = o',
(1.29)

where x = (z1,22), ¢ = (1, 42), ug(x1) = F(21,¢2), and u(z) = F(q,z2)F
(q1,q2). We consider the variables ¢ as parameters and define the measures
[tq.c, depending on g, by

Mq,e(x) = Ve(xh q2)ye(Q1a x2)ﬂ/e(-’£)~

Ezample 4. It A = {(0,0),(2,0),(1,1)}, then v.(x) = v(2x1 + z2), pe(z) =
v(2z1+x2)v(z2) and pg () = w(g, ) pe (x) with w(g, z) = v(2z1+¢2)v(2¢1 +
Z2). Note that both forms 21 + g2 and 2¢; + 2 depend on both the z and ¢
variables, which hold in general by (1.12).

The inner integral in (1.29) may be viewed as the inner product
I'(q) := (F, ué X u(21>ll = / F(x) ué(xl)ug(m) dptge(x), (1.30)
q,e VE

on the Hilbert space L(V,, jg.c). Thus, (1.29) translates to E,ev, T'(q) pe(q) >
n*, while using the linear form condition, it is easy to see that

EqEVe F(Q)Q ,ue(Q) < Eqw,y Mq,e(x)uq,e(y)ue(q> =1+ ON,WHoc(l)7

as the underlying linear forms defining 4 () are pairwise linearly indepen-
dent and depend on at least one of the x variables. Alternatively, it also follows
from the pseudo-randomness of the weight system {v12,v1, 2}, applied to the
hypergraph bundle obtained by sampling the variables x1,y1, ¢ from Vi and
To, Y2, g from Vs. Thus

I'(q) =2 n*, for qe€Q, (1.31)
for a set Q C V. of measure p.(Q) = n®.

Fix ¢ € Q. As the functions u) (i = 1,2) are bounded, without loss
of generality, we may assume that they are indicator functions of the sets
Ul C Vi. Let By := B, V B} denote the o-algebra generated by the sets
W;l(Ug) (i=1,2) on V¢, and let E,_ . (1¢.|By) be the conditional expectation
function of 1, with respect to this o-algebra and the measure jiq .. Recall
that if (V, B, u) ib a finite atomic measure space, and B € B, is an atom, then
E.(f|1B)(z) = M(B) Jg fdu for all z € B. It is easy to see that E,(f|B) is
the orthogonal projection of f to the subspace of B-measurable functions in
L2(V, B, ).

As u}l X u3 is measurable with respect to B,, the inner product

<1Ge - ]Equ,e(

7e)s ué X u§>uq,c =0
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This together with (1.30) and (1.31) implies

(Ep,.(16.Bge) = Eu, (16, 1Bo) , uqus )y 20"
where By = {V,, 0} is the trivial o-algebra, and hence, E,_(1¢,|Bo) = pe(Ge)
1y, + oN,w—oco(1). Then, by the Cauchy—Schwartz inequality, we have
By, ( ve) = Eu.(La.[Bo)l 2y, ) 271 (1.32)

By the Pythagoras theorem, if the second term on the left side would be
a conditional expectation with respect to the measure fi4., then one would
obtain an “energy increment”

HEuq,e (1Ge |Bq7€) - Eﬂq,e(

= By, . Qe |Bee)liz ) = IBu,. Qe lBo)Zog, ) 2 1

2
M2 (g0

To overcome this “discrepancy”, a key observation of our approach is that
the measures (4. are negligible perturbations of the measure ., for almost
all values of the parameter ¢, which can be proved using the linear forms
condition. To be more precise, for any given set B C V., one has for almost
every q € Ve

fig,e(B) = pe(B) = 0N, W —00(1). (1.33)
The detailed proof of this, and other similar statements will be given in Sect. 2,
and we sketch the argument below. First, it is enough to show that

A= Egev, |pg,e(B) — e (B)|? e (q) = on,w—oo(1).

Since pig.e(z) = w(q, ) pe(z), with w(q, x) =

A= Eoev.Eoyev.15(2)1p(y)(wig, z) — 1)(w(q, y) — 1)pe()pe(y)pe(q)
< Eayevipre(@)pie(y) [Eqev, (wlg, ) = 1)(w(g, y) — Dpe(q)]-

By the linear form condition E,cy, pe(z) = 1 4+ oy w—oo(l) < 2 and the
Cauchy—Schwarz inequality,

A2 SJ ELyEVEEquVe (w(q, Z‘) - 1)(w(q7y) - 1)(w(p,x) - 1)(w(p, y) - 1)
X pre (@) pe(Y) e (q) pe (p)-

The above expression is an alternating sum of 16-terms, each being 1 +
ON,W—oo(1) by the linear form condition. Indeed, the linear forms defining the
measures (), te(y), te(q) te(p) and the weight functions w(q, z), w(q,y),
w(p, ), w(p,y) are pairwise linearly independent in the (x,y,q,p) variables,
as either their support is different or by the fact that the measure u.(z) and
the weight function w(q, z) are defined via pairwise independent forms. Al-
ternatively, it follows from order-4 pseudo-randomness of the weight system
{v12, 11,12} applied to the hypergraph bundle obtained by sampling the vari-
ables z;,v;, q;, p; from the vertex sets V;, for ¢ = 1,2. This in turn implies
that

= vo(21,g2)Ve(q1, x2), one estimates

1By (Le.1Bo) = Bu. (e [Bo)llL2(ug.0) = ONW—o00(1) (1.34)

and
1B, (1e.|Bo)llL2(ue) = By, (

M L2(y.0) + ONW—oo(1).  (1.35)
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Then, from (1.32), assuming that N, W are sufficiently large with respect
to n, we have that

B, (Lo Bae)l T2y ) = IEpe (L, 1Bo) 72, + €n, (1.36)

uniformly for ¢ € Qy, for a set ©; C Q of measure v,(2;) > cn®.

If F: V — Ris a function and (V, B, 1) is a measure space, the quantity
HE#(F|B)||2LQ(H) will be referred to as the “energy” of the function F with
respect to the measure space (V, B, i), so (1.36) is telling that if G, is not 7-
uniform with respect to the initial measure spaces (V., By, fie), then its energy
increases by ¢n®, with an absolute constant ¢ > 0, when passing to the measure
spaces (Ve, By.e, tig,e) for g € Q.

We symmetrize the forms £, . as follows. First pull back these forms to
the subspace M via the map m.: M — V., ie., define L, ps :={Lom.: L€
Ly}, and for an edge e’ set L, o0 = {Lon,': L€ Ly} If e’ = J\{j'},
this amounts to the change of variables xj := =37, x;. The family of linear
forms L, =, gy, Lq.e is symmetric and well-defined in the z-variables, and
also pairwise linearly independent in the (g,x)-variables. It is at this point,
where we have to construct weights using linear transformations and not just
extending our weights to hypergraph bundles.

Ezxample 5. In the case A = {(0,0),(2,0),(1,1)}, the measure pq. for e =
(1,2) is defined via the family of linear forms L, . = {221 + 22, 2¢1 + 22, 221 +
g2, 22}, which are transferred to edges e; = (0,2) and e5 = (0,1) to obtain
Lge, ={—2x0—x2,2¢1 — 22, =200 — 222+ q2, T2} and Ly, = {T1 — 20, —20 —
Ty, 2%, + q2,2q1 — x9 — X1, }

For given ¢, we define the corresponding weights and measures as in (1.10)
and (1.12), i.e., set

Vge(T) := 11 v(L(g, @), pge(@) =[] vas(@),
LeLgy,supp,(L)=e fCe

where supp, (L) is the support of a linear form L(g,x) in the z-variables.
Finally, set B, o := By = {Vb, 0}, and note that for each ¢ € Q, we have a
partition B, ; (considered as a o-algebra) on the vertex set V; into at most 2
sets. This gives rise to a partition B, . = B,; V By,; for an edge e = (i, j). By
the stability property (1.32), we have

IEy,. (e Bae)llEzg, ) 2 IBu,. (Le.Bo)ll72 (s, .
= |Ep. (La. 1Bo)llZz () + onw—oo(1).

Thus, one obtains a symmetric version of the energy increment (1.36), namely,
for ¢ € 4

Z ||Euq,e(16‘e|Bq,e)||2L2(,Lq,e) 2 Z HENe(]‘Ge|BO)||%2(M6) +en®. (1.37)
e€Ho e€Ho

2. The Koopman—von Neumann Decomposition. The above energy increment
argument applies with slight changes to the parametric system of weights and
measures 4. and 1,.. To be more precise, assume that there is an edge, say
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e = (1,2) and set Q] C Q; of size ¢1 := pe(Q)) > pe(Q1)/2, such that for all
q € Qf, one has

11c. _Euq,e(lGJBq,e)Hqu,e Z 1.
Writing Fy, := 1g, — E,, . (1¢,), we have as in (1.29)

HFHDV . / / 1)“2 (-rQ)Vq,e(-TlaPQ)Vq,e(pla-T2)

X dptg,e(x) dptg,e(p) = ", (1.38)

where x = (21,22), ¢ = (¢1,¢2), p = (p1,p2), and qu7 u?],p are functions

bounded by 1. Define the measure
Uq,p,@(x) = Vq,e(xlaPQ)Vq,e(pla IQ),UJq,e(x), (139)

and note that it is defined by a parametric family of linear forms £, , which
are pairwise independent in the (g, p,z)-variables. The space of parameters
Z =V, x V, is equipped with the measure ¥ (g, p) = pg.e(p)pte(q). Then, the
inner expression in (1.38) may be viewed as the inner product

['(q,p) = <Fq7u;,p X u37p>

on the Hilbert space L?(V,, 114 p.c). Thus, (1.38) translates to E,cv, I'(¢,p) pig.e
(p) > n?* for ¢ € Q). By (1.32), one has that pg(Ve) =1+ oy w—oo(l) <2
for “almost all” ¢ € Qf, thus

(1.40)

)
Hq,p,e

4
7
/V L(r(gp)=>nt/ay L'(q,p) dpig.e(p) > 5

e

On the other hand using the linear form condition as in (1.31), one has

/V /V T(qsp)? dttg.e (p) dpte(g) = 1 + onw—oo(1) < 2,

for N, W sufficiently large. If we set Q) := {(q,p) € Q) x V. : T'(¢g,p) > n*/2},
then by the Cauchy—Schwarz inequality,

# < (/ér(q,p) dptg,e(p) due(q)> < 2(95). (1.41)

This means that I'(q,p) > n*/4 for (q,p) € Qf, for a set Q) C Q) x V, of
measure (%) > 27481 (Q1)2.

Since for ¢’ = (¢, p) € 0%, the functions u (i = 1,2) are bounded by 1,
one may assume UZ’ =1, for some sets Uy, ‘ C Vi, hence (1.40) becomes

1

<1Ge—Euqe<1G Bae) Lus, x Ly ) = ot (1.42)

Hgl e
Since 11, X 1p2, is constant on the atoms of By ., generated by B, . and the
q q
sets m; '1y: (m; : Ve — V; being the natural projection), one has
q

<1Ge —Eu, . (1c.|Bye), 1U<}' % 1U§’>u -0
q’ e
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hence, uniformly for ¢’ = (¢, p) € Q)

1
(Euy.(16.1By.c) =B, (L6, 1Bye) Loy, x 1) = 7ot (143)
a T gl e
Then, by the Cauchy—Schwarz inequality
1
”Euq/,ﬁ(lGe ‘Bq/,e) - Euq,e(lGe ‘Bq,e)”Lﬁq, .= g 774~ (1~44)
The measure fiq,p () defined in (1.39) is of the form pig () = w(g, p, T)fiq,e

(z) with a weight function w(q, p, ) defined by pairwise linearly independent
forms depending on both the x and p variables; hence, the stability properties
(1.34)—(1.35) remain valid. Thus, for a set Q5 C ), such that ¥(Q25\Qs) =
ON,W—oo(1), one has for all ¢’ = (¢,p) € Qa

”Euque(lG(iqu’,e)”%ﬁ . HE#q,e(lGJBq,e)H%ﬁ > 2_7778‘ (1~45)
q e q,€e

Symmetrizing the forms L, ., one obtains an energy increment of 27%7% of
the total energy:

E ||Euq/,e(1Ge|Bq/,e)||2Lﬁ 2 E ||Euq,e(1Ge|Bq,e)H%f +27%%,
q’ e ‘q,e
e€Ha e€Ho

(1.46)

uniformly for ¢ = (¢,p) € Qo, for a set Qo C Z of measure () >
275 (1)

It is clear that the above procedure can be iterated leading to a family of
measure spaces (Ve, By, es lgx.e)ecH, depending on a parameter g € §j with
Q1. C Z%, of measure 11, (€2) > (n/2)* (for example, with ¢, = 28%2), at the
kth step. The procedure must stop at a step k < 219978 as the total energy,
given in (1.46), is increasing by at least 2787® in each step and, however, is
bounded by 3(1 + on,w—wo(1)) < 4, for sufficiently large W and N. At this
step, there is a set ) C €y, such that for all g, € Qi and e € Hy, we have

11c, —Eyu,, . (L6, |Bg.e)llo

Given an edge e = (4, ), this gives a Koopman—von Neumann-type decompo-
sition 1¢, = fg..e + Gqn,e With fg, . being constant on the atoms of B, . =
Bf]k \Y Bék, while g4, . has small Duque—norm. This is not quite enough to prove
a removal lemma as the size of the atoms are too small with respect to the
regularity parameter 7.

3. The Regularity Lemma. We will iterate the above decomposition to arrive
at a partition of the vertex spaces, so that on most atoms the graphs G,
become sufficiently uniform. Originally, such partitions of graphs were obtained
by Szemerédi [16], and we will follow the approach of Tao [18] as it is more
amenable to extensions to hypergraphs.

Let (Ve,Bge:thge)ecH, be well-defined, symmetric system of measure
spaces, depending on a parameter ¢ € Z% and let Q C ZK be a set of measure
P(2) := ¢ > 0. Assume that the o-algebras By . = B, \/ By,; (e = (¢,7)) have
complexity (i.e., the least number of sets needed to generate them) bounded
by My uniformly in gq.

<.

Yqp e
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Given € > 0 and a function F'(M,e) > 0, what we would like to achieve is
a symmetric, well-defined extension (Vg, itg’ c)een, and families of o-algebras
By C B, ; (i =1,2,3) for which the following holds. There is a set ' C
Q x Z4; of measure ¢/ (') > ¢(F, My, cy,€) > 0 such that uniformly for ¢’ =
(¢,p) € ', one has the following properties.
(1) The complexity of the o-algebras By ; is at most M = O(My, F,¢).
(2) For all e € Ho

1

1. —E,, (1. |B, S —
116, =By, (e By ., . < 575

(3) For all e € Hy
B, (e Bye) =By (La. By ollez , <e

The second property means that the uniformity parameter can be taken arbi-
trary small with respect to the complexity M of the “coarse” o-algebras By ;.
The third states that the approximations on the coarse and fine scales to the
graphs G, are sufficiently close in the L? sense, see [18].

Apply the Koopman—von Neumann decomposition with uniformity pa-
rameter 1) := F(Mp, )" to the original system (V,, By ¢, lig.c )ecH, - This gener-
ates a well-defined, symmetric extension (Ve, B), ., ftg'.e)eer, - Set By o == By e
for ¢ = (q,p). The new system satisfies (1) and (2) uniformly for ¢’ = (¢,p) €
Q for a set Q' C Q x ZY; of measure ¢’ (Q1) > ¢/'(V)/2 > ¢(F, e, My, cp) > 0.
There are two possibilities.

There exists a set ] C Q" of measure ¢'(Q}) > ' (2')/2, such that (3)
also holds uniformly for ¢’ € Q}. In this case, all the three properties hold for
this extension and the o-algebras By . C B, ,

There exists a set Q) C ' of measure w (Q’) > () /2, such that (3)
fails for all ¢" € Q5. Then, thanks to the stability condition (1.37) and the fact
that By . = Bg.c, we have for “almost every” ¢’ = (q,p) € Q5:

> 1B Qe lByolis, = 3 1B, (Le.lBuc)lls

e€Ho ’ e€Ho
=) (B, . AclByIli:  —IEu, (6. |Bee)lliz ) —onw—oo(l)
K1 Ko7
ceH> @ @
2
&g
= > |EQ¢.IB) ) —Eyu, . (1c.|By e)||L2 —oNwooo(l) 2 o
e€Ho e

This means that the total energy of the extended system (Ve, pig ¢, B, ) is at

least %—larger than that of the system (V¢, ptg.c, By,e) for all ¢ = (¢,p) € Q5.
Repeating this step one generates systems (V, uig, ) and o-algebras By, . C

Bj, ., such that either (1)-(3) hold or the total energy of the system is increased

by at least % at the ith step. Since the total energy is O(1), the process must
stop at a step i = O(e72).

4. The Removal Lemma. We will sketch below how to use the decomposition
obtained by the regularity lemma to prove Theorem 1.4. Recall that given
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e > 0, it is enough to show that there is a 6 = d(¢) > 0 and a ¢ € €,
such that if p(Ej2 N Ey3 N Ea3) < 6, then (1.20)—(1.23) hold for some sets
E} 19, Ey 13, Ey o3 for the measures fie = pig,c, that is,

(V(EnE, ) =0, > pee(BN\E,,)Se. (1.47)
e€Ho e€Ha
Note that (1.20)—(1.21) hold for all ¢ € Q outside an exceptional set & of
measure ¥(€) = on w—oo(1).

Therefore, let us assume that we have o-algebras B, ; C B',,; on the vertex
sets V; obtained by the regularity lemma with respect to e; := * > 0 and a
function F (M, ¢e); we choose F(M,¢) := e~826M+4 Note that the complexity
of the o-algebras B,,; < M uniformly for ¢, where M = M(F,e) > 0is a
constant depending only on F' and e.

We will work with the o-algebras B, ; C Bq i By = m; Y(B,.i) together
with the o-algebras B, . := B. generated by the smgle set Ee onV =V x
Vo x V3. The atoms of the o-algebra Eq = Veeﬁ Eq’e are of the form A, =
Ao N A3 N Azz N Aq’l N Aq,g N Aq,g. The set F1o N F13 N Eag is the disjoint
union of all such atoms, where A;; = ;.

It will be convenient to work with the single measure p, := [] tert Va.f
instead of the ensemble of measures fiq,c = [ ;c, Vq,r; fortunately, this can be
done at essentially no cost as 1,(Age) = pg(mo(Age)) + onw—oo(1) for all
e € H, uniformly for g outside a set & C Q of measure ¥(2) = on w—oo(1).
This is given in Lemma 2.2 in Sect. 2, and the argument is similar to the one
given after (1.33).

The proof of Theorem 1.4 is roughly as follows. First, one shows that
most atoms A, are “large”, in fact,

1
A)> ———
Nq( q) - F(M,E)’
in the sense that all “small” atoms A, are contained in sets of “edges” By . €
A, of measure

(1.48)

4(By.e) = O(c). (1.49)

Let 0 := 2F(M,e)~'. If p14(Er2 N Ey3 N Egs) < 6, then it cannot contain any

large atoms. If one defines £y . := V\B, ., then (), ¢, Ey . does not contain

any small atoms; hence, [, ¢4, (Fe N Ey ) cannot contain any atoms at all and

must be empty, and so (1.47) follows (1 49).

Let Ay = Neer, Ae Ni Aq’z be an atom of Eq. We say that A, is (e, M)-
regular if the following holds for all i = 1,2,3 and e = (7, ) € Ha:

pq(Agi) = e27M, (1.50)

tq(Ae N Agi M Ag ;) > € pig(Agi N Ag ), (1.51)

[ o RV . (o VL)

< 54/‘/1%1;,” dpg- (1.52)

1Aq,¢ 1Aq,j dﬂq
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Let By, be the union of all atoms A, N Ay ; N A, ; for which at least one
of (1.50)—(1.52) fails. We show that p,(B,..) = O(e). First, note that B, ; has
at most 2M atoms as its complexity is bounded by M; thus, the total measure
of atoms A, when (1.50) fails is O(e). If (1.51) fails, then pq(A,) < epg(AqiN
A, ;) for some e = (i, j) € Ha. Since the sets A, , N A, ; are disjoint, the total
measure of such atoms is also O(¢). Finally, summing over all pairs (7, j) when
(1.52) fails, one estimates using property (3) of the regularity lemma:

Z tq(Agi N Aqgj)

0,J
< 5_1 HE#q <1Ae ‘ Eq,i\/gq,j) _Euq (1Ac | B;,i\/g;,j) ||2L;{q
== B, (La, | Bas\ Bag) =B, (1a, | B \/ By ) 12 =0,

A crucial fact is that the measure of the regular atoms can be approx-
imately determined which is the content of the so-called Counting Lemma
[5,19]. To state it let us introduce the relative densities dq e := pg(Ae N Ag; N
Aqi)/1g(AqiNAg ;) and set 6q; = f1q(Aq,i). Then, for an (e, M)-regular atom
Ay = NeerpAe Ni Ag s, we have

1
tq(Ag) = (1 +0(€)) 64,1204,1304,2304,104,204,3 + O (F(JVLE)>
+ON,W—><X>(1)~ (153)

The above also holds for regular atoms of any subgraph H’ C Hs. In fact, the
proof proceeds by induction on the number of edges of H'. If H' = {1,2,3},
i.e., it has no edges, then one has the stronger approximation

tg(Ag1 M A2 N Ags) = pg(Ag1)ie(Ag2)ie(Ag3) + onw—oo(1). (1.54)

This again follows, for g outside a negligible set, from the linear form condition
by an argument similar to the one given after (1.33), see Sect. 2. Fix an edge,
say e = (1,2) and assume that (1.53) holds for regular atoms of the graph
H' = Hs\{e}. Write

14, =04 +bge+Cqe, Where
—/ — = -
bq = E/J/q (1Ae ‘ Bq71 \/Bqﬁ) _]EHq (1Ae | BQal \/6%2) ’
Cq = 1Aq,e - ]E#q (]'Ac | B;,l \/E;z) .

Note that dqe = E,, (14, | Bg1\V Bg,2) on the set Ay N Ago. Accordingly,
integrating term by term

/ I 14,.dng = /(5%‘e +bge +cge) [ 1a,. dug
1% 14

fer f#e
= M,+E, + E.
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For the main term, by induction for H' = H\{e}, we have

1
My =0640(14+0(e)) [] dq.s + 0O <W> + oNW—oo0(1).
f#e
For the first error term, taking absolute values and discarding the factors 14,,,

14,,, we have

‘Eél S/ |bq(x1"/EQ)‘]‘Aqyl(xl)]-Aq,z(lQ)
xT1,T2
x (/ 1Aq-,3(x3)wq(x17x2ax3) dﬂqyg) duq,IQ
T3

:/ I(21,22) Jg(z1, 22) dvg 12,
T1,T2
where wq (71, %2, 23) = vg,13(21, 73)vg,23(22, ¥3). By (1.52),

/Ig duq712 < e /1Aq,11Aq,2 duq,12 5 845(1715%2.

Expanding the square of the integral in z3,

[ = | La 2 (20)1a,., (02)1a, 4 (7)1, o (27) dit]
T1,T2,T3,Tg/

= (]_ + 0N7W~>OO(]')) 5%16‘1725373’

where the second equality again holds outside an exceptional set £ C Q. Thus,
by the Cauchy—Schwarz inequality, property (1.51) of regular atoms and the
fact that pg12(Vi X V2) = 14 on,w—oo(1), we have

1 4
|Eq| S €% 0q,104,204,3 S €04,1204,1204,2304,104,20,3-

The error term Eg can be estimated by Proposition 1.1, the weighted von
Neumann inequality. Indeed, set Fy12 = cq, Fy13 = 1a;,1a,,14,, and
Fy 23 :=14,,14,,. Then, by Proposition 1.1,

1
2 )
21 5 lelen, , +ov—nel) = 0 (757 ).

by the regularity condition (3) uniformly, for ¢ € Q\& for a set of measure
P(E) = oN,w—oo(1l). A detailed proof of the general case will be given in
Sect. 4.2. Various versions of weighted von Neumann inequalities are obtained
in [1,8]. For the sake of completeness we include a proof of Proposition 1.1 in
an Appendix. This concludes the proof of Theorem 1.4 for graphs, i.e., when
d=2.

1.7. Outline of the Paper

In Sect. 2, we describe the type of parametric weight systems {vy s} ren, qez
we shall encounter later on. Here, we also discuss their basic properties such
as the stability and symmetry. Though the notations are more complex, most
arguments are variants of those described in Sect. 1.6, see (1.32), based only
on the Cauchy—Schwarz inequality and the linear form condition.
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The main argument starts in Sect. 3, where we introduce the energy
increment argument for parametric weight systems on hypergraphs, and prove
a hypergraph regularity lemma. Section 4 is devoted to proving the counting
and removal lemmas. Many of our arguments in Sects. 3 and 4 may be viewed
as extensions of those in [19]. In the last section, we obtain our main results
stated in the introduction. The basic properties of weighted box norms are
discussed in an Appendix.

As for our notations, most of our variables are of vector type, although we
do not emphasize this. We think of the initial data A = {vy, ..., v4} being fixed
throughout, and do not denote the dependence of various quantities on them.
For example, we write Y = O(X) or Y < X if Y < C X for some constant
C > 0 depending only on the vectors v; or the dimension d. If y1,...,ys and
X are additional parameters we write Oy, . . (X) for a quantity ¥ bounded
by C(y1,...,ys)X or equivalently Y <, . X.

Though most of our constructions depend on N, all other terms in our
estimates are independent of N as well as the parameters appearing in them.
We will utilize the linear form condition throughout the paper, giving rise to
error terms which tend to 0 as both N — oo and W — oo for any fixed
choice of the parameters y1, ..., ys on which they may depend. The standard
notation for such terms would be on W ooy ,....y. (1); for simplicity, we will
write oy, ... (1). Finally, as all estimates in the linear form condition involving
the weights v, are independent of the choice of b, we write in certain places
v = vy, for the purpose of simplifying the notation.

2. Basic Properties of Parametric Weight Systems and Their
Extensions

In this section, we define the type of parametric systems and associated families
of measures that we encounter later and discuss their basic properties such as
stability and symmetry. We also discuss the type of extensions of such systems
which arise in our induction process. Although our arguments are increasing
in complexity, they are in essence just variations of the argument described
after (1.33) in the introduction, based on the Cauchy—Schwarz inequality and
the linear form condition.

2.1. Parametric Weight Systems and Stability Properties
Recall the family of measures {fi.}ecn constructed in (1.8):
pre(w) = 1T v(L(x)),
Lel,supp(L)Ce

where the family £ defined in (1.8) consists of pairwise linearly independent
forms. The following statement is based on the linear form condition and is a
prototype of many of the arguments in this section.

Lemma 2.1. For all e € ‘H, we have that
,ue(‘/e) =1+ 0(1)7 (21)
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moreover, if g: V. — [—1,1],

ErEEVE g(xe) /Le(xe) = ]EzEVJ g(’fre(x)) ,U'J(x) + 0(1)7

or equivalently,

/ gdue=/v(907re)dw+0(1)~ (2.2)

e

Proof. Note that the linear forms appearing on the right side of

nVe) =Eacv, ] v(L(2))

supp(L)Ce

are pairwise linearly independent, and as they are supported on e, they remain
pairwise independent when restricted to V.. Thus, (2.1) follows from the linear
form condition.

To prove (2.2), let e’ = J\e and write = (2., z¢ ) with 2. = m.(2), zo =
Ter(x). Then

E = Eyev,(gome)(@)ps(z) — Bz ev, g(ze) pre(ze)
= B ev, 9(ze) pre(ze) Es: ev, (W(Te, wer) — 1),

where w(z,, Te) = Hfge Vi(Tenf, Ternf)-
By (2.1), we have that p.(V.) < 1, and then, by the Cauchy—Schwartz
inequality,

|E|2 S EzeEVeExE/,yE/ eV, (W(xeaxe’) - 1)(W(xevye/) - 1) /Le(xe)'

The right-hand side of this expression is a combination of four terms and
(2.2) follows from the fact that each term is 1+ o(1). Indeed, the linear forms
appearing in the definition of the function p.(z.) depend only on the variables
z; for j € e and are pairwise linearly independent. All linear forms involved in
w(xe, e ) depend also on some of the variables in z;, j € ¢/, while the ones in
w(xe, yer) depend on the variables in y;, j € €/, and hence, these forms depend
on different sets of variables. Thus, the forms appearing in the expression
the(Te)W(xe, T )W(xe, yer ) are pairwise linearly independent and (2.2) follows
from the linear form condition. Note that the estimate is independent of the
function g. O

This will allow us to consider sets G, C V, as sets G, = 7, (G.) C Vy,
changing their measures only by a negligible amount:

MJ(ée) = pte(Ge) +o(1). (2.3)
Next, we define weight systems and associated families of measures depending
on parameters. Let

Ly = (L'(q,x),...,L%(¢q,2))

be a family of linear forms with integer coefficients depending on the param-
eters ¢ € QF and the variables z € Q. We call the family pairwise linearly
independent if no two forms in the family are rational multiples of each other.
If N is a sufficiently large prime with respect to the coefficients of the linear
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forms L'(q, x), then the forms remain pairwise linearly independent when con-
sidered as forms over Z x V, Z = ZE, V = ZJ. We refer to the set Z = Z% as
the parameter space of the family £,. As our arguments will involve averaging
over the parameter space Z, we call the family £, well-defined if there is a
measure on Z given by

| 50 a0) = Erez s@ vt o0 = [[vi), @)

for a family of pairwise linearly independent forms Y; defined over Z and all
forms L‘(q,z) depend on some of the x-variables.

If V = Vj, then we define an associated system of weights {vg e }qez,cen
and measures {igctqez,ecn as follows. For a form LF(g,z) = > bigi +
>_ja;jx; , define its z-support as supp, (L) = {j € J : a; # 0}. For e C J and
q€ 7, let

Vg,e(T) = H v(L(g,2)), pge(x) = H v(L(g,z)). (2.5)
LeL, LEL,
supp, (L)=e supp, (L)Ce

We use the convention that v, . = 1 if there is no form L C £,, such that
supp, (L) = e. Note that the z-support partitions the family of forms £,
independent of the parameters ¢, thus for given e € H

Hag.el H Vge(z), forall ¢eZ.
fce

A crucial observation is that many of the properties of the measure system
{te} still hold for well-defined measure systems {1, ¢} for almost every value
of the parameter g € Z. To formulate such statements, we say that the family
L has complezity at most K if the dimension of the space Z, the number
of linear forms L’(q,x), Y;(q), and the magnitude of their coefficients are all
bounded by K. This quantity will control the dependence of the error terms
in applications of the linear form condition. We have an analogue of Lemma
2.1.

Lemma 2.2. Let {fig.e}tecr.qcz be a well-defined parametric measure system
of complexity at most K. For every e € 'H, there is a set & C Z, such that
V(&) = ok (1), and for every q & &

oo (V) = 1+ oxc(1). (2.6)

Moreover, for every e € H, there is a set & C Z of measure Y(E.) = o(1),
such that the following holds. For any function g: Z x V. — [—1,1] and for
every q ¢ E., one has the estimate

/g@%mme=Ag@mmwwﬂw+wm. 2.7)

Ve J
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Proof. To prove (2.6), consider the quantity
A= [ JugelVe) =11 auia)

- /Z E( 11 u(L(q,xe»—l)( 11 u(L(q,ye»—l) du(g).

supp, (L)Ce supp,, (L)Ce

The above expression is a combination of four terms and note that the family
of linear forms

{Yk(Q)v Lz(qa xe)a Lj (Q7 ye)}

is pairwise linearly independent in the (g, ., ye) variables by our assumptions.
Applying the linear form condition gives that each term is 1 + ox (1) and so
Ae = 0k (1) and (2.6) follows.
Now, let ¢/ = J\e and write z = (x., Z./). Arguing as in Lemma 2.1, we
have
A(g,e,9) = |Ezev, 9(q me(®)) tg,1(z) — Exev. 9(q2e) pig.e(Te)|
= |IEgce€Ve g(q> xe) ,uq,e(xe) Ewe/ ev,, (Wq(ma :L'e’) - 1)|

< Eg.ev, Mq,e(me) |Ewe/e\/ﬁ/ (Wq(xeaxe’) -1,

A\

where wg (¢, o) = Hf;(_e Va.f(Tenf, Terng)-

Notice that the right-hand side of the above inequality is independent
of the function g; if we denote it by A(g,e), then (2.7) would follow from the
estimate Eqcz A(g,e) di(q) = ok (1). By the linear form condition E, ,, d¢(q)
dptge(ze) = 14 0k (1) < 2, for N sufficiently large with respect to K. Then,
by the Cauchy—Schwartz inequality, one has

2
(quZ A(g,e) dw(Q)) < Egez, z.ev. EreuyefeVe (Wq(xmxe’) - 1)
X (Wq (l'ea ye’) - 1) dﬂ’q,e(xe) d¢(q)
This is a combination of four terms; however, each term again is 1 4+ ox (1) as
the linear forms defining v depend on the variables ¢, while the ones defining
g,e depend also on the z. variables. On the other hand, all linear forms
appearing in the weight functions wy(z.,zer) (resp. wy(xe,ye)) depend on
the . (resp. y.) variables as well. Thus, the family of all linear forms in
the above expressions is pairwise linearly independent in the (q,Ze,Ze/, Yer)
variables. g

2.2. Extensions of Parametric Systems

During our iteration process, we will encounter extensions of parametric fami-
lies of forms depending on more and more parameters. Roughly speaking, one
extends a family by adding new parameters together with new forms depending
also on the new parameters. More precisely, let £ = {L}(q1,z),..., L} (q1,2)}
and L2, = {Lj(q,),...,L5* (g2, %)} be two pairwise linearly independent
families of linear forms defined on the parameter spaces Z1 = Zlf\} and, respec-
tively, Zo = Zf\?. Let 11 and 12 be measures on Z; and Z, defined by the
families of linear forms {Y{'(q1),..., Y} (q1)} and {Y?(q2),..., V2 (q2)}
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Definition 2.1. We say that the family ﬁi is an extension of the family ﬁé L if
7y < Zy and the following holds. The family of forms L% (gz, x), sz (g2) which
depend only on the variables ¢; = m(g2) is exactly the family of forms L (q1, z),
le (q1), where 7: Zy — Z; is the natural orthogonal projection.

EV =V, let pu' = {pg clnezeer and p? == {ig, r}gez rer be
the associated measure systems as defined in (2.5). We say that the measure

system po is an extension of the system pp. Let us make a few immediate
observations. Writing Z, = Z1 X Z, Z = Z' and ¢2 = (¢1, q), we have

Ya(q1,q) = P1(qr) - o(q1,q), (2.8)

where ¢(q,q1) = szl v(Yi(q1,q)). The linear forms Y;(q1, q) defining (g, q1)
depend on some of the variables of ¢ = (¢;)1<i<k and are pairwise linearly
independent. Similarly, one may write for any e € H

M%q17q)7e(xe) = Mél,e(%)we(m, q, J)e), (29)

where the linear forms Lg(q17 q, ze) defining the function w.(q,q1,z.) depend
on (some of) the variables ¢ as well as on (all of) the variables x..

In the special case, when £ = (L'(z),...,L*(x)) is a family of linear
forms, a parametric family £, is called an extension of £ if the set of forms in
L, which are independent of ¢ is exactly the family £. Similarly, the associated
system of weights {v, .} and measures {v, .} is referred to as an extension of

{ve} and {p.}.

Lemma 2.3. Let {pf}ren be a well defined measure system, and let
{itg,r Yaez rern be a well-defined parametric extension of {{is}ren of complex-
ity at most K. Then, for any f € H and for any function g: Vy — [—1,1],
there is a set £,y C Z of measure (&, 5) = ok (1), so that for all g & €y ¢

/ gdpq,g —/ gduy = ok(1). (2.10)
vy 1%

f

Simalarly, if {pq,.rtrer,qiez, 15 a well-defined parametric system and if
{lbgs. 1} eH quez, 1S an extension of complexity at most Ko, then to any func-
tion g: Zy x Vy — [—1,1], there exists a set £,y C Zy of measure ¥2(Ey.¢) =
0K, (1), such that for all g2 = (q1,q) & Eq.1,

/g(qhw)duqz,f(w)—/ 9(q1, ) dpg, 1 (¥) = ok, (1). (2.11)
Vi

Vi

Proof. As g5 = py(zf)we(q,xy), the left side of (2.10) may be written as

Agola) = /V o(2)(w5(g,2) — 1) dpup (z).
Consider

Mgy /Z g0 (@) d¥(q).
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Using the Cauchy—Schwartz inequality, we estimate

Ay = /Z /V f /V 91002 = 107 0:0) ~ Do) i (i ()

“J 1,

Now, the Cauchy-Schwartz inequality and (2.1) give

|Af,g|2§/vf /Vf/Z/Z<Wf<q,x>—1><Wf<q,y>—1>

x (wp(p,z) = D) (ws(p,y) — 1) dpyg(z)dps(y)dp(q)d(p).

The last expression is a combination of 16 terms, where each term is
14 ok (1) by the linear forms condition. Indeed, the linear forms which can
appear in any of these terms are ¥, (¢),Y;, (p), L (2), L4 (y), L' (g, z), L*(g,y),
L7 (p,z), and L (p,y). Note that the last four terms depend on both sets of
variables (for example, L(q,z) depends both on ¢ € Z and on z € Vj),
and hence, the family of these forms is pairwise linearly independent in the
(¢, p, z,y) variables. This proves (2.10).

The proof of (2.11) is essentially the same. Set

Apolap) = /V 9(01,7)dp1gy £ () /V o(a1, 2)dpigy 1 ()

/Z (w1 (g, 2) — D)(wy(g,y) — Dd(a)| dpag () dps ).

and

Apgi= /Z 1A g0 (2)[? difn(a2).

Write Zy = Zy x Z, where Z = Z%;, and g2 = (q1,q) for g2 € Z2. By (2.8), we
estimate as above

Af,gi/ / / dvp1(qu)dpg,, r (x)dpg, £ (y)
Vi JVy S 20

X [Eqez (wr(q1,q,2) — 1)(Welqr,q,y) — De(qr, q)| -

The linear form condition gives

/Vf /Vf /Z A1 (q1)dpg,, r(2)dpg,,r(y) =1+ 0k, (1),

thus we have
Asl® s/vf /V /Z Epacz (wilas,a,0) — D(ws(ar, a,y) — 1)
X (ws(qr,p,x)—=1)(ws(q1,p,y)—1) w(q1, (g1, p) dbr(qr)dpg,, r(x)dpg,, f ().

The point is that any linear form L;} (¢1,4,z) depends on both the variables
q and z. Thus, again, the left side is a combination of 16 terms, each being
1+ 0k, (1) by the linear form condition as all the linear forms involved in
any of these expressions are pairwise linearly independent in the (z,y, g1, ¢, p)
variables. g
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Lemma 2.3 is an example of what we refer to as the stability property.
It means that the extension measures fi(q, 4),7 are small perturbations of the
measures (g, with respect to quantities which are independent of g.

As a first application of this principle, we show that the weighted box
norms, defined in (1.10), remain essentially unchanged under parametric exten-
sions of the weight systems defining the norms. Let £, be a pairwise linearly
independent family of forms defined on the parameter space (Z1,11) and let
{vg,,e} be the associated system of weights.

Let g: Z1 x V. — R be a function and let e € H, |e] = d'. For a given
q1 € Zn, recall the box norm of g,, (z) = g(¢1, x):

d’
lallZy,  =Epaeve I] slavweo) [T T1  vas(ostrz).

we{0,1}e fCe wref{0,1}f
(2.12)
where xy = w¢(z), pf = m¢(p), m¢: Ve — Vy being the natural projection. The
inner product on the right side of (2.12) is defined by the parametric family
of forms:

L, = U {L(q1,ws(ps,xys)): L€ Ly, supp,(L) = f, w € {0, 1}f} . (2.13)
fCe

It is easy to see that this is a pairwise linearly independent family of forms
defined over Zy x V, V =V, x V,. Indeed, if we would have that

L'(qu, Wi (prs ) = AL(qu,wy (g, 7)), (2.14)
then restricting both forms to the subspace {p = x} would imply that L'(q,
xf) = AL(qq,2y), and hence, f' = supp,(L’) = supp,(L) = f. Then, as L
and L’ depend exactly on the variables z; for which j € f, we have v’ = w
and L = L.
If {fig.f}gez, rce denotes the associated system of measures and

Glapx):= [ 9la,welp,2)), (2.15)
we{0,1}e

then for given ¢; € 73

d/
HgCh ||2|:’Uq1,€ = Ep,afGVeGlh (p7 I) /1(]1,6(pa .’,E) (216)

Now, if £,, is a well-defined parametric extension of £, , then (2.13) yields a
well-defined parametric extension L4, of the family L, . Then, by Lemma 2.3,
and the simple observation that |a2d — b’ | < e implies |a — b| < 2" for
a,b > 0, we obtain

Lemma 2.4. Let {vg, f}frer.qiezy be a parametric weight system with a well-
defined extension {Vq, 1} rer, gz, 0f complexity at most Ko. Then, to any e €

H and to any function g: Z1 xV, — [—1,1], there exists a set E = E(g,e) € Za
of measure 2(E) = ok, (1), such that for all g2 = (q1,p) ¢ &

l9. | 0, . For(). (2.17)

Dugye 194
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Let (V, B, 1) be a measure space and let g: V' — R be a function. An im-
portant construction, the so-called conditional expectation function is defined
as

E,.(¢|B) (z) = m Eyev 150 (1)g(y)dpu(a) = m /B 9O,

where B(z) € B is the atom containing x. If p(B(x)) = 0, then we set
E,(9IB)(x) = 1.

The complexity of the g-algebra B, denoted by compl(), is defined as the
minimum number of elements of B which generates B. Note that the number of
atoms of B is at most 2°°™P!(B)  Next, we compare the conditional expectation
functions of parametric systems.

Lemma 2.5. Let (1g,,f)qicz,,fen be a well-defined parametric measure system
with o well-defined extension (g, f)qcz.,fen Of complexity at most Ko. For
1 € Z1 and e € H, let By, be a o-algebra on Ve, such that compl(By, )< M
for some fixed number M. For any function g: Zy x V, — [—1,1], there exists
a set € = E(B,g) C Zy of measure ¥2(E) = om,k,(1), such that for any
a2 =(q1,9) ¢ &

(1) we have

2
HEqu,e (glh |BQ1,€) - ]Euql.e (gth ‘BQMC) H[ﬁ(llq?’ﬁ) = OM,K, (1) (2'18)

(2) and
2 2
||Euq2,e.(gq1 |BQ176) ||L2(Mq2,e) = ||Euq1,e (g(h |B(I176) ||L2(Mq1,e) + OM7K2 (1)
(2.19)
Proof. Let m = 2M and enumerate the atoms of Bg, e as B;l, ..., By, allowing

some of them to be possibly empty. For a fixed 1 < ¢ < m, define the function

1 if ze B

q1?

bi(qr,w) = 1321(90) - {0 otherwise,

and for g3 = (q1,q) € Zs, define the quantities

1i(q2, 9) r=/ 9(q, 2)bi(qr, @)dpgy e(x),  pi(q2) = pgy.e(BL),

e

1i(q1, 9) :=/ 9(q1, )bi(qu, w)dpg, e (),  pilqr) == pg, e (B)-

Ve

By Lemma 2.3, we have that

wi(a2, 9) = pi(q1, 9) + or, (1), pi(g2) = pilqr) + ok, (1) (2.20)

for all go ¢ &;, where & C Zs is a set of ¢o-measure o, (1). Let £ = |J~, &
then 92(€) = ok, m(1). The left-hand side of (2.18) takes the form:

zm: (,Lli(q2ag) - ui(ql,g)>2m(q2)7 (2.21)

=1 Mi(Q2) wi(q1)
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with the convention that if p;(q1) = 0 or p;(q2) = 0, then p;(q1,9)/1i(qr) =1

or 1i(qz2,9)/1i(gz) == 1.
If g2 = (q1,q) ¢ &, then by (2.20)

€= Z l1i(g2, 9) — pilar, 9| + |ri(g2) — pi(q1)| = okym (1) (2.22)

Now, if p;(q1) < 2¢'/* then pi(gz) < 3¢'/* by (2.20); hence, the total con-
tribution of such terms is bounded by 12me'/* = og, ar(1).
If pi(qr) > 2e'/%, then pi(g) > '/ and we have the estimate

‘m(qz,g)_m(61179)’< AeN) 9012 o (1)
2, :

pilaz) — pilan) |7 2e(N)V2 T

This proves (2.18). The proof of inequality (2.19) proceeds the same way, here,
one needs to estimate the quantity

pila2,9)*  pilar.9)?
1i(g2) pi(q)

(u;zqz; )QM(%)_ (m)QUi(%) :

If g < 251/4, then pi(ga) < 3e¥* for o = (qu,q) ¢ &; thus, the
contribution of such terms to the right side of (2.23) is trivially estimated by

i=1

(2.23)

3met* = onr i, (1).
The rest of the terms are bounded by 8<'/2 and (2.19) follows. O

We also need an analogue of the above result when the || -||2(,, ,) norms
are replaced by the more complicated || - ||qu _ norms.

Lemma 2.6. Let {vg, r} e, qocz, be a well-defined extension of the parametric
weight system {vq, ¢} rer.qiez,, of complexity at most Ko. For 1 € Zy and
e € H, let By, . be a o-algebra of complezity at most M, for some fized constant
M > 0. Then

HEVq2,E(gq1 |Bq1,6) - El’ql,e(gql |Bq1,e)|‘|:|uq2 . = OM,K(l)a (2.24)

for all g2 = (q1,q) ¢ &, where £ = E(g,B) C Zy is a set of measure 2(E) =
OM,Kz(l)-

Proof. First, we show that for any family of sets A = (Ag, )gicz, Agr C Ve,

there is a set & = &1(g,.A) of measure 12(€1) = o0k, (1), such that for all
g2 = (q1,q) ¢ &1, we have

d

114, lIEs

Yq2,e

< :U’qme(Am) + OKz(l)' (2'25)
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To see this, first note that for g2 = (q1,¢) € Za, one has
d
4, 1B, . < Eepevila, (@) fgs.e 2) [T 11 vees(ws(so2p))
fCews#0
= ﬂqz,e(A!h) + E(Q2)7
with
E(q2) < Eoev, figy,e()[Epev. W2, p, ) — 1)],
where
Wiga,p,x) = [T T vaos(ws(psp)).
fCews#0
Arguing as in Lemma 2.6, we see that
quEZ;ZEz,]o,]D’GVE ¢2(q2)dﬂq2,e(x) (W(q%pv $) - 1)(W(q2vp/7x) - ]-) = OM,K(]-)

and (2.25) follows.

Now, let {B. }7, (m = 2M) be the atoms of By,  and define the quanti-
ties wi (g, 9), i(q2), 1i(q1, g), 1i(q1) as in Lemma 2.4. The expression in (2.18)
is then estimated by

o (1ile2,9)  pilang) L
Z( 1i(g2) 1i(qr) > 125

i=1
m

=1

O

Yq2,e

ul(qz,g uz(ql, ‘H |
:u’l Q2 ,uz Q1 B

IN

O

Yqg,e

T

S

pi(g2,9)  pilar,9)
1i(q2) 1i(qr)

for g2 = (q1,q) ¢ &1, where & = E1(By, ., 9) is a set of measure opr i (1).

Using the facts that ;(g2,9) = pi(q1,9) + ok, (1) and p;(q2) = pi(qr) +
0K, (1) outside a set of measure op,x, (1), and

A

- o—d
‘ /’LQ2,€(B}1)2 +0M,K(1)7

i=1

Zﬂqz,e(Bél) = Nq2,e(ve) =1+ o0x,(1),

it follows that the above expression is oar,x,(1) by arguing as in Lemma 2.4.
This completes the proof. O

2.3. Symmetric Extensions

We will also need our parametric families of forms to be symmetric, to apply
Theorem 1.3. Let for each e € Hq, L4 = {LL(q,x),...,L(¢q,x)} be a pair-
wise linearly independent family of linear forms defined on V;, depending on
parameters ¢ € Z, such that supp, (L) C e. We say that the family of forms
Ly = Ueen, Le is symmetric if Li(g,x) = L’,(¢g,x) for all ¢ € Z, x € M,
e, e € Hgand 1 < j < s. Note that our initial family of forms defined in
(1.10) has this property.

It is not hard to see that for a given family of forms £,. and for a
fixed e € Hg, there is a unique symmetric family of forms L, such that
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Lge = {L € Ly; supp,(L) C e}. Indeed, if £, is such a family, then for
e €Hy,qe€ Zand x € Vy

Li’ (q7 I) = LZ/(q7 Te! (I)) = Li/(qv ¢e’ O Tes (I)) = L‘Zj(q7 ¢e’ O Trer (l’)), (226)

where ¢.: V., — M is the inverse of the projection 7./ restricted to M. This
shows the uniqueness of the family £,. Conversely, define Li, (¢,x) by the
above equality, then it is clear that supp, (Lz,) C ¢'; moreover, if € M, then
T = ¢ 0 Ter (2); hence, LZ, (q,z) = Li(q, ). In addition, if suppri, C e, then
for all ¢ € Z, and x € Vy,

LZ/(va) = Li'(Qv (be o 71-e(x)) = Lz(% @e © 7Te(x)) = Lg(Q7x)~

This shows that all the forms in £, which depend only on the variables z.
are the forms of £, .. Finally, if £, . is a pairwise linearly independent family,
then so is L4, as linearly dependent forms must depend on the same set of
variables. We will refer to the family £, of forms as the symmetrization of
the family Lq.. If f € H for some edge |f| = d" < d and Ly ¢ is a family
of forms defined on Vy, then the above construction can be applied to obtain
a symmetric family £, simply by choosing an e € Hg, such that f C e and
considering L, s as a family of forms on V.. Note that the construction is
independent of the choice of e D f, as if f C €’ as well, then LI = Li, for all
I<j<s.

In the next section, following [19], we will start an energy increment pro-
cess to obtain a regularity lemma for weighted hypergraphs. At each stage, we
will pass to an extension of a symmetric, well-defined and pairwise indepen-
dent parametric family £, defined for ¢ € Z as follows. We choose an edge
e € H and consider the extension of the family £, ., as given in (2.13), that
is, replacing the forms L7 (g, z ) with the forms L7 (q,ws(ps,zy)), w € {0,1}/.
This gives an extension Eq,p, ¢ defined on the parameter space (¢,p) € Z x V¢,
which we symmetrize to obtain a new symmetric, well-defined and pairwise
independent family Zq,p. The first step of this process was described in the
introduction in the special case e = (1,2).

3. Regularization of Parametric Systems

3.1. The Koopman-von Neumann Decomposition

Let e C J and let By be a o-algebra on V; for f € de, where de = {f C
e: |f| = le[ — 1} denotes the boundary of the edge e. Let B := V ;,, By
be the o-algebra generated by the sets ﬂ;fl(B t), where mey: Vo — Vj is the
canonical projection. The atoms of B are the sets G = ()¢, we_fl (Gy) with Gy
being an atom of By, which may be interpreted as the collection of simplices
ze € Ve, whose faces x¢ are in G for all f € Oe.

The starting point of the proof of the Regularity Lemma, given in [19],
is to show that if a set G. C V is not sufficiently regular with respect to B,
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that is, if

¢, —E | 1¢,

f€0e O

then there exists a o-algebra B} 2 By for each f € Oe, such that

2 2

E|1¢,| \/ B >|E | 1¢,| \/ By + en?.

f€de 12 feoe 12

The quantity ||E(1¢|B)||?. is referred to as the energy (or indez) of the set
G with respect to the o-algebra B; thus, the above inequality means that
the energy of the set G, is increased by cn? by refining the o-algebras By.
In addition, the complexity of the o-algebras B, denoted by compl(B}) and
defined as the minimal number of sets generating the o-algebra, is at most 1
larger than that of By.

In our settings, for a given e C J, we will have a parametric system
of weights {vy r}qez sce and measures {jq f}qez, rce associated with a well-
defined, pairwise linearly independent family of forms £, defined on Z x V,
as given in (2.5). For simplicity, we will refer to such systems of weights and
measures as being well-defined.

Lemma 3.1. For given e C J, |e| = d', let {1q,r}qez rce be a well-defined
family of measures of complexity at most K. For q € Z, let Gg. C V. and
{Bq.f}rcoe be a o-algebra on Vy. Assume

24’

1Gq>e B Eﬂq,e 1Gq,e| \/ BQ7f 2 1, (32)
feoe O

Vq,e

for some n > 0 and for each q € ), where Q C Z is a set of measure ¥(£2) >
co > 0. Then, for N,W sufficiently large with respect to the parameters cg,n,
there exists a well-defined extension {fiy r}qyez.fce of the system {pq s} of
complezity K' = O(K), and a set Q' C Q x V., C Z', such that the following
properties hold.

(1) We have
V() = 27 e, (33)
where 1)’ is the measure on the parameter space Z' = Z x V,.
(2) For all " = (q,p) € Z' and f € Oe, there is a o-algebra By ; O By 5 of

complexity:

compl(By, ;) < compl(Bg,5) + 1. (3.4)
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(3) For all ¢ = (q,p) € ', one has
2

Eﬂq’,a 1Gq,e| \/ Bq/mf
f€de

L2(uy )
2
> By, | L6,V Bas + 27802 (3.5)
fede L2(pg.0)
and
//fq’,e(ve) S 2. (36)

The meaning of the above lemma is that if there is a large “bad” set §2 of
parameters ¢ for which the set Gy . is not sufficiently uniform with respect to
the o-algebra \/ Fede By, r, then its energy will increase by a fixed amount when
passing to a well-defined extension {By s}, {itg .}, for all ¢ = (¢,p) € .

Proof. Let

9 =1c,. —Eu,. | 1c,.1 \/ Bos |- (3.7)
f€de

By (2.12), we have for each q € Q2

=/ <gq, H “qpf> dpg.e(p) =1, (3:8)

f€0e

H(a,p).e
where ugp r: Ve — [~ 1,1] are functions, and {fi(q.p).e }(q.p)ez is the family of

measures
H(g,p),e H H Va,f (Pf, ).
fCewe{o,1}f

w#0
As explained after (2.5), the measures (4 ). are defined by a pairwise inde-
pendent family of forms L, ) . depending on the parameters (¢,p) € Z x V¢,
which is a well-defined extension of the family £, . defining the measures
Hg,e- It is clear from (3.8) that the measure ¢’ on Z’ has the form ¢’(q, p) =

tiq,e(p) ¥(q)-
For ¢’ = (¢,p), let

F(Q7p) = <gq7 H uq7p7f> : (39)

fede

Hq,p,f
We show that there is a set Q] C Q x V, of measure:
V() 2 273, (3.10)
such that for every (¢,p) € Q] one has

I'(g,p) = (3.11)

»Jk\d
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By Lemma 2.2, we have that pg.(Ve) = 14+ ok (1) < 2 for ¢ ¢ &, where
&1 C Qs a set of measure (&) = ok (1). Thus, for ¢ € Q\& = Q4, we have
by (3.8) that

n
- 3.12
2’ ( )

/V 1{F(q,p)2n/4}F(Q7p)dlj’%e(p) >

e

where by (3.8) and (3.9), we have

I'(g, p) / H Ug,f Wa,p(2)dpg,e(T).

Ve fede

The function w, () is the product of weight functions of the form v(L(q, p, z))
depending on both variables p and x. Thus, using the bounds |g,| < 1, |ug,p,r| <
1, one has

/Ve|rqp>|duqe )i (q ////w D)W@)

X dptge(x)dpig,e(x')dpig,e (p)de(q)
=14o0k(1)<2 (3.13)
by the linear form condition, as the factors in the product depend on different

sets of variables. Let Q] := {(¢,p) € Q1 xV.: T'(¢,p) > n/4}. Thus, by (3.12),
(3.13) and the Cauchy—Schwartz inequality,

i’ /
4 - Q/

1

F(q,p)duq,e(p)dw(q)> < /Q I(q,p)?dpg.c(p) dvo(q) ¥'(92))

1
<29 ().
This shows 1’ (€2}) > 273¢2n? as claimed.

Since |ug ;| < 1, decomposing each function uy ; into its positive and
negative parts yields that

<gq7 H Vg 7f> > 27277 (3.14)

fede

Hq’,e

for some functions vy ¢: Vy — [0,1]. For a given f € de and some 0 < t; < 1;
let

Uy, ={zp € Vi tvg p(ap) > s}

be the level set of the functions vy ;. Then, vy f(xf) = f Ly, (zy)dty, and

for each term in (3.14), we have

/ / <gq, IT w,. > dt > 27,

fe€de ,

(Iv‘i

where ¢t = (tf)fege. Accordingly, the integrand must be at least 27972y for

some value of the parameter ¢. Fix such a t = (ty) and write Uy ; for Uy ;, for
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the simplicity of notation. For ¢’ = (¢, p) € Q, define By to be the o-algebra
generated by By r, and Uy ¢,. For ¢ ¢ Q, set By r = By ;.

The function erae 1y, , is constant on the atoms of the o-algebra
\/feae By ., and therefore, we have

V 8o ) I >

f€0e f€0e

Il
=)

<1quﬁ _Eﬂq’,e 1Gq,e
Hq’ e

for ¢’ € Q. Hence, by (3.7) and (3.14), it follows that

<]Euq/,e 16,.1 \/ Bos | =Eu,. | 16,1V Bar | [] 1uq/,f>

feoe f€de feode
Mgl e

> 272, (3.15)
By Lemma 2.2, there is a set & C Z’, such that ¢'(€1) = ok (1) and

H 1uq’,f < /u‘q’,e(vve)l/2 =1+ OK(l) <2
f€0e L2(/J'q/,e)

for ¢ € Q1\& =: Q4. Then, by the Cauchy—Schwartz inequality,
-3
Eﬂq/,g 1G‘1ve‘ \/ Bq/7f - Eﬂq,e 1Gq,e| \/ B‘Lf > 277,
f€de f€ode L2y )

for ¢ € Q). By Lemma 2.6, there is an exceptional set & C Z’ of measure
Y'(E2) = ok (1), such that for ¢ = (¢,p) € Qf := QL\E, we have

]Euq/,e 1Gq,e| \/ By s _Euq/,g 1Gq,e| \/ By,
fede fede

Lz(“q’,e)
> 278 — ok (1) = 27, (3.16)
Since By, r C By s, for ¢ = (¢, p), (3.16) is equivalent to
2
E“q’,e ]'Gq,e \/ Bq/’f
f€de L2(Hq/ e)
2
o E”q’,e 1Gq,e| \/ By,f > 278772- (3.17)
fede L2(ny )

Finally, by a further invocation of Lemma 2.6, there is a set £3 C Z’ of mea-
sure ¢'(£3) = ok .a(1), such that for ¢/ € Q) := Q5\E&, we have (for N, W
sufficiently large):
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2 2
E., . |1c,.l '\ Bos B, 16,1\ Bos
f€0e Lz(ﬂq/ E) f€0De Lz(uq‘e)
=27 (3.18)
This proves the lemma by choosing Q' = Q. 0

Iterating the above lemma leads to a parametric family of o-algebras and
measures, such that the sets G . become sufficiently uniform with respect to
them. The associated decomposition of their indicator functions is sometimes
referred to as the Koopman-von Neumann-type decomposition [19]. We will
replace sets G, C V. by o-algebras B, on V, for e € H s, and for that, it is useful
to define the total energy of the family {B.}cer, with respect to a family of
lower order o-algebras {By} e, , and a family of measures {ic}ecr,, as

2

> B (16l V By : (3.19)

e€H yr,GeEB. fede L2(u)

Assuming that the measures 1, are normalized, i.e., . (V.) = 140(1) < 2,
a crude upper bound for the total energy is 24+122" = 0,,(1), where M is

the complexity of the o-algebras B..

Lemma 3.2 (The Koopman-von Neumann decomposition). Let {fiq f}qez fem
be a well-defined, symmetric family of measures of complezrity at most K.
Let 1 < d' < d, and let {By.cleezecr, and {Bqsteez,ren, _, be fami-
lies of o-algebras of complexity at most My and My _1. Finally, let Q C Z
with Y(Q) > ¢g > 0, and let & > 0 be a constant. Then, for N, W suffi-
ciently large with respect to the constants d,co, My, Mg —1 and K, there exists
a well-defined, symmetric extension {{iq f}qy ez jen of the system {uq r} of
complezity at most K' = O,k s5(1) and a family of o-algebras
{By rYqcz . ren, _,» such that the following properties hold.

(1) For allq' = (q,p) € Z' and f € Hy—1, we have
By € By, compl(By 5) < compl(By y) + O, 5(1). (3.20)

(2) There exists a set Q' CQxV C Z' of measure ' () > ¢(co, 5, Mg:) > 0
such that for all ¢ = (¢,p) € ', and for all Gy € By.c, one has

le,. —Eu, . | 1c,. \/ By <4, (3.21)
f€0e o,
q’,e

and
2 2

\/ By, = ]E#q.,e la,. \/ By,r

fe€de L2(n, ) feoe

Eﬂq’,e ]'Gq,E
LQ(/Lq,e)
+on, K, 5(1). (3.22)
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Proof. Initially, set Z' = Z, then (3.20) and (3.22) trivially hold for ¢’ = gq.
If there is a set Q1 C Q of measure (1) > ¢, such that inequality (3.21)
holds for all ¢ € ©; and G;. € By, then the conclusions of the lemma
hold for the initial system of measures and o-algebras {p, ¢}, {Bg, s} and the
set 1. Otherwise, there is a set Q2 C Q of measure ¥(€22) > ¢, such that
for each g € €, there is an e € Hy and a set Gy € By for which the
inequality (3.21) fails. By the pigeonholing, we may assume that e € Hy is

independent of q. Then, by Lemma 3.1, with n := 52d/, there is a well-defined
extension {fg f}q ez fce » a family of o-algebras {By ¢}q ez fce and a set
Y C Q, for which (3.3)-(3.5) hold. Let {1q/, ¢ } g€ 2, fer be the symmetrization
of the system {p4/ s}z, rce , as described in Sect. 2.3, and set By 5 := By f
for ¢ ¢ @ or f ¢ e. By Lemma 2.5, one may remove a set £ of measure
Y'(€) = o, k(1), such that for all ¢’ € '\& (3.20) and (3.22) hold for the
extended system, whose total energy is at least 9-1052" larger than that of
the initial system {,uq,f}qEZ,fE'H .

Based on the above argument, we perform the following iteration. Let
{1tg' fYqocz.sen be a well-defined, symmetric extension of the initial system
{vq,rYeez,rem s {By s Yqczr sen, _, be a family of o-algebras and let Q' C
O x V' C Z' for which (3.20) and (3.22) hold. If there is a set Q) C Q' of
measure ' (2]) > ¥(€Q)/2, such that for all ¢ € Q), e € Hy and Gy € Bye
inequality (3.22) holds, then the system {py r}, {Bg f} together with the set
) satisfies the conclusions of the lemma.

Otherwise, there is a well-defined, symmetric extension {jq f}qrcz fen

together with a family of o-algebras {By» s}qrezr ren, , and a set Q" C
Q' x Z4 such that for all ¢ € Q" inequalities (3.20) and (3.22) hold, and

the total energy of the system (uq~ f,Bg.e, By ) is at least 271052 larger
than that of the system (ug f,Bg.e,Bg f). Set Z' := Z, pg ¢ = pgr. s and
By .y =By s

By (3.19), the iteration process must stop in Ons, s5(1) steps and the
system obtained satisfies (3.20)—(3.22). O

3.2. Hypergraph Regularity Lemmas

The shortcoming of Lemma 3.2 is that the complexity of the o-algebras By ¢
might be very large with respect to the parameter §, which measures the
uniformity of the graphs G .. This issue can be taken care of by an iteration
process using Lemma 3.2; along the lines, it was done in [19]. In the weighted
settings, we have to pass to a new system of weights and measures at each
iteration and have to exploit the stability properties of well-defined extensions
to show that the iteration process terminates.

Lemma 3.3 (A preliminary regularity lemma). Let 1 < d' < d and Mg > 0 be
a constant. Let {fiq,f }qez, fer e a well-defined, symmetric family of measures
of complexity at most K, and 1 < d" < d and {By.c}eez.ecn, be a family of
o-algebras on Ve, so that for all g € Z, e € Hy

compl(Bg.e) < My (3.23)
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Let e > 0 and F : Ry — Ry be a non-negative, increasing function, possibly
depending on ¢ and Q C Z be a set of measure ¥(2) > ¢o > 0.

If N,W are sufficiently large with respect to the parameters €, co, My, K,
and F, then there exists a well-defined, symmetric extension {jg flzcz of
complexity at most O a1, F,e(1), and families of o-algebras By y C Bgf de-
fined forge Z, f € Hq_1 and a set Q C Z, such that the following hold.

(1) We have that Q CQxV C Z =27 xV, where V = Z’fv is of dimension
k= O, rc(1). Moreover
»(Q) > c(co, F, Mgr,€) > 0. (3.24)
(2) There is a constant Mgy = O, (1), such that for allg € Z and
f€Hy_1, we have

compl(Bg,f) < Mg —1. (3.25)

(3) For allg = (q,p) € Q, e € Hy and Gy, € By, we have

Eure | 1a,. \/ Bl | —Eu. | 1c,. \/ Bq.f <e
feoe f€0e L2 (ugee)
(3.26)
and
lg,, B, [ 1c,.| \V B, < (3.27)
v " reoe ! T F(Mg 1)
DHH,e

Proof. Let {ug f}qcz fen be a well-defined, symmetric extension of the
initial system {u, s} defined on a parameter space Z' = Z x V' of complexity
at most K'. In addition, for ¢’ € Z’" and f € Ha—1, let {By slqrezr ren, , be
a family of o-algebras of complexity at most Mg _1. Set By . := By for ¢' =
(¢,p) € Z', e € Har, and apply Lemma 3.2 to the system (ug ¢, By e, By f),
with § = F(Md/_l)_l.

This generates a well-defined, symmetric extension {jig, f};c7 rey and
a family of o-algebras {B] ;};c7 ey, and a set Q C Z. Set By s := By ¢
for g = (¢',p) € Z, f € Hy_1. The new system (u@f,B@f,B’@f) satisfies
(3.24)—(3.25) and (3.27) as long as the parameters K’, My _; are of magnitude
Ok, <(1). There are two possibilities.

e Case 1. There exists a set Q; C Q of measure 1/(Q) > ¥(£2)/2, such that
(3.26) holds for all g € Q. In this case, the conclusions of the lemma
hold for the system (ug, s, Bg,, B ;) and the set Q.

o Case 2. There is a set Q2 C Q of measure (Q2) > $9(Q), so that
inequality (3.26) fails for all § € Q,. Then, thanks to the stability condi-
tion (3.22) and the fact that By ; = By s C Bi ;, we have for g € Q,

¢ =7'(q) and q = 7 (q),
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2 2
/
Z Eua,a 1Gq,e \/ Bq,f - Z Euq/,e le,a \/ Bq’yf
e,Gq.e f€de 12 e,Gq.e f€de 12
Hg.e quvc
2 2
/
= Z Eua,e(le,el \/ B@f) - EN?-,E 1G¢1»8| \/ Bq,’f
e,Gg.c f€de f€De
¢ Liﬁ,e Laq,E

—on, x,r(1)
2

=5 [ (100 VB B (16,0 V B

e,Gq,e feoe fede 12
Hq

> e —om, k0, r(1), (3.28)
where the summation is taken over all e € Hy and Gg,e € By,e.

Thus, for sufficiently large N, W, we have for all § = (¢q,p) € Qs that
the total energy of the system (ug 7, Bge, B’@f) is at least 8711&1rger thim
that of the system (uq r, Bge, By ,s)- In this case, set Z' := Z, Q' := Qs,
lq' f = lg.f, and By 5= B’q’f and repeat the above argument. Starting with
the original system pq ¢, By and o-algebras, B, ; = {0, Vy}, the iteration
process must stop in at most g=292M  hgd+1 O, (1) steps, generating a
system (g, 7, B, f, By ;) which satisfies the conclusions of the lemma. O

To obtain a counting and a removal lemma starting from a given measure
system {4} and o-algebras {B, .}, we need to regularize the elements of
the o-algebras By . for all e € H with respect to the lower order o-algebras
V fede By, ¢. This is done by applying Lemma 3.3 inductively, and provides the
final form of the regularity lemma we need. Let us call a function F': Ry — R4
a growth function if it is continuous, increasing, and satisfies F'(z) > 1+ « for
z > 0.

Theorem 3.1. (A Regularity Lemma). Let 1 < d < d and Mg > 0 be a
constant. Let {fiq gz, sen be a well-defined, symmetric family of measures
of complexity at most K, and 1 < d" < d and {By.c}eez.ecn, be a family of
o-algebras on V. so that for all q € Z, e € Hy

compl(Bg.e) < My (3.29)

Let F: Ry — Ry be a growth function, and Q@ C Z be a set of measure
Ql)(ﬂ) >co > 0.

If N,W are sufficiently large with respect to the parameters co, My, K,
and F, then there exists a well-defined, symmetric extension {jg flzcz of
complexity at most O nr,, #(1), and families of o-algebras By y C B'@f defined
forge Z, f € Hq_1 and a set Q C Z, such that the following hold.

(1) We have that Q C QxV C Z =27 xV, where V = va is of dimension
k= On,, r(1). Moreover

’(/)(Q) > C(CO7F, Md/) > 0. (330)
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(2) There exist numbers
My < F(My) < My_y < F(Mg_y)
< <My < F(My) < My = Oy, (1) (3.31)
such that for all 1 < j < d', f € H;, andq € Z,
compl(By; ;) < M;. (3.32)

(3) Forall 1 <j<d,e€Hj q=(qp) €Q, and Gz. € By (with
Bg.e:=Bge, if j=4d'), one has

1
/
Eﬂq,e 1Gq,e \/ Bf,f _]Euﬁ,e 1G§,e| \/ B@f < F(MJ)

f€oe feode L2(ug.0)

(3.33)
and

1o, —Bu. [ 1c,.| \ B, <t (3.34)

e "B | 1601 V B = FOb)

Dl’(j‘e

Proof. We proceed by induction on d'. If d’ = 1, the statement follows from
Lemma 3.3 with ¢ = %, so assume that d’ > 2 and the theorem holds

for d’ — 1. Apply Lemma 3.3 with a growth function F* > F' (to be specified
later) and with ¢ = m This gives a well-defined, symmetric extension
{iq s} and a family of o-algebras By ; C B;/7 7 defined on a parameter space

Z' = Z x V, such that

]Ep‘q',e 1Gq’,e| \/ B"]’7f _Euq"e 1Gq’,e‘ \/ Bq/’f
f€oe feoe L2(u, )
q’ e

1

< W (3.35)

and

1
/
1o, .~ By, |1lc,.|\ By, < F L) (3.36)
f€0de o,

hold for all ¢’ = (¢,p) € ¥,e € Hy, and Gy e € By e = By, where Q' C
Q' xV C Z is aset of measure ¢’ () > ¢(co, F, Mg) > 0.

Applying the induction hypothesis to the system {ug flgcz,
{By.sYaorezr.sem, > the growth function F, and the set €', one obtains an
extension {4g, s}z, jen and families of o-algebras {Bg; € By r}oez, ren,
such that (3.32)—(3.34) hold for j < d’ — 1, with constants

Mg _1 < F(Mdlfl) <... <M< F(Ml) = O]\/[d,il’p(].). (337)
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Forg=(¢,p) € Z, f € Har—1 set By s := By s, and B ; := B}, ;. We show
that inequalities (3.33) and (3.34) hold for j = d'. Indeed by the stability
property (2.19), one has

EU@,E 1Gq’,e‘ \/ B:]/vf _Eu@aﬁ 1Gq’,e‘ \/ Bq/nf

f€0e f€0e L2(pg.0)
E”Q’,e 1Gq’,e| \/ B:I’,f - Eiu‘q’,e 1Gq’,e| \/ Bq/,f
feoe f€de L2(u,, )
o
+ oM, Fre(1)
+ox m, (1), (3.38)

< -
- 2F*(Md/)

for all g = (¢/,p) € Q\E1, € € Ha, and Gy . € By .. Here, &1 C Q is a set of
measure Y(E1) = o, v, Fr+(1).

Similarly, using the stability properties (2.17) and (2.24) of the box
norms, we have

lc, . — B, (1e, .| \/ By,

q

f€oe
Uoge
=le, . Eu, . |1lc,.l \/ ) + oM, Fre(1)
6] o,

q,e

=l|1lc,. —Eu, . 1g,.| \/ By s + oM, Fre(1)
fede O

q’ e

< ! + (1), (3.39)
— 140 . .

S 2R (My ) K, M, F,F

for all § = (¢/,p) € Q\E2, e € Hy and Ay e € By.e = Bge , where Ey CNis
a set of measure ¥(E2) = o ar,, F,re(1).

With F(Ml) = OMd,717F(].), we have that F(Ml) S C(Md/_l,F) =
%F *(Mg —1) for a sufficiently rapidly growing function F* depending only on
F. Assuming that N, W are sufficiently large with respect to My and K,
inequalities (3.33), (3.34) for j = d’ and g € Q\(€; U &2) follow from (3.35)
and (3.36). The rest of the conclusions of the theorem are clear from the

construction.
O
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4. The Counting and the Removal Lemmas

4.1. The Removal Lemma

In this section, we formulate a so-called Counting Lemma and show how it
implies Theorem 1.4. Our arguments will closely follow and are straightfor-
ward adaptations of those in [19] to the weighted settings; for the sake of
completeness, we will include the details.

For e € Hg let G. C V. be a hypergraph, and let B, = {A., AY,0,V.}
be the o-algebra generated by it. Let {ve}eer and {pe}ecr be the weights
and measures associated with a well-defined, symmetric family of forms £ =
{L¥: e € Hq, 0 < k < d}. Take My > 0 and F: Ry — R, be a growth
function to be determined later and apply Theorem 3.1 with d’ = d to obtain
a well-defined, symmetric parametric extension {fiq e }qcz,ccn together with
o-algebras By C Bl . and a set Q C Z, such that (3.30)(3.34) hold." Note
that the complexity of the system as well as the o-algebras is Oy, p(1). We
consider the system of measures ji, . and the o-algebras B, ., B . fixed for
the rest of this section.

It will be convenient to define all our o-algebras on the same space V
and use only the measures fig := fiq,7 = erH Vg, instead of using a whole
ensemble of measures {fige}ecr- Thanks to the stability conditions (2.6)—
(2.7), this can be done at essentially no cost. Indeed, for any e € H, there is an
exceptional set & C 2 of measure ¢(E.) = opr, 7(1), such that for any family
of sets G4, C Ve, we have that

Mq(ﬂe_l(Gq,e)) = fig,e(Gge) + ony,r (1), (4.1)
uniformly for ¢ € Q\&. Let € = U, cp Ee, Q' 1= Q\E define the o-algebras
By =7, (By.) and E;e :=m; (B, .) on V. Note that By . = B. for e € Hy
as the initial o-algebras B, are not altered in Theorem 3.1. Let By := \/ cqy Bq.c
be the o-algebra generated by the algebras Eqﬂe, and define similarly the o-
algebra E;. The atoms of B, are of the form A4, = Nfer Ageer where Ag is
an atom of B, .. In particular, if . € B, then
atoms of By.

The so-called counting lemma [5,13,19] gives an approximate formula
for the measure of “most” atoms A,, and as a consequence, it shows that
their measure is bounded below by a positive constant depending only on the
initial data F' and Mjy. If, as in Theorem 1.4, one assumes that the measure
of ﬂeeHd E, is sufficiently small, then it cannot contain most of the atoms,
thus removing the exceptional atoms from the sets E., the intersection of the
remaining sets becomes empty, leading to a proof of Theorem 1.4.

To make this heuristic precise, let us start by defining the relative den-
sity 0,(A4|By) = pg(AN B)/uy(B) for A, B € B,, with the convention that
04(Aq|By) :=11if py(B) =0.

cer, Pe is the union of the

IThe family {ve} can be considered as a parametric family of weights in a trivial way, setting
Z =Q = {0}, and ¢(0) = 1.
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Definition 4.1. Let A; = NeenAge be an atom of B,. We say that the atom
Ay is regular if the following hold.

(1) For all atoms A,

1
5 q €| ﬂ Aq I3 I (4.2)
f€de log F( )

(2) Moreover,

2
/V E/Lq ]'Aq,e \/ B;,e - .”q Age \/ Bq € H ]'Aqwf d'uq

J fede fede fCe

q,f dMq (43)
Vifce

This roughly means that all atoms A, . are both somewhat large and
regular on the intersection of the lower order atoms Ay ¢, (f € Oe).

Proposition 4.1 (Counting lemma). There is a set £ C Q of measure ¢(E) =

ON,W—o0;My,F (1), such that if g € Q\E and Ay = Noep Agie € Veoer Bae 05 a
regular atom, then

1
pg(Ag) = (1 + onry—oo(l 61615 g.e) + Oy <F(M1))

+ ON, W —oo;ny,F(1). (4.4)

Next, following [19], we show that the total measure of irregular atoms is
small. For any atom A, . € Bq,e, let By e a, . be the union of all sets of the form
ﬂfge Ay s for which (4.2) or (4.3) fails. Note that if an atom Ay = NeerAq.e
is irregular, then A, C A, . N By a,. for some e € H. We claim that

1
A, e NBye <
tq(Aq, qs 7Aq,e) ~ log F(M;)

for ¢ ¢ &1, where & C Q is a set of measure (&) = onr,,7(1). To see this,
estimate first, the contribution of those sets (. Aq ¢ to the left side of (4.11)
for which (4.2) fails. This quantity is bounded by

Z tq | Age N m Aqs

(4.5)

{Aq, 1} reoe, (4.2) fails fede
N
! {Aq.s}reoe f€de
1 1

Vi) S

[ — - -
= log F(M;) ALERS log F(M;)’

as the summation is taken over the disjoint atoms of the o-algebra \/ fede By
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Similarly, one estimates the total contribution of the disjoint atoms () fCe
A, s for which (4.3) fails as follows.

Z Hq ﬂ Aq,s

{Ag,r}rce, (4.3) fails fCe
2
— _
< F(M;j) / B [ 14,0V Bos | =B {14yl \ Bay || dug
v fede fede
1 1
< F(M;) =

F(M;)? - F(Mj)
Since the sets A, . N By 4, . contain all irregular atoms, and for given

e € H;, the number of all atoms of the o-algebra B, . is at most 22Mj, one
estimates the total measure of all irregular atoms as

J d d M; 1
SN Y pa(AgenByea,,) < E_: (j>22 log F(M;)

J=le€M; Ageeng,. Jj=1
< ; < —2Md (46)
log F(My)
oMy +d
if, say F(M) > 22 . This shows, choosing M, sufficiently large, that most
atoms are regular.
Another fact we need is that the measure of regular atoms is not too
small. Indeed, by (4.2) and (4.4), we have that for ¢ € Q and a regular atom
Aq = meG’HAq €

1
1e(Ag) = H H 1/10 = Od,m, (F(Ml)) + onry,r(1)

j<de€H;
1
>
T F(My)
as long as I is sufficiently rapid growing and My is sufficiently large with
respect to d. It is clear from (3.31) that F/(M;) < F*(My) for a function F*
depending only on F' and My.
After these preparations, assuming the validity of Proposition 4.1, it is
easy to obtain the

> 0, (4.7)

Proof of Theorem 1.4. Let 6 > 0, E. € A, and g.: V., — [0,1] for e € H, be
given. Let & C Q be a set of measure ¥(&1) = o, 7 (1), so that (4.1), (4.12)
and (4.13) hold for ¢ € ©/&;. In addition, by the conditions in (2.11), we see
that (1.20)—(1.21) hold for

by = pgy and fie:=pge (e € Ha), (4.8)

for g ¢ &, for a set & C Q is a set of measure ¥(E) = onr,, r(1).
Now, fix ¢ ¢ & U &, and define fiy and fi. for e € Hy as in (4.14). We
claim that this system of measures satisfies the conclusions of the theorem. By
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construction, the system is symmetric, so it remains to construct the sets F’
and show that (1.22)—(1.23) hold. Given e € H, define the sets

; e — VJ\ Bq-,e7Ae U U (A[Lf N BQvaAq,f) ) (49)
fCe, Aq,r

where A, ¢ ranges over the atoms of By ¢. As we have B, . = B., which is
generated by a single set FE., if ﬂeEHd E. contains an atom A, = ﬂfe?-c Ay s
then A, . = E. for e € Hy. If such an atom would be regular, then by (1.19),
its measure would satisfy

% < m E) = HJ < ﬂ Ee) + o, r(1) < 20.

e€Hy eEHy
Choosing M, to be the largest positive integer, so that F*(My) < (2 5) b we
see that (,csy, Fe contains only irregular atoms. From (4.15) and (4.12), we

have
~ - oM
J(EB\Eg,) = fig U (AernByga,,)| <2727 (410)
fCe, Aq, ¢

In addition, all irregular atoms A, = ﬂfeH Aqgr C ﬂeeHd FE, are contained in
one of the sets E.\E, . thus

) (B.NE].) =0

e€EHy
Finally, choosing ¢ := 2*2Md, (1.23) holds by (4.16). Moreover, § — 0 implies
My — oo, and hence, ¢ — 0. This proves Theorem 1.4. O

4.2. Proof of Proposition 4.1

The proof proceeds by induction and uses the Cauchy—Schwartz inequality,
causing to double certain sets of variables. As a consequence, we need a gen-
eralization of Proposition 4.1 which requires the following definition.

Definition 4.2 (Weighted hypergraph bundles over H). Let K be a finite set

together with a map m: K — J, called the projection map of the bundle. Let

Gk be the set of edges g C K, such that 7 is injective on any g and 7(g) € H.
For any ¢g € G, write

Vy = Vi) = [ Ve,
keg
and define the weight functions 7, 4: V; — Ry by
Vg,9(2g) = Vgn(g)(Tg);
and the associated measures 1z, , with density functions:

dl“q, zg) H Vg,q(2g)

/Cg
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The total measure 1z, ; on Vi is given by

quK zg) H Vg, (Tg)
g'CG

A hypergraph G C Gy which is closed in the sense that dg € G for every
g € G, together with the spaces V; and the weight functions i, , for g € G is
called a weighted hypergraph bundle over H. The quantity d’ = sup g |g] is
called the order of G.

Note that the underlying linear forms defining the weight system
{Va,9tacz,9e0x

I’Z(Qv xg) = Lfr(g) (Q7 l'g),
are pairwise linearly independent and the system of weights
Ugg = H L (q,%4)
s€s(m(g))
is well-defined.

Lemma 4.1 (A Generalized Counting Lemma). Let G C Gk be a closed hyper-
graph bundle over H with the projection map m: K — J, and d’ := sup g |g|
be the order of G. Then, for F growing sufficiently rapidly with respect to d
and K, there exists a set € C Q of measure Y(E) = ON—ooM, ik, 7 (1), such
that for q € Q\E, we have

Hg, K n Zq,7r(g) = (1 + omy—oo,kx (1)) H 5q7f(Aq77T(g))
9g€eg g€eg

1
+OK,M1 (F(]Wﬂ) +0Nﬁoo7K7Md(l). (4.11)

Note that Proposition 4.1 is the special case when K = J, 7 is the identity
map and G = H.

Proof. We use a double induction. First, we induct on d’, the order of G (note
that d’ < d), and then, fixing K and m, we induct on the number of edges

=H{geg:lgl=d}
To start, assume that d’ = r =1, so that G = {k} and j = n(k) € J. The
left-hand side of (4.13) becomes
iy (A ) = / 1y, (@x) 47, g (k)

Vi

Agj ZL‘]C d/};q k(ﬂjk;) + ON—oo; Mg, K, F(l)

]‘Aq; x] dlu’qj(xj)—’—oN‘}OO K(]‘)

04, (Agj) + ON—oony k.7 (1)
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for ¢ ¢ £ C Z, where & is a set of measure ¥(£) = oN—o00;Mmy,k,F(1). The
second and fourth equalities follow from Lemma 2.2 using the fact that the
family of measures {7, ,} is well-defined. The third equality holds, because
Vk =V, and

dfty () H 7, H vy i(xj) = dpg j(x)).

s€s(j) s€s(j)

Let {Age}ecn be a regular collection of atoms for ¢ € Q, and define the
functions by e, cq.e: Ve — R for e € H by

boe =Eu, . [ 1a,.l \V Bos| —Bup. [ 1a,.1 \/ Bas (4.12)
feoe f€de

e =1a,, —E., . |1a,.]| \/ B, ;|- (4.13)
f€De

Note that if 2.7 (€ Nfepe Ag,f) N Ve, then

Oge =By, . a.f | > (4.14)
f€0e
and thus, one has the decomposition
1a,.(xe) = 0g.e + bg,e(xe) + Ccqe(Te). (4.15)

Let go € G, such that |go| = d’ and use (4.17) to write

H 1Aqmr(g) (.%'g) = (611»”(90) + b%ﬂ'(go)(xgo) + cq,ﬂ(go)(xgo)) H 1Aq ﬂ(g)( )
geg 9€G\{go}

Now,

ﬁq /V H 1Zq,¢r(g) duq / H 1Aq w(g) Jig d/’bq( )
K

geg K geg

= / (84,7(90) t ba,m(90) (Tgo) + Cq.m(g0) (Tgo))

Vi
X H ]'Aq,w(g) (Ig)dﬁq(I)
9€G\{g0}
=M, +E)+ E;. (4.16)
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Consider the first main term M,. By the second induction hypothesis, we
have

My = 5‘17‘”(90) fq ﬂ Zqﬂr(g)

9€G\{g0}
= 0g,n(g0) (1 + 0nty—00(1)) H Og,m(g)
geg
+ O 1 + (1)
K,Ml F(Ml) ONHOO,K,Md b

and then, M, agrees with the right side of (4.4). We continue to estimate the
second error term by

E(? = / Cq,ﬂ(gg)(xgo) H ]-Aq,,r(g)(xg)dﬁq(x)
Vi 9€G\ {90}

= Ezevi (¢q,m(90)Pa,90) (Zgo) H lAq,w(qu,g(xg)
9€G\{g0}

=Erevi H fa.9(g) H Vgq (Tg), (4.17)

lg|=d’',geG g9'€G,lg’|<d

where fy g0 = Cqn(g0)Pq.90 N fog = hq U4y, for g € G,g # go and |g| = d’
for a function h, , of magnitude at most 1. Thus, we have |f, 4| < 74,4 for all
g € G,|g| = d'. Note that we are essentially in the situation of Proposition
1.1, the generalized von Neumann inequality. Indeed, applying the Cauchy-
Schwartz inequality d’ times successively in the variables z;, j € go, as in the
Appendix, to clear all functions fg 4(z4) which does not depend on at least
one of these variables, we obtain

2,24 24’
‘Eq| /S ||Cqﬂ"(90) ||D7q’go + ]Eacgo,ygo ‘W(I (I’go, ygo) - 1‘

< 1T II  Zanwntonm)), (4.18)

hCgo w,€{0,1}1

where setting K’ := K\go,

Wa(Zgo:Ygo) = Ezev,, H H Vq,9(wg(Tgngo: Ygngo ) Tg\go)-
9€G.9%go wg€{0,1}9M90

(4.19)

Note that the first term on the right-hand side of (4.18) is O(F(Ml)zfd/) by
(3.12) and (4.13). To estimate the second term, we apply the Cauchy—Schwartz
inequality one more time to see that it is On —oo:n, i, 7 (1) for ¢ ¢ &1, &1 being
a set of measure On_,o0:n,, i, 7 (1) using the fact that the underlying linear
forms are pairwise linearly independent in the variables (¢, zg,,¥g,, Tx")-
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Finally, we estimate the error term E(} defined as

El = /V borton(@0) [T 14, o0 ()T, ().
K

9€G\{g0}
!

Taking absolute values and discarding all factors 14, (zg) for |g| = ',
g # go, one estimates

IQKAIVWMMWHIMMAM

90 9% 90

X Exk’ H 1Aq,7‘r(g)§Q7g(xg) H v%h(xh) dﬁq,go ('Tgo)7
geg’ lgl<d’ heg’,|h|=d’

where G’ ={g € G: g < go}. Since Vg 4,(Vyy) = 1 + ON—o0;my, k7 (1) outside
a set & C Q of measure Y(E2) = ON— oMy k,F (1), We may write

%=/fWMM%M%M%%

and apply the Cauchy—Schwartz inequality to get

12 2 9
|Eq| S (/V A(xgo) dﬂq,go(xgo)> ([/ B(xgo) dﬂq,go(zgo)> . (4'20)

90 90

The first factor on the left side of (4.20) is estimated by

Eayy eVyy bar(oo) @0)> ] 14y000 @a) T Varm(o) (g)- (4.21)

9% 90 990

Let fo = m(go). Since 7 : go — fo is injective and V,, = Vj,, we may write the
expression in (4.21), by re-indexing the variables z, to z ¢ for g C go, f = 7m(g),
as

/V bgqfo(xfo) H 1Aq,f(xf) dﬂq,fo(mfo)

fo fSfo
N H 1Aq,j’(xf)dMQ1f0(xf0)7 (422)
F(My) Md Vi
o fCfo
where the inequality follows from assumption (4.2) on regular atoms. By the
induction hypothesis, we further estimate the right side of (4.22) as

1

— (1 I ( Og,f

F(Md/) ( +0]\/Id H q’ ’
F&fo

+Owm, (F(lMl)> + ON—oo; My, K, F(1). (4.23)

The second factor in (4.20) may be expressed in terms of a hypergraph bundle
K over K, involving the construction in [19]. Let K = Ky @, K, the set
K x {0, 1} with the elements (k,0) and (k,1) are identified for k € go. Let
¢: K — K be the natural projection, and w o ¢: K — J be the associated
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map down to J. Let Go = {9 € G,9 C go} and G’ = {g € G, g9 Z go,|g| < d'}
and define the hypergraph bundle G on K as G = {g x {i}; GoUG',i € 1,2}.
Note that by our construction the edges g x {0} and g x {1} are identified for
g € Go. Define the weights

ﬁq,gX{i}(IgX{i}) = v%g(ng{i})v (4.24)

forqe Z, g € Gx,i=0,1, that is; for all edges g € G, and let fig 4. ;3 be the
associated family of measures. Then, we have for the second factor appearing
n (4.20) (with ho := K\go)

/V B(ag) 2Ty, (700

=),

( H ]'Aqmr(g)(xg)>
90 \g€go

2
EMOGVK\QO H 1Aq,7r(g)p‘bg($g) H Ugn(zn) dﬁ%go(mgo)
9€G\{g0} hZgo,|h! |=d’
:/ H L4y ronia (zg) dﬂq,f((zi{)- (4.25)
Vi geg

Indeed, when expanding the square of the inner sum in (4.23), we double
all points in K\go; thus, we eventually sum over z; € Vi, also double all
edges g € G to obtain the edges g x {0},g x {1}. As for the weights, the
procedure doubles all weights 7, 4(x4) for ¢ ¢ go, g € Gk to obtain the weights
Ug.g(wgx qy) for i = 0, 1, while leaves the weights 7, 4 () for g € go unchanged.
The order of g is less than d’; thus, by the first induction hypothesis, we have

g i | () Agros@
geg
= (14 0aty—00(1)) [ 4. m00(5) (Ag.mos@)
geg

+ Ok, M, ( ) + ON—o0iMy 1, F (1)

o
F(My)
= (1 +0Md_'00(]‘)) H 5q,7r(g)(Aq,7r(g)) H 53,7r(g)(Aq,7T(g))
9€Go g€y’
_
FOML)
for q ¢ 5[(745, where 5k,¢ C Q is a set of measure ¢(<?I~<7¢) = ON—oo: My, K,F(1).
Note that there are only O (1) choices for the set K and the projection map
¢: K — K; thus, taking the union of all possible exceptional sets £, we have

that (4.26) holds for ¢ ¢ &k and ¥(E}) = ON—oco:m, k.7 (1). Combining the
bounds (4.23) and (4.26), we obtain the error estimate E} = 0N o0;01,, 5,7 (1)

+ Od,x M, < ) + OoN—ooiMy K<F(1), (4.26)



762 B. Cook, A. Magyar and T. Titichetrakun

outside a set £ of measure on—_ o0 n,,k,7(1). This closes the induction and
the proposition follows. O

5. Proof of the Main Results

In this section, we finish the proof of our main result (Theorem 1.2). Since we
have already proved the validity of Theorem 1.4 and, hence, by the argument
in the introduction concerning Theorem 1.3, it remains to show that counting
affine copies of A in a set A C Z% with weights w translates to counting copies
in A C P? of positive relative density. This is standard, and we include the
details for the sake of completeness, following the arguments given in [2].

First, let us identify [1, N]¢ with Z% and let us recall that constellations
in Zﬁl\, defined by the simplex A which are contained in a box B C [1, N]d of
size e N are in fact genuine constellations contained in B. Note that we can
assume that the simplex A is primitive in the sense that tA ¢ Z¢ for any
0 < t < 1, as any simplex is a dilation of a primitive one. To any simplex
A C 7% there exists a constant 7(A) > 0 depending only on A, such that the
following property holds.

Lemma 5.1 [2]. Let E C Z<¢ be a primitive simplex. Then, there is a constant
0 <e < 7(A), such that the following holds.

Let N be sufficiently large, and let B = I¢ be a box of size eN contained
in [1, N4 ~ Z%. If there exist v € Z% and 1 <t < N, such that x € B and
z+tE C B as a subset on Zﬁlv, then either x +tA C B or x + (t — N)A C B,
also as a subset of Z°.

Proof. [Proof of Theorem 1.3 implies Theorem 1.2] Fix a > 0 and let A =
{0,v1,...,v4} € Z* be a non-degenerate simplex. Let W = W (a) be a suf-
ficiently large integer and let A C P% be a set with |[A] > «|Px|?, where
N is assumed to be sufficiently large with respect to both W and «. By the
pigeonhole principle, choose b = (b;)1< <4, so that b; is relatively prime to W
for each j, and

Nd
(log N)* ¢(W)*’
where ¢ is the Euler totient function. Set Ny := N/W and A; := {n €
[1,N1]¢: Wn+b € A}. Choose e5 > 0, such that e5 < 7(A). By the prime

number theorem, there is a prime N’, such that eaN' = N1(1 4 oy, —o0(1));
thus, we have

AN ((WZ)? +b)| > a (5.1)

= (N")dwd
2 (log N 6(W)T"
By Dirichlet’s theorem on primes in arithmetic progressions, the number of
n € [, NN\[e;N', N']9 for which Wn +b € P? is of Ou(er o mntaqivy)
thus (5.2) holds for the set A’ := A; N[e1N’,eaN']? as well, if &1 < cqeda for
a small enough constant ¢ > 0.

|A; N [1,e9N"]?| > (5.2)
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Fix b = (bj)1<j<a, 0 < €1 < £2 as above, and let v; = v, be the Green—
Tao measures on Zy. For n = (nj)1<j<a € A, one has that Wn+be A C P
hence by (1.2) w(z) = cd(% log N)?. Thus

E,ezs, Lar(@) w(z) > (d,A)a, (5.3)

for some constant c(d, A) > 0. Applying Theorem 1.3 for the set A’ C Z%,,, it
follows that

d
E(z’t)ezzlivtl H 1a/(x 4 tv) w(z +tA) > c(d,A,a) > 0. (5.4)

i=1
If z +tA C A, then by (1.2) and (1.4), we have that w(x + tA) =
N (%leg N)UA): thus, the set A’ C Z4, must contain at least c(d, A, a)
(N’)d“(% log N)~“4) simplices of the form A’ = z + tA. By Lemma 5.1,
this remains true in Z? as A’ C [N, e5N]?%. Since WA’ + b C WA +bC A

and N’ ~ N/eoW, it follows that the set A contains at least

C(d,A,Oz)Wl(A)_d_lqb(W)_l(A) Nd+1(log N)—I(A)
=d(d,A,a) N (log N)~U&)

simplices of the form A’ = y + sA, as we have chosen a sufficiently large but
fixed integer W = W («). This proves Theorem 1.2. O

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

Appendix A: Basic Properties of Weighted Box Norms

In this appendix, we describe some basic facts about the weighted version of
Gowers’s box norms defined in (1.29) for functions F': V, — R. We will assume
e={l,...,d} = [d, and V = Vg = Z4; without loss of generality. To show
that these are indeed norms (for d > 2) let us define a multilinear form referred
to as the weighted Gowers’s inner product. Let F,,: V. — R for w € {0,1}¢,
be a given family of functions and define

(Fo;we {0,13%)
=EBoyamev || Folw@wva) [ JI wwr@ny).

we{0,1}4 [[|<d wref0,1}7
Therefore, (F,;w € {0,1}%) = |F|3, if Fl, = F for all w € {0,1}°.

Lemma A.1. (The Gowers—Cauchy—-Schwartz inequality). | (F,;w € {0,1}%) |
<L, IFlo;
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Proof. We will use the Cauchy—Schwartz inequality several times and the linear
form condition. We have

<Fw;w S {07 1}d>[]g

= E$[2yd],y[2’d] H Hyf(wf(x17y1))

|T|<d,1¢I wi

1/2

X ]E:Ell/(l'l) H Fw(()’[zd]) (mlaw[Q,d] (x[Q,d]’y[Q,d]))

wi2,d]
1/2

x H viyor(@1,wr (21, 1)) H HVI(WI(QJI,?JI))

|[I|<d—1,1¢1 |[I|<d1¢I wr

X | Ey,v(y1) H Fop oy W15 w2,a) (T (2,415 Yi2,a)))

W(2,d]

X H vinyur(yi,wr(zr, yr))
[I|<d—1,1¢I

Applying the Cauchy—Schwartz inequality in the x; variable, one has

2
’<Fw;w€{0,1}d>md <A-B
here,
A=Eop gy H Hyf(wf(xf’yf))
\I|<d,1¢ wr
X By g (@0)v W) [] Fow o @1 0p.a(@pa, vea))
Wiz,
X Foo .0 W1, wi2,0) (T(2,0) Yi2,4)))
< ] vourenwr@nyn)) | = <F£°)(w(x[d1,y[d1))>md ;
|[I|<d—1,1¢1 v
where

F(((?,L[z,d]) ($1 y W[2,d] (93[2,d] s y[2,d])) = F((ﬁl}md]) (y1 »W[2,d] (I[ld], y[27d]))

= F(zy,wp,a (2,4, Y2,4))
for any wyp . Similarly

B = (F{) (@, ya)))_, -

v
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where

F @y iy (@1 02.0 @ Y20)) = FiL, o) 01 9p.a (@e.a, Yiza)

= F(y1,wp,aq (72,4, Y2,q))

for any w3 q. In the same way, applying the Cauchy—Schwartz inequality in
o variable, we end up with

|(Fuiw e {0,130, | < T (FE"5w e {0,1}%) 0,

wo,1]
and continuing this way with x3, ..., x4 variables, we end up with
2d
|<Fw;(‘)€{071}d>[|g|S H <FW7"'7FW>I:I§: H HFwHDg'
wef{0,1}4 we{0,1}4

Corollary A.1. |-||g« is a semi-norm for d > 1.

Proof. By the Gowers—Cauchy—Schwartz inequality, we have that ||F|g, > 0;
moreover

d
IF + Gty =(F+G,....F + G)py

F =0
- Z <hw1,...7hwd>|:|d7 hw = { ’ w

wef{0,1}4 G, w=1
< >0 1B lge - 1P Nlgs = (IFlge + 1Gllge)”
we{0,1}4

In addition, it follows directly from the definition that ||AF HQDdd =22 Ilf HQDdd;
hence, [AF gy = Al IFllg, .

Proof of Proposition 1.1. Let H' = {f € H; |f] < d}, and write the left side
of (1.26) as

E=Esev, [] Felwe) [T vi(zy)-

e€Hq fern’

Fix eg = [d] and write e; := [d + 1]\{j} for the rest of the faces. The idea
is to apply the Cauchy—Schwartz inequality successively in the z1,29,...,24
variables to eliminate the functions Fe, < v.,,...,F,, < v,,, using the linear
form condition at each step. Using F,, < v,, we have

|E‘ < Ezg ..... xd+1yel(x1) H vy £L'f Il HFe] x] H I/f(.’Ef) .

% j#2 lefenr’
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By the linear form condition Eq, ... 2y, Ve, (#1) [11¢ pepy vr(2y) = 14+on—oo(1),
thus by the Cauchy—Schwartz inequality,

E2 SExz ,,,,, zg41Ve; (Il) H Vf(xf) Em1,y1 HFej(mlyxej\{l})Fej(ylvxe]\{l})
1gfer’ J#2
X H I/f(yl,xf\{l})I/f(l‘l,fﬂf\{l}). (Al)
lefen
Note that, what happened is that we have replaced the function Fe, by the
measure v,,, doubled the variable 1 to the pair of variables (z1,y;) and also
doubled each factor of the form G.(z.) (which is either Fi.(x.) or v.(x.), for
e € H) depending on the x; variable. To keep track of these changes as we

continue with the rest of that variables, let us introduce some notations. Let
g C [d] and for a function G.(z.) define

G:(xeﬂgvyeﬁgaxe\g) = H Ge(we(xeﬂgayeﬁg);xe\g)' (A2)
we€{0,1}¢N9

We claim that after applying the Cauchy—Schwartz inequality in the x4, ..., z;
variables, we have with g = [i]

E* SEBapyuen LV @line,  Yines » e a) | [ F @ine, » Viine, » Te,\a)
Jj<i j>i
< T v soms vsoms z)- (A.3)
fer

For ¢ = 1, this can be seen from (A.1). Note that the linear forms appearing
in any of these factors are pairwise linearly independent as our system is well-
defined. Assuming it holds for i separating the factors independent of the x;1
variable, replacing the function Fe, , with v, ,, and applying the Cauchy—
Schwartz inequality we double the variable x;11 to the pair (z;41,¥y;+1) and
each factor G7(Tenfi), Yen[i]s Te\[;]) depending on it, to obtain the factor
G (Tenfit1]s Yen[i+1]> Te\[i+1]); thus, the formula holds for i 4 1. After finishing
this process, we have by (A.2) and (A.3)

d
B S Eepg g H w(Z(a), Y14)))
we{0,1}4

X H Il wwr@ny) Wz, ya),
Cld],f#eo wpe{0,1}f

where

W(xq); Ya)) = Eaypy H H Ve(We(Ten(d)s Yen(d]> Te\[d]))-

d+l€e€H w.e{0,1}eNldl

Thus, as F,, < ve,, to prove (1.26), it is enough to show that

Ex[d],y[d] H H Vf(wf(xf,yf))|W($[d]7y[d]) - 1| = 0N—>00(1)'

fCld] wyef0,1}F

This, similarly as in [7], can be done with one more application of the Cauchy—
Schwartz inequality leading to four terms involving the “big” weight functions
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W and W2. Each term is, however, 1+ o0x_.o(1) by the linear form condition,
as the underlying linear forms are pairwise linearly independent. Indeed, the
forms L¢(wy(xf,yy)) are pairwise linearly independent for f C [d], and depend
on a different set of variables rather than the forms Le(we(Zen(a)s Yen(d], Te\[d]))
for e ¢ [d] defining the weight function W. The new forms appearing in W?
are copies of the forms in W with the x4, variable replaced by a new variable
ya+1 hence are independent of each other and the rest of the forms. This proves
the proposition. O
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